00000
ROODODOODOOOOOO
(3) ROODODODODOO

1ec20021024 0O OO0 shimo@is.titech.ac.jp



oo tn oo




HRN

a1l ... Qilp
A = > 1
an1i aﬂn,p )
D
(1)
A=| - | =lay,...,ap]
a(n)

a)0000000e,000000
> A <- matrix(1:15,5) # 5x300



> A

[,1] [,2] [,3]
[1,] 1 6 11

[2,] 2 7 12

[3,] 3 8 13

[4,] 4 9 14

[5,] 5 10 15

> A[2,] # 000O0ODOOOOOO
[1] 2 7 12

> A[L2] # 000000OO0O0OO

[1] 6 7 8 9 10

> A[2,,drop=F] # U0 0O0O0O0OO0O0ODOOO1x3000
[,11 [,2] [,3]

[1,] 2 7 12

> A[,2,drop=F] # UU0U0O0O0O0OO0OO0OOOSx100 0

[,1]
[1,] 6
[2,] 7

[3,] 8



[4, ] 9

[5,] 10
> A[3:4,2:3]
[,1]1 [,2]

[1,] 8 13
[2,] 9 14

# 2x2000 00 doon

>B <- A # A0 BUOOOO

> B[2,2] <- -1
> B

[,11 [,2]1 [,3]

[1,] 1 6
[2,] 2 -1
[3,] 3 8
[4,] 4 9
[5,] 5 10

11
12
13
14
15

> B[2,] <- 101:103

> B

[,11 [,2]1 [,3]

[1,] 1 6

11

# (2,2000-1000

# oo od



[2,] 101 102 103
[3,] 3 8 13
[4,] 4 9 14
[5,] 5 10 15

> B[,2] <- -1:-5 #
> B
[,11 [,2] [,3]

Joogotugg

[1,] 1 -1 11

[2,] 101 -2 103

[3,] 3 -3 13

[4,] 4 -4 14

[5,] 5 -5 15

>v <- 1:3# 0000000

> Vv

[1] 1 2 3

> as.matrix(v) # 3x10 040 4d Q0O
[,1]

[1,] 1

[2,] 2

[3,] 3



oo ddon

ail --- anpi
A = | i s S D
a,]_p anp )
N . .
-4/
U1
/ . —
v= 1|t | =[v,...,vn]
_Un

> t(A)

[,11 [,2] [,3] [,4] [,5]
[1,] 1 2 3 4 5
[2,] 6 7 8 9 10
[3,] 11 12 13 14 15
> t(as.matrix(v))

[,11 [,2] [,3]
[1,] 1 2 3



HRERERE

A B
nXxXk kXm
A v
nxk kx1

> Al <- matrix(1:6,3) # 3x200
> Al
[,1] [,2]
[1,] 1 4
[2,] 2 5
[3,] 3 6
> A2 <- matrix(7:14,2) # 2x400
> A2
[,1]1 [,2] [,3] [,4]
[1,] 7 9 11 13

nXxXm

nx1



[2,] 8 10 12 14
> A1 Y A2 -> A3 # 3x40 [
> A3
[,1]1 [,2] [,3] [,4]
[1,] 39 49 59 69
[2,] 54 68 82 96
[3,] 69 87 105 123
> vl <= 1:2 # 2000000
> Al YxY, as.matrix(vl) # 3x200 [k 2x100 = 3x100

[,1]

[1,] 9

[2,] 12

[3,] 15

> A Y%x% vl # 000000000 DOO0OODOOOO0OO0OODO
[,1]

[1,] 9

[2,] 12

[3,] 15

> v2 <- 1:3



> as.matrix(v2) %x/% A1 # 3x100 *x 3x200 MO0O0O

Error in as.matrix(v2) %*J% Al : non-conformable arguments

> t(as.matrix(v2)) %x/% A1 # 1x300 * 3x200 = 1x20 [0
[,1]1 [,2]

