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Outline of the talk

-—-Two topics being presented-—-
|

« Part | Bias of the observed-lkelihood (FIML) MLE
for NMAR missingness
Effects of auxiliary variables in the analysis of missing data

Approximate population bias (APB) of the MLE in the
analysis of nonignorable missing data
e Joint work with Yoshiharu Takagi

s Part Il A huge amount of missing values
Full information maximum likelihood estimation in factor
analysis with a large number of missing values
e Jo appear in Journal of Statistical Computation and Simulation,
2015

e Kei Hirose, Yutaka Kano (Osaka U, Japan)

e Sunyong Kim, Miyuki Imada, Manabu Yoshida and Masato Matsuo
(NTT, Japan)

Missing data analysis Is
very important!!
= Publication Manual of the APA (2010, 6t edition)

Similarly, missing data can have a detrimental effect on the
legitimacy of the inferences drawn by statistical tests. For
this reason, it is oritical that the frequency or percentages
of missing data be reported along with any empirical
evidence and/or theoretical arguments for the causes of
data that are missing. For example, data might be described
as MCAR; MAR; or NMAR. [t is also important to describe the
methods for addressmg missing data, if any were used (e.g.,
multiple imputation).

s> Publication Manual of the Japanese Psychological

Assomahon (revised in 2015)
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Basic theory of
missing data analysis

________________________________________________________________________________________|]
e observable variables: Y = (Y;;) = [Y obs; Yinis)
e response (or missing) indicator: R = (R;;)
R;; =0 = Yj; is missing
Rij =1 == Yj; is observed
e Missing-data mechanism (MDM): P(R|Y)
e MAR: P(RIYomem.is) - P(RlYobs)
e FIML(Observed Likelihood): L(0|Y ,5) = f(Y opsl0)
e MLE: § :=argmax L(0|Y .ps)
e If MDM is MASR, then MLE is consitent;
if not, the MLE is biased.

e Any useful way of alleviating the bias is wanted. 5

Auxiliary—Variable method

«> The auxiliary-variable (AV) method aims at
reducing the bias of the estimators based on ML
or Ml by including external variables into a
statistical model which are not of direct interest in
the statistical analysis.

s An example:
Y ~ f(y|#), with # a parameter of interest

Y R
Y—R %

Model without AV X Model with AV X 6

Literature on the AV method
IN missing data analysis

s« Original literature
Ibrahim, Lipsitz and Horton (2001) Appl. Statist.
Rubin (1996), Meng (1994)

s Psychometrics

Hoo (2009), Graham (2003, 2009)

Collins, Shafer and Kam (2001)
s Clinical or Medical statistics

O’Neill and Temple (2012)

Hardt, Herke and Leonhart (2012)

Wang and Hall (2010), Daniels and Hogan (2008, sec.5.4)
s Sociology

Mustillo (2012).

Mechanism of reducing bias,

How to choose AVs
= Collins, Schafer and Kam (2001, Psych. Meth.)

While not part of the substantive model, they can improve the
performance of FIML because:

o Making the MAR assumption more reasonable

o Acting as proxies for x, even if MAR is violated

o Increase efficiency by reducing uncertainty due to missingness

> Enders (2006, AERA extended Course)

Incorporating AVs can make MAR more plausible

A useful AV is ejther a potential cause or correlate of missingness,
or a correlate of the variable that is missing

s> Mustillo (2012, SMR, p.342)

Key factors
e the magnitude of the correlation
e the proportion of missingness
o missingness pattern/type of missingness
o the nature of auxiliary variables




Controversy

s> Including auxiliary variables is useful with reducing the bias
for NMAR?

The simulation showed that the inclusive strategy is to be greatly
preferred. (Collins et al 2001, p.330) ;

The inclusion of auxiliary variables may not be necessary in many
analytic situations. (Mustillo 2012, SMR, p.335)
o Unrealistic too large correlations will be needed.

Auxiliary variables exhibit the surprising property of increasing bias
in missing data problems.(Thoemmes and Rose 2014, MBR, p.443)

s No mathematical derivation has been given to compute the
bias of estimators under a possibly misspecified missing—
data mechanism, as long as | know.

i.e., MLE with AVs versus MLE without AVs under NMAR
missingness

Purpose of this talk

« Difficulties arise when evaluating the bias,

because

e there are a wide variety of specifications of a missing—data
mechanism (MDM);

e difficult is computation of expectation of the terms involving
MDM.