[1,] 14 32

>v2 Y Al # U000 00OO00O0O00O00O00O0000O
[,1] [,2]

[1,] 14 32

>v2 Yx4 v2 # D000 1x300 *» 3x10000000 O
[,1]

[1,]1 14

>v2 x v2 # JUOO0O0O0OO0

[11] 1 4 9

> sum(v2 * v2) # sumQOUOO0OO0O0O0O0O0O0O

[1] 14

> 1:8 x 1:2 # U000 0OO00OO0O0OO0O0OO0OOOO0OOO0OO

[11] 1 4 3 8 5 12 7 16

> rep(1:2,4) # 1:20 000000

[1] 12121212



> 1:8 * rep(1:2,4) # = 1:8 % 1:2

[1] 1 4 3 8 512 7 16

>A2 x vl # 0000000000 0Ovi0O0DOO00OO0OOO0O0O0
[,11 [,2] [,3] [,4]

[1,] 7 9 11 13

[2,] 16 20 24 28



Jodododoon

ITL: " ., >n

39



> rep(1,5) # 0UUU0OO0OO105000000
[1] 11111
> as.matrix(rep(1,5)) # 5x100

[,1]
[1,] 1
[2,] 1
[3,] 1
[4,] 1
[5,] 1

> diag(5) # 5x5000 0
[,11 [,2] [,3] [,4] [,5]

[1,] 1 0 0 0 0
[2,] 0 1 0 0 0
[3,] 0 0 1 0 0
[4,] 0 0 0 1 0
[5,] 0 0 0 0 1



Jooodooo

> diag(1:5) # 1:500000000 bx500
[,11 [,21 [,3] [,4]1 [,5]

[1,]
[2,]
[3,]
[4,]
[5,]

> diag(matrix(1:25,5))

[1]

1

1 0
0 2
0 0
0 0
0 0

7 13 19 25

0

S b O O

o O O O

5
# oot



HRENNRERERN




ot oot

}zl_ _bl_
a=|t1|, b=|1
_an_ _bn_
n
<CL, b> — a’b — Z aibi
1=1

> naiseki <- function(a,b) sum(axb)
> a <-1:5

> b <- c(1,2,1,2,1)

> naiseki(a,b)

[1] 21



o oodh

lall = a.a) = Vala = ( £ o)

> naiseki <- function(a,b=a) sum(ax*xb)
> naiseki(a,b)

[1] 21

> sqrt(naiseki(a,a))

[1] 7.416198

> sqrt(naiseki(a))

[1] 7.416198

N

10



d(a,b) = |la - bl| = (;1< - bi>2)

> sqrt(naiseki(a-b))
[1] 4.898979

> (a-b) "2

[1] O O 4 4 16
> sqrt(sum((a-b)~2))
[1] 4.898979

ot bodot

_al_

an,

by

_bn_

N|—

11



oo oo

ai
a= |
_an_
a
U= —-
|al]

> unitvec <- function(a) a/sqrt(sum(axa))

> unitvec(a)

[1] 0.1348400 0.2696799 0.4045199 0.5393599 0.6741999
> naiseki(unitvec(a))

[1] 1

12



ot oddgn

o
P b
3\

aq b1

a = , b= |:

an, _bn

L a b . a'b . n:l aibi

sO= a1’ = Talllol — Vo a5 2
\/Zzzl a; \/2221 )

13



> unitvec(a)

[1] 0.1348400 0.2696799 0.4045199 0.5393599 0.6741999
> unitvec(b)

[1] 0.3015113 0.6030227 0.3015113 0.6030227 0.3015113
> naiseki(unitvec(a) ,unitvec(b))