«> Here we first take a simple model to compute the
bias, where
o MDM is almost arbitrary

e A shared—parameter model for MDM is employed
e.g. a probit model rather than logit
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Purpose of this talk

s Then applying the derived formulae to the simple
model, we attempt to answer the questions bellow:

When inclusion of AVs reduces the bias for NMAR
missingness, and how much?

What does “MAR becomes more plausible” mean with
math words?

What does “proxy variable” and “reduction of
uncertainty of missingness mean?

s Finally, a general theory to evaluate the bias of
the MLE(FIML) will be developed under NMAR
missingness.
11

A simple example and notation

X v R statistics of complete cases
_ 1 m m
X1 1 L ==Y x, Y=—ZY
H m i=1 ?N-
Xm Ym 1 B 1 m )
X1 Missing 0 Sew = Z (Xi = X)
: H : m
s 2
X,  missing 0 Syy = — Z (Y; - Y)

.PH

31,,_i2(x X)(Y;-Y)
vi=1
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Full Information ML with X
(observed likelihood)

A random sample on B;]

Y; Y,
i ]

FIML(Observed Likelihood):

U Y; I o Ty
L(elY, X) = N ! v vy Ty
(elY, X) %_];[1 2([}4} te| " | ooy ore
n
X H N(Xz'l'ux,ﬂm_r_)
t=m—+1

where ¢ = (pa, fy, Ozz. Oyy, Ory) 13

MLE based on FIML

MLE for sy
s = Sxy ;A =
Hy = ¥ + ly(ﬂ‘x_x)~.
Sxrx
1 T
where fiz ==Y X;,
ni=1

e.d., Anderson (1957). JASA, 52, 200-203.
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Full Information ML without X
(observed likelihood)

A random sample on Y:

Y],:' coos Ymy Yomiss - -y Ymis
Observed Likelihood:

m

L(plY) = H N (Y| iy, oyy)

1=1
MLE for py:
1 T

Yy==>Y

m i=1
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Summary of the set-up

5o jty = E[Y] is an interesting

X Y R

parameter. X1 Y 1
s> Data on Y involve NMAR : : :
missing values. Xon Yin 1

s> We also have data on X
which would not be used if : " :
data on Y were complete. Xn _missing |0

s> X s said to be an auxiliary g1 i Y,
variable(AV). m ;=

s» Should one include the data versus
on X to estimate fy? fiy=Y + ?(ﬁx ~X)

s> FIML(OL) under normality e

Xm+41 Missing 0
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Latent variable formulation
for missing—-data mechanism, without X

Y—Z—R

A shared-parameter model:

Y ~ f(y|@), 0 is a parameter of interest

Y Il R|Z (conditional independence)

R|Z =z~ P(R=1|z;7) = h(z|T)
1, z<7 (Y: obs)
0, z>7 (Y: mis)
it represents a probit model under normality, i.e.,

When h(z|T) =

P(R=1|Y =y) = ®(a+ By)
17

Latent variable formulation
for missing—data mechanism, with X

A shared-parameter model:
(Y, X) ~ g(y,z|0,64), 6qis a parameter of X
(Y, X) 1l R|Z (conditional independence)
R|Z =z~ P(R = 1|z; 1) = h(z|7)

Notice that

110 = [ 9(y.16,0)da .

Bias of the MLEs under normality

s MLE without an AV

E[Y] = E[Y|R = 1] =y + 7&

~E[Z — pz|R = 1]

zz

Bias increases linearly with oy. and with E[Z —pu.|R = 1].

y 2 7 R

s MLE with an AV

- T4 :,];E[Z — Mz R p— 1]
Elfiy] = py + 2 |

(1- P%z)asz + ,O:%ZV(Z|R =1)
Bias increases linearly with oy.. and with E[Z — p.|R = 1].