[1] 0.8537714

> acos(naiseki(unitvec(a) ,unitvec(b))) # UUOUO0O

[1] 0.5476098

> acos(naiseki(unitvec(a) ,unitvec(b))) * 180/pi # [
[1] 31.37573



J0ooooobooond

00 a= lZai =11a
00 =1%(a;—a)? = L|a —a1,)?
000 sgp=r>(a;—a)(b —b) = 2(a—al,) (b—Dbly)

sap (@ —aly)/(b—Dbly)
sasp  |la — alp|l[|b — bly|

OJo0o0ododd a+«—a—al, 0000

Ql

L] [ Tab —

/
B S o __ab
=0, si=qlall®  sw=3eb re =

Ql

cf. 0000000000 n0oodn—-1000 0



L] [
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Jododddooooboodd

x

i
g
[
g

ur o

u = , =
_un_ _xn_

00 dodd t+td g Dt 2000 00O0OD0OOOOO O
ltu — z||? = ||(tu — uu'z) + (uu'z — )|

= (t—uz)? + 2’ (I, — uu)z



O0000t=4/20000x0«w00000
tu = (vz)u = uu'z = Px
100 P=w/00000000 cosf =v'z/|z|00000
t = ||x|| cosd

> u <- unitvec(1:5) # U0OOOOO

> x <-c¢(1,2,1,2,1) #0000

> naiseki(u,x) # UOUO0O t

[1] 2.831639

> sum(ux*x) # U0 0O OOO

[1] 2.831639

tt <- seq(0,5,0.1) # 0..5

psinit ("20020922-1.eps")
plot(tt,sapply(tt,function(t) sqrt(sum((x-t*u)~2))),type="1")
abline(v=naiseki(u,x)) # UOUOUOOO t

dev.off ()

uxsum(uxx) # xUuw0O0OOOOO

[1] 0.3818182 0.7636364 1.1454545 1.5272727 1.9090909

vV V V V V V



> naiseki(u,unitvec(x)) # cos(theta)

[1] 0.8537714

> acos(naiseki(u,unitvec(x))) * 180/pi # U [J
[1] 31.37573

> P <-
> P

[1,]
[2,]
[3,]
[4,]
[5,1 0

o O O O

as.matrix(u) %x*Y, t(as.matrix(u)) # O0OOO

[,1] [,2] [,3] [,4] [,5]

.01818182 0.03636364 0.05454545 0.07272727 0.0909091
.03636364 0.07272727 0.10909091 0.14545455 0.1818182
.056454545 0.10909091 0.16363636 0.21818182 0.2727273
.07272727 0.14545455 0.21818182 0.29090909 0.3636364

09090909 0.18181818 0.27272727 0.36363636 0.4545455

>P x4 x #[MJ00O0O0O

[,1]

[1,] 0.3818182
[2,] 0.7636364
[3,] 1.1454545
[4,] 1.5272727
[5,] 1.9090909



Jodoobotdtdddddn

}zl_ 261_

an, In

Joodood pdbddoddddged 00000000 oOoOn

a
u = ——
|al]

D000 0000wd2000000000

aa’ a'x
2|t = 5| a=pa
s> a<« 1:5 #0000 el all

> x <- c(1,2,1,2,1) # 0000

> shaeil <- function(a,x) sum(a*x)/sum(axa)

> shaeil(a,x)

[1] 0.3818182

> shaeil(a,x) * a

[1] 0.3818182 0.7636364 1.1454545 1.5272727 1.9090909




Joddodbobootdddobooddtddtdtdttni

U1 1 U1y
U]_: i ,...,Up: g , Xr —

Un1 | | Unp |

, 1 i=4000
U = 0jj = L,
O #5000
U=lu,...,up], UU=1I,
000000000 ¢=[t,...,4)/0 0000000
D000 0O0OO0OOOO OO

_:Cl_

18



||U75—513||2 :||(t1U1—Ulullfl?)‘l'""F(tpup_upu;ofE)
—|—('u,lfu,’laz—l—---—I—upfu,;?a:—w)H2
=(t1 —ujz)? 4+ + (tp — ujx)?