Oyz.x
Y Z—R
Ny~

+ o(1)
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Size of the bias standardized

Y-"-7-R :
BIY)—uy _ ElZIR=1-p: .
172 Puz X 1/2 £

Tyy Ozz °]

Size of the Standardized Bias of ¥ = . = °
Missing Rate (Bias for u.)

py= | 0% 10% | 20% | 30% | 40% | 50%
(0.00) | (0.19) | (0.35) | (0.50) | (0.64) | (0.80)

0.0| 0.00 0.00 0.00 0.00 0.00 0.00
0.2| 0.00 0.04 0.07 0.10 0.13 0.16
0.4 | 0.00 0.08 0.14 0.20 0.26 0.32
0.6 | 0.00 0.12 0.21 0.30 0.39 0.48 20
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Effect of inclusion of an AV

Effect of inclusion of an AV

‘E[ﬁy] — Hy| _ |Pyz — PyzPaz 1 Biﬁg Le(:)USCtisn/T(é)l’iaSlng ;}ate,_v;hen
E[Y]—pu yz 1—p2 2B T pwE e e e
[Y] Hy Pyz ( pes) ¥ PE. One can get 30% bias reduction when 0.37 < = < 0.78.
with p=ZR=1 - G
— E[Y] - 0
Y 7 —R V(Z) Z R [ ] Hy % 2
\_/ AL
X X £ N /
. . Xy z s 8
s> AV does not necessarily reduce the bias of the MLE 1 g \/
When |Pyz| > |Pyz - Pyn:P:rz'. AV could reduce the bias :; 0:1:4 e 70w0 sz 0\4 0‘5 0\8
When |py:| < |py= — pyepzz|, AV could increase the bias 1 ' ' -
21 " 22
Effect of inclusion of an AV In case of X || Z]Y
Bias reduction/increasing rate, when
B =20.5, pyz=0.4, T = Ppyr = —Pza- Y_Z_R
The bias monotonically increases as z grows. Key relations: pz: = paypy:
The bias enlarges by 30% when z > 0.39. | ‘E[ﬁy] — | 1-p2, -
Y + Z — R — © X E[?] — My (1 - p%ypjgz) + p%yﬁ%zB N
‘M o ~ /
+\ /_ E[Y] — py g :
X S <] / « AV always reduces the bias.
X v z g = AV can be called a proxy variable.
L o g s« Larger is Cor(Y,X), more bias reduction is obtained.
1 05 -
1 00 01 02 03 04 05} 04




Effect of inclusion of an AV

Bias reduction/increasing rate, when

In case of X ||Y|Z

B = 0.5, Pyz = 0.4, z = Py - Y— Z _ R Key relations: Pxy = PxzPyz
One can get 30% bias reduction when 2 > 0.56 I ~ 5
Y —Z—R ‘M X ElY]—puy|  (1—p2)+p2.B
E[Y] — py g S \ - :
X § Z ) « AV always reduces the bias.
g ° s> AV can reduce variation of Z, so that connection between Y and
XY Z é S R gets weak.
2 « Larger is Cor(X,Z), more bias reduction is obtained.
1 =z 04z 2 o]
1 0.4 e g h T T T T T T
1 0.0 0.2 0.4 0.6 0.8 1.0
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Y —Z-—R
In case of XJJ_Y|Z Summary Ny /
Bias reduction/increasing rate, when s> We have studied the effects of inclusion of an AV on
B =0.5, py: = 0.4, & = pg-. the reduction of the bias of the MLE(FIML) in a simple
One can get 30% bias reduction when z > 0.64 setting.
Y 7R ‘E[ﬁ_y] s s The Enas can be exE)Trfssed in the closed form:
| EV]—mylg 2 \ E[Y|R=1] - py = —=B[Z — pz| R = 1]
2 3 o oywBlZ—pR=1]
X ¢ oo BllR =1 === o, ¥ pavar=1 T "
X Y Z g Z | s> The latent variable formulation of the missing—data
1 0.42 = . ° ] mechanism enables us to successfully derive the simple
1 04 e g4 N but useful formulas.
1 00 02 04 06 08 10 s No particular missing—data mechanism is assumed.
2 28




Summary

s 1he four cases should be distinguished:
o Case I |py:| >py= — pyape|
+ + +

= AV makes MAR more plausible and reduces the bias.
m In particular, if Pyz — PyxPrz = 0, the MAR holds
for the model with AV.

s Case |I: lpyz| <|pyz — pyapzz|
+ + -
= AV enlarges the bias.

Y—Z—R
Ny /
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Summary

wCase ll: X1 Zy Y—z—R
|
X

= AV may be called a proxy variable for Y, and always
reduces the bias.