+ 2/ (I, —UU)x
00000 ¢ = wjx,... ,tp = u,e00000000¢=U'z0000
JouUudooodod 0000

Ut =UU'x = Px
000 P=UU'000000Q=1,—-PO0O000O000O0OOODOOO
r = Px + Qx

0000000(Pz)(Qz)=000000000
PQ=U"UU)H(I1,-UU)=UU"-UU'UU =U0U'-UU' =0



> ul <- unitvec(c(1,1,1,1))
> u2 <- unitvec(c(1,1,-1,-1))
> u3 <- unitvec(c(1,-1,1,-1))
> U <- cbind(ul,u2,u3)
> U
ul u2 u3
[1,] 0.5 0.5 0.5
[2,] 0.5 0.5 -0.5
[3,] 0.5 -0.5 0.5
[4,] 0.5 -0.5 -0.5

> t(U) %% U # O00O0OO

ul u2 u3
ul 1 0 O
u2 0 1
u3 0 0 1
>P <-U Y%, t(U) # OOO0O
> P



>

[1,
(2,
(3,
[4,
> x <- ¢(1,2,2,2)

[,11 [,2] [,3] [,4]
] 0.75 0.25 0.25 -0.25
] 0.25 0.75 -0.25 0.25
] 0.25 -0.25 0.75 0.25
] -0.25 0.25 0.25 0.75

# U UUOO

t(U) %% x # t0O 00O

ul
u2
u3

>pX
> px

[1,
[2,
[3,

[,1]
3.5
-0.5
-0.5
<- P %*% x

[,1]
] 1.25
] 1.75
] 1.75

# U



[4,] 2.25

> Q <-diag(4) - P # JUODOOOOUODOOOO
> Q

[,11 [,2]1 [,3] [,4]
[1,] 0.25 -0.25 -0.25 0.25
[2,] -0.25 0.25 0.25 -0.25
[3,] -0.25 0.25 0.25 -0.25
[4,] 0.25 -0.25 -0.25 0.25
qx <- Q Y%*% x # 000000000

>qX

[,1]
[1,] -0.25
[2,] 0.25
[3,] 0.25
[4,] -0.25

x - px #U00000O0



[,1]

[1,] -0.25
[2,] 0.25
[3,] 0.25
[4,] -0.25

> naiseki(px,qx) # pxU qxU OO
[1] ©
>t(P) %/ Q # PUQUUIDIOOODOOOON

[,11 [,2] [,3] [,4]

[1,] 0 0 0 0
[2,] 0 0
[3,] 0 0
0 0

0 0
0 0
[4,] 0 0



U117 (U1, (1]
U1 — i g ooy Un — i , 4 H

U1 | Unn| Tn

U=|u,...,up], UU=UU =1,

r=Ut=tiu1 + - -+ thun
t=U'z, t;=ux

Inzulu’l—l—---—l—unufn
= (ugu) + -+ upu)) + (upp1uh g + -+ upul,)
—P+Q

19






> ul <- unitvec(c(1,1,1,1))
> u2 <- unitvec(c(1,1,-1,-1))
> u3 <- unitvec(c(1,-1,1,-1))
> u4 <- unitvec(c(1l,-1,-1,1))
> U <- cbind(ul,u2,u3,ud)
> U
ul u2 u3 ué
[1,] 0.5 0.5 0.5 0.5
[2,] 0.5 0.5 -0.5 -0.5
[3,] 0.5 -0.5 0.5 -0.5
[4,] 0.5 -0.5 -0.5 0.5
> t(U) %*% U

c
D

ul u2 u

ul
u2 1
u3

ué

> U %x% t(U)

O O O r B+
O r O O W
, O O O

0
0
0



[1,]
[2,]
[3,]
[4,]

> x <- c¢(1,2,2,2)
> t(U) %*/ x

[,11 [,2] [,3] [,4]

1
0
0
0

[,1]

ul

u2 -
u3 -
ud -

3.5
0.5
0.5
0.5

0
1
0
0

0 0
0 0
1 0
0 1
# UU0O0

> U Y%x% (£ (U) %*% x)

[1,]
[2, ]

[,1]
1
2



[3,] 2

[4,] 2
> U[,1:3]

ul u2 u3d

[1,] 0.5 0.5 0.5
[2,] 0.5 0.5 -0.5
[3,] 0.5 -0.5 0.5
[4,] 0.5 -0.5 -0.5
> U[,4,drop=F]

ud
[1,] 0.5
[2,] -0.5
[3,] -0.5
[4,] 0.5

> P <= U[,1:3] %*% t(U[,1:3])
> P

[,11 [,2] [,3] [,4]
[1,] 0.75 0.25 0.25 -0.25



[2,] 0.25 0.75 -0.25 0.25

[3,] 0.25 -0.25 0.75 0.25

[4,] -0.25 0.25 0.25 0.75
> Q <- U[,4,drop=F] %x*% t(U[,4,drop=F])
> Q

[,11 [,2]1 [,3] [,4]
[1,] 0.25 -0.25 -0.25 0.25
[2,] -0.25 0.25 0.25 -0.25
[3,] -0.25 0.25 0.25 -0.25
[4,] 0.25 -0.25 -0.25 0.25

> P + Q

[,11 [,2] [,3] [,4]
[1,] 1 0 0
[2,] 0 1
[3,] 0 0
[4,] 0 0

_— O O O

0
1
0



oo ddooobobooodd

a1 a1
al — : g oo ,ap p— :
An] | | Anp |
A=laq,...,apl,
|AB — z|* = ||(AB — Pz)

Jouoobtn

B=(A'A)" 1Az,

e 01

| L Op.

P=A(AA) 1A, PA=A

(Pz — x)||?

AB — Pz|* + || Pz — x|°
A(B - (A'A) AP+ 2/ (I, — P)x

A3 = Px

P2=pPOo00P(I,—-P)=000000000 (Pz)(x— Pz)=0

20



> al <- c(1,1,1,1)
> a2 <- c¢(1,2,3,4)
> A <- cbind(al,a?2)
> A

al a2
[1,] 1 1
[2,] 1 2




[3,] 1 3

[4,] 1 4

> B <- solve(t(A) %x% A) ¥x*% t(A) # solve() D ODO
> B

[,1] [,2] [,3] [,4]
al 1.0 0.5 3.885781e-16 -0.5
a2 -0.3 -0.1 1.000000e-01 0.3
> x <- ¢(1,2,2,2) # 0000
> B %*x/ x # beta

[,1]
al 1.0
a2 0.3

> A Yx/, (B YxY o x) # OO

[,1]
[1,] 1.3
[2,] 1.6



[3,] 1.9

>P <-A Y/ B #0000

[,11 [,2]1 [,3] [,4]

[4,] 2.2
> P

[1,] 0.7

[2,] 0.4

[3,] 0.1

[4,] -0.2

> P Yx/ A #

al a2

[1,] 1 1
[2,] 1 2
[3,] 1 3
[4,] 1 4

> P Yxh x #

0.4 0.1 -0.2
0.3 0.2 0.1
0.2 0.3 0.4
0.1 0.4 0.7
AT OO

L0



[,1]

[1,] 1.3

[2,] 1.6

[3,] 1.9

[4,] 2.2
> P YxY, P

[,11 [,2] [,3] [,4]
[1,] 0.7 0.4 0.1 -0.2

[2,] 0.4 0.3 0.2 0.1
[3,] 0.1 0.2 0.3 0.4
[4,] -0.2 0.1 0.4 0.7

> Q <- diag(4) - P
> t(P) %*% Q

[,1] [,2] [,3] [,4]
[1,] 1.409988e-15 5.662026e-16 -2.053953e-16 -9.769949e-16
[2,] 8.437651e-16 3.996818e-16 -1.109613e-17 -4.218868e-16
[3,] 2.942050e-16 2.109485e-16 1.776465e-16 1.443276e-16