= Large correlation between X and Y is needed.
= Case IV: X1Y|Z Y— % -R

X
m AV reduces the variation of Z, and always reduces the
bias.

w Large correlation between X and Z is needed. 20

General framework to
study the bias

Purpose of this section

s 1he bias evaluation in the preceding section deals
only with estimators expressed in a closed form:

—_ 1 Ll . —_ Sxy - -
Y==>Y, iy =Y + —(fla = X)

m /= zx

s> Here we discuss a method of deriving the bias of
estimators implicitly defined, that is, those defined
by optimizing functions or estimating equations

,. a
¢ := argmax L(0|X), —logL(#|X) =0

32




Notation

R; =1 (or 0) < Yj; is observed (missing)
Missing-data pattern: R = 1) . p(L) (1< L<2P)

Joint distribution:
(Y,R) ~ g(y.v"|70,00) = P (R =rOly; ‘-"0990) f(yl6o)

Observed components (Y ,,):

Notation

I
Dpg : Selection Matrix

(selecting observed variables)
Y :=D Y ( = Yobs): YO =y,
Example
R=1[1,0,1,0,...,0]
DRY = Dpio1,0...0'Y

PRYi=D,wYi=Y" (vi={y" vy _[1o000 - 0]ly_[n
“loo10 -0 ~ |3
33 34
Likelihood Inference and MAR Direct MLE and its limit
Sample: o n
(Dr,Y1,R1), ..., (DR, Yy, Rn) 6 :=argmax f(¥ ;) = argmax 51;[1 fre)(Dyp)Y il6)
(Y(lh)}Rl)},..,(Y&?n):Rn) 0 := arggnaxLE[log frR(DRY |0)|T0,00] J
Direct Likelihood (Observed Likelihood): o-L.o (ll;)
n ) p
DLn(8) = [(Yaps) = [] (Y (710) L "
=1 p(0) =3 [log f,/(y16)
MAR: (=1
— Oy y(=0) = _ Oy ©® x P(rO1y D 70,00) f,0 (¥ 100)dy')
P(R—'r |Y Y ) = P(R— r |Y ) where y(f) =D,y
(¢t=1,...,L)
35 36




Direct MLE and its limit

For Not MAR missingness,

9p(0) £ 0
90 |g—p,
Under some regularity conditions, we have
O’fj‘(f’) — & dlog fr(DRY'|0) 0.6 —0.
o0 0=0 00 0—=0
and
0 # 0,

37

Approximate Population Bias (APB)

[
Taylor approximation:

__0p(8) _ 9p(60)

52
0= _|_0‘ p(60)

06 06 0006"
Approximate Population Bias (APB):

5o~ (0%(90))‘1 9p(60)

(6 —6y),

00001 00

~82109 fr(DRY |60) ~' [910g fr(DrY|60)
=F .0 E N
[ 90007 70-70 560 To.70

= 1(60)~1 %G0)

=:bias(8) 38

Approximate Population Bias (APB)

- 2

19p(00) |7
o0

= (ap(gO)Tr(eorl)f(eo)(r(eo)-lw)

APB? := ||bias(0)||* = HI(BO)‘

o0 00

_ (200)\" g -
—( = ) 1(90)

provided that I(8g) > 0.

19p(00)
00 ’
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«» Basically the APB can be calculated for any
estimates once a MDM and population values are
given.

s |t Is yet not certain to prove general properties
with the use of APB.

«> We hope to show in the future that

Saturated-correlated model reduces the bias.
Extra dependent variable model reduces the bias.

40




Saturated Correlates Model

s« Graham and Coffman (2012) and Graham (2003)

x1 x2| 3 [3(';| Y1|’_Y’ﬂ Y3][‘|’4]
X — '*Y -

FIGURE & Model 3: “saturated correlates™ model (latent variable vers
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Extra DV model

> Graham and Coffman (2012) and Graham (2003)

OO f elelele
K R—| I - "7’ "\ \ T
¥ () "x1|[xa]| x3 x4 |Y1 YZJF(':;T_Y'I‘
s —‘J —.J / H S
at s ( \ S IY)‘
AL - ~\
a2 @' g

CRR
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Part |l

A huge amount of missing Values

An example of a huge amount of missing values

44




Uninteresting items and/or
too many items

|
«»> One should avoid responders to be forced to
respond
too many questionnaire items
questionnaire Items that do not interest responders;

s> That will cause the troubles:
Nonresponses (missing values)

One particular choice in many items, such as the neutral
response

Random choice in many items

45

Real data example: Exploring the structure
of first expressions of people

> A variety of questionnaire items can be considered to
assess first impressions of people

s Suitable items may depend on responders

s> One strategy to handle the situation is to prepare
many items in a questionnaire, so that a responder can
select several items that interest the responder

s> Then, missing values take place for the items
unselected

s We prepared 94 items regarding first expressions,
among which 6 items are common to all responders,
and the responders are requested to choose 4 items
among the other 88 items
Observed variables are 10 in number
Missing variables are 84 in number
46

Description of the questionnaire
data

s After selecting the 4 items, responders see virtual
people stimuli such as photos, descriptions and twitter
messages

s Assess the people by the 10 items with 5-point scale

= Common items (6 items)
pleasant-unpleasant, friendly-unfriendly, careful-hasty
sensible-insensible, active-passive, confident-unconfident
= Selective items (88 items)
Laid-Back-Rash, Frank-Formal, Incompetent-Competent
Mean-Nice, Disgusting-Delightful, Acid-Round,
Bad Feeling-Good Feeling, Serious-Frivolous
Simple-Complex, Neat-Untidy, «---=---- }

47

People stimuli (in Japanese)
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Survey data collection and results

F1: Personality (30 items)

s> Web-based survey was conducted SD Adjective Par SDEE Fi ) 3
91.Friend - Enemy I BETHE-BTHD 0.88 -0.17 0.11
December 28' 2011 to danuary 10’ 2012 88 .Feel at Ease — Frustrati 88.& 515 -L\50L0N\H T 4 0.80 0.03 0.01
N=2362 84 Similar to Myself - Diff{84. B Il %-H%) 080 | -0.20 0.00
85.Agree with Each Other {85 EEAES-SEMNE DA 0.80 -0.09 0.01
93.Friendly - Unfriendly  [93 28 & o9 L \- & 0.79 -0.13 0.21
s> The following three factors were expected and 68.Soft - Hard 68 OHLAN AL 0771 -006| 002
. . . 67 Patient — Impatient 6/ 5ER-B&E 0.76 -0.30 -0.01
actuaIIy were identified for the 94 items: 87 Empathetic - Lack Fmpa 87 B C= 2L T 075 010 002
. : : 61.Kind - Unkind 61 BB -TEA 0.73 0.09 -0.03
F1: Persona“ty (30 |tems) 92 Pleasant — Unpleasant |92 B LML -ELCDE( 0.73 0.12 0.12
F2: Intelligence (33 items) 13.Wan - Robust 13.88 & L\ —7=<ELLY 072 049 -0.16
) . . 50.Modest - Immodest 5032 HA-TLBIFYH 0.68 0.16 -0.38
F3: Activeness (31 items) 86.Same Ways of Thinking|86. 2% AN A>-Z% 4 068 | 012 -0.12
63.Warm - Cold 63.H7=F=DL =D& 0.64 0.15 -0.24
33.Bad Feeling - Good Feq33.5F6E -5 H 064 -0.12 0.08
49 50
SD Adjective Pair SDIER F1 F2 F3 SD Adjective Pair SDIEH il F2 F3
40.Simple — Complex 40 Bl -4 e -0.06 086 -028 17.Strong - Weak 1758576 - 58 5/8 ~0.18 0.07 0.95
12.Weak - Strong 12880\ —3&L) 008 ~085 032 52 Exhibitionist — Quiet 52.Barb=nY-K ALY -0.15 -0.08 0.85
29 Serious - Frivolous 0 BEEBER-AEE AT 020 0.80 2007 39.Skeptical - Credulous |39 E£MAE-ELPTL 0.02 -0.69 0.84
73 Forgetful - Long-Memd 73. 5L~ IE N -2 % 0 045 ~0.79 023 47 Extrovert — Introvert 47 A E 7% -NE B -0.12 -0.02 0.81
26 Neat — Untidy 26XBALLTNG-ED 000 077] -001 o e lFeeaie 96MmH G M | -022 | 011 | 080
43 Disorganized — Organizd 43 IEA-JLIEEA 021 | =074 013 46Loud - Quiet 46/ Eohafrhve | 0321 0081 078
492 New - Old 42¥ELL\_EL\ 047 -0.72 0.38 20.Bold - T|m|q QOZQHEE—/J\IL,\ZI 0.15 -0.58 0.77
59.ntellectual — Sensuous |59 IBANIE A BRI | 032 | 0.64] 0.7 14Healthy — Sickly ___{14.7050/5 RS 0021 0020 0J5
72|_0g|Ca| — Emotional 725@;@%@_@,r§%7g -008 064 014 97.Confident — Unconfiden 97@{50)%6_5{%@7{; -0.26 0.22 0.74
17 Short - Tall 11 25 AEL— A B 2009 2064 2021 81.Superior - Inferior 81.{%?1({,\%)*%\9’@\ -0.11 0.19 0.69
27 Elegant - Ungracious  |27. F B4 - F74 0.19 0.62 -0.04 41Clear - Vagule 41.(;;:%‘:}Lf:;l§f:¥“) ~0.16 0.29 0.68
95 Sensible — Insensble |95 5 RI0&%-ARIOA 029 | 062] -0.04 L i 5
36.Careful - Careless I FERN-RFRL 0.10 0.62 -0.10 03'SH§ t - Flarh gg'iﬂfbbﬁ_l}?(’ T 0.12 _0.60 ~0.63
32Responsible — Irrespons| 32 FHERDAL-ESA 013 | 059 | 012 Sober - Flashy _ HIRTE—IRF 7 : : -
94 Careful - Hasty 04 BES-BEL 078 058 014 21.Masculine - Feminine  |21.BM4HA -4 A -0.20 0.51 0.62
51 52