[4,] -2.553432e-16 2.219904e-17 3.663790e-16 7.105454e-16
round(t (P) %*% Q,6)

[,11 [,2] [,3] [,4]
[1,] 0 0 0 0
[2,] 0 0 0 0
[3,] 0 0 0 0
[4,] 0 0 0 0
t(P %*%h x) %*h (x - P %*/ x)

[,1]
[1,] 8.704138e-15

> shaei2 <- function(A,x) solve(t(A) %xY% A) %x7, t(A) %*) x
> shaei2(A,x)

[,1]
al 1.0
a2 0.3
A Yx% shaei2(A,x)



[1,] 1.3
[2,] 1.6
[3,] 1.9
[4,] 2.2

> a <- as.matrix(1:5) # OO0
> x <- c¢(1,2,1,2,1) # 0000
> shaei2(a,x) # UU0OU0O0O0O shaeil(a,x)0 00O
[,1]
[1,] 0.3818182
> a %*% shaei2(a,x)
[,1]
[1,] 0.3818182
[2,] 0.7636364
[3,] 1.1454545
[4,] 1.5272727
[6,] 1.9090909



HRENNRERE
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HRERERERE

alil alp \
A= | N, MnN>p
an1 anp| |
- y )
U= [uy,...,up], V = [v1,...,vp]
n X p p XD

U'U=V'V=1I,
A=djuv] +---+ dpupv;

dy > >dp>0

22



Od0Ody,...,dp000000o0nooo0DbOO0On

_dl O_
D = , A=UDV’'
_O dp_
Ooooooooooooooo-000 A00D0O0OO0OoOoooooO

A = dyuvy + -+ druy,

= [u1,...,urs]diag(dq,... ,d)[vy,..., v

> A <- matrix(1:15,5) # 5x300
> A

[,11 [,2] [,3]
[1,] 1 6 11
[2,] 2 7 12
[3,] 3 8 13
[4,] 4 9 14



[5, ]

5 10

> s <- svd(Ah)

> s

$d

15

# Uudon

[1] 35.127223 2.465397 0.000000

$u

[1,]
[2,]
[3,]
[4,]
[5,]

$v

[,1]

.3545571
.3986964
.4428357
.4869750
.5311143

[,1]

.2016649
.5168305
.8319961

-0.
-0.
-0
0.
0.

[,2]
68868664
37555453

.06242242

25070970
56384181

[,2]

.8903171
.2573316 -
.3756539

[,3]
0.3656475
-0.3101123
0.0736526
-0.6795585
0.5503706

[,3]
0.4082483
0.8164966
0.4082483



> round(t(s$u) %x*% s$u,10) # U’U =1
[,11 [,2] [,3]

[1,] 1 0 0

[2,] 0 1 0

[3,] 0 0 1

> round(t(s$v) ¥%x*x% s$v,10) # V°’V =1
[,11 [,2] [,3]

[1,] 1 0 0

[2,] 0 1 0

[3,] 0 0 1

> s$u %x) diag(s$d) %x*% t(s$v) # A=UD V’
[,11 [,2] [,3]

[1,] 1 6 11

[2,] 2 7 12
[3,] 3 8 13
[4,] 4 9 14
[5,] 5 10 15

> s$ul,1:2] %*% diag(s$dl[1:2]) =% t(s$v[,1:2]) # r=200000000



[1,]
[2,]
[3,]
[4,]
[5,]

[,11 [,2]1 [,3]

1

o b W N

6
7
8
9
10

11
12
13
14
15



0o don

G =UDU’
= djuiuy + - - + dpunu,
O0O0OnxnOd0OO0GOOOOOOUOOOOOODOOOOOO
Gu; = d;u;