Factor analysis by FIML
with missing values

Exploratory factor analysis model
Y =p+ A f 4+ u

pxl  px1  PXMmx1 pxl
f ~ Nm(Og ‘:D)» u ~ Np(O._ W)
Y ~ Np(p, AON + W)

FIML(or observed likelihood) under normality
obs mis

V=YW vy k=1..n
p("-) % 1 p(_f‘) x 1

ElY W] = n) | var[x ()] = A oA 4 wl) = 5 ()
Lt AVIY) =TT N (F 009, 260)
k=1

FIML can be applied for MAR missingness

A model for observable variables

T
Yi=R; (Mé+ Z/\iij'l'ui) +(1-R)Z;, i=1,...,p
i=1

o Ry =1
A responder IS interested in item X;and can assess
with it appropriately

(S)he selects Y, so that V; is observed

o R; =0
A responder IS NOT interested in the item V; and his or
her response will not follow according to the FA model
Z denotes a rv representing such a response
(S)he does not select V;, so that V; is missing

53 54
m m
Y; =R; (ﬂz‘ s 321 XijFj + ui) + (1 -R))Z, Y =H; (ui +j§1 XijFj + 'u.,;) + (1 - R;)Z;,
i E— p i A
Assumptions:
The marginal distribution for Y: R=(Ry,....,Ry) I (f,u)
Y ~ P(R=1,)Ny(pt.X) +---+ P(R = 0)F P(Ry,...,Rp) is unrelated to (y;, A\i;,¥)'s
NMAR missingness: Likelihood:
F(RIY) # [(R]Y ops) L= fiYost R) = f(Y 55| R)P(R) o< f(Y gps| R)
For the first impression data, = kl;[l Np(gk)(y(ﬁk)m(fk),):(fk))
P(R=1p) =0 = FIML(Observed Likelihood)
55 56




Technical aspects

s Simulation studies showed the following:

The EM algorithm with only common factors as missing
works well

Sample sizes should be more than a few thousands to
obtain stable estimates for p=90, m=3, missing
rate=90%
Asymptotic standard errors appear to be accurate
when sample sizes are as large as 10,000 for p=90,
m=3, missing rate=90%
Introduction of some common items can allow us to
estimate more stably than analysis of all selective
items

57

Summary

s> Usually it would be difficult to extract useful
information from data when the missing rate is 90%

s The analysis of the First Impression Data with FIML
(OL) would be successful, because

responders select questionnaire items that they can evaluate,
so that the assumption of a factor analysis model would be
reasonable for the items selected:;
introduce common items to all responders;
the sample size is enough large;
the EM algorithm with only common factors as missing
works well
58
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