000 wy,...,u,0 GOOOO0OO00O0Od,,...,d,00000

> A <- matrix(rnorm(16),4) # OU0O0OUOOO0OOOOOO
> G <- A+ t(A) #0000
> G

[,1] [,2] [,3] [,4]
[1,] 1.0199805 -1.6726827 1.7611183 -0.8899458
[2,] -1.6726827 2.7472534 0.8150037 -1.5039038
[3,] 1.7611183 0.8150037 -1.4539209 -0.5922849
[4,] -0.8899458 -1.5039038 -0.5922849 -2.1581990



> e <- eigen(G,sym=T) # UJU0UU0O0O0O0OODOOOOOOON

> e

$values

[1] 3.890266 1.946350 -2.498974 -3.182528

$vectors

[,1] [,2] [,3]
[1,] 0.464939132 0.7167020 0.23912371
[2,] -0.872833764 0.3248162 0.02187801
[3,] 0.003675264 0.5096684 -0.76134993
[4,] 0.148254229 -0.3479523 -0.60223541

> t(e$vec) ¥x) e$vec # DO UO
[,1] [,2]

[,4]
0.4615081
0.3635615

-0.4007130

0.7030380

[,3] [,4]

[1,] 1.000000e+00 2.822822e-16 -1.313172e-16 1.542074e-16
[2,] 2.822822e-16 1.000000e+00 -1.367450e-16 2.432679e-17
[3,] -1.313172e-16 -1.367450e-16 1.000000e+00 -7.887571e-18
[4,] 1.542074e-16 2.432679e-17 -7.887571e-18 1.000000e+00
> e$vec Yx*), diag(e$val) %xJ t(e$vec) # UL LD O OO



[,1] [,2] [,3] [,4]
[1,] 1.0199805 -1.6726827 1.7611183 -0.8899458
[2,] -1.6726827 2.7472534 0.8150037 -1.5039038
[3,] 1.7611183 0.8150037 -1.4539209 -0.5922849
[4,] -0.8899458 -1.5039038 -0.5922849 -2.1581990
> naiseki(e$vec %x*J, diag(e$val) %x% t(e$vec) - G) # GU U [
[1] 9.01027e-30
>s <-svd(G) # UD000O0O0O0O0O0 MUOOODODO0OODOO0OO0OO0OO
> s
$d
[1] 3.890266 3.182528 2.498974 1.946350

$u

[,1] [,2] [,3] [,4]
[1,] 0.464939132 -0.4615081 -0.23912371 0.7167020
[2,] -0.872833764 -0.3635615 -0.02187801 0.3248162
[3,] 0.003675264 0.4007130 0.76134993 0.5096684
[4,] 0.148254229 -0.7030380 0.60223541 -0.3479523



$v

[,1] [,2]
[1,] 0.464939132 0.4615081 O.
[2,] -0.872833764 0.3635615 O.
[3,] 0.003675264 -0.4007130 -O.
[4,] 0.148254229 0.7030380 -0.

> naiseki(s$ul,1] - s$vl[,1]) #
[1] 6.480773e-32
> naiseki(s$ul,2] + s$v[,2]) #
[1] 6.594384e-31
> naiseki(s$ul,3] + s$v[,3]) #
[1] 4.632945e-31
> naiseki(s$ul,4] - s$vl,4]) #
[1] 6.779273e-31
> efvec # DOOOOOU,VODOOO
[,1] [,2]
[1,] 0.464939132 0.7167020 O.
[2,] -0.872833764 0.3248162 O.

[,3]
23912371
02187801
76134993
60223541

vl

ul

u2 = -v2

u3 = -v3

uéd

vad

[,3]
23912371
02187801

[,4]
0.7167020
0.3248162
0.5096684

-0.3479523

[,4]
0.4615081
0.3635615



[3,] 0.003675264 0.5096684 -0.76134993 -0.4007130
[4,] 0.148254229 -0.3479523 -0.60223541 0.7030380
> naiseki(s$ul,1] - e$vecl[,1]) # ul = vecl

[1] 5.502171e-31

> naiseki(s$ul,2] + e$vecl[,4]) # u2
[1] 2.249486e-31

> naiseki(s$ul,3] + e$vec[,3]) # u3 = -vec3
[1] 2.690524e-31

> naiseki(s$ul,4] - e$vec[,2]) # ud
[1] 5.793197e-31

-vecd

vec?2



HRERERERE
JddoGoUuooooooooooooGouooooon
G = BB’
Jodooooovoooo BvOouooooad
G = (BV)(BV)
JoooGoooooood
G =UDU'’
=d1u1u’1—|—---—|—dnunugl
OO0 BOOO
G'/? = Udiag(\/d1, ... ,Vdn)U’
= Jdiuiu) + - + Vidpunul,
Ooodo

24



> A <- matrix(1:8,4)
> A
[,11 [,2]
[1,] 1 5
[2,] 2 6
[3,] 3 4
[4,] 4 8
> G <-t(h) x4 A # 00000
> G
[,1] [,2]
[1,] 30 70
[2,] 70 174
> e <- eigen(G)
> e
$values
[1] 202.419122 1.580878

$vectors

[,1] [,2]



[1,] 0.3761682 0.9265514
[2,] 0.9265514 -0.3761682

> B <- e$vec %x*J, diag(sqrt(e$val)) %x% t(e$vec) # U0 U
> B
[,1] [,2]

[1,] 3.092629 4.52058
[2,] 4.520580 12.39211
>B %*h t(B) # 0O0OUOO0O

[,11 [,2]
[1,] 30 70
[2,] 70 174



> A <- matrix(1:8,4)
> A

[,1]1 [,2]
[1,] 1 5
[2,] 2 6
[3,] 3 7
[4,] 4 8
> q <= qr(d)
> Q <= qr.Q(q)
> Q
[,1]

QRO

A =
nxp

Q/Q — Ip7

[,2]

Q R
nXp pxXp

ROOODOOO
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[1,] -0.1825742 -8.
[2,] -0.3651484 -4.
[3,] -0.5477226 -6.
[4,] -0.7302967 4.

> t(Q) %*% Q

[,1]
[1,] 1.000000e-00
[2,] -6.776264e-18
> R <- qr.R(q)
> R

[,1]
[1,] -5.477226 -12
[2,] 0.000000 -3.
> Q %*h R
[,11 [,2]

[1,] 1 5
[2,] 2 6
[3,] 3 7
[4,] 4 8

164966e-01
082483e-01
163689e-17
082483e-01

[,2]

-6.776264e-18
1.000000e-00

[,2]

.780193

265986



D000 QROO

A: |:a;17... 7a;p]’ Q: [qu... 7q}):|
oo gootd gt
1—1 / bz
bi=a;— }_ q;9;a;, q; = :
j=1 1b; ]

i
a; = Zl q;rji, A=QR
J:

1—1
aibi = qra; — Y (4kq;)(dja;) =0, k <
j=1

Q/Q — Ip—|—]_
NO00000000000000000000



HRNRERERERNEN

G=RR
GOonxnUUOUOOOOOOOODOOODUOOROODODOOOO

> G <= t(A) %*%h A
> G

[,1] [,2]
[1,] 30 70
[2,] 70 174
> R <- chol(G)
> R

[,1] [,2]

[1,] 5.477226 12.780193
[2,] 0.000000 3.265986
> t(R) %*% R

[,11 [,2]
[1,] 30 70
[2,] 70 174

27



Jooooton
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HRERERERE

AATA=A
o000 =0dtdtdbototdbgboiboibtbgtoggbbottdtd bt d
A=UDV', AT=VvDTU’

D = diag(dy,... ,dr,0,...,0)
DT =diag(1/dy,...,1/d:,0,...,0)

DDT = D™D =diag(1,...,1,0,...,0)
AAT =UDDTU’ = ulu/1 —|—---—|—ur,auf,q

ATA=VDTtTDV' = vyv’l + ... 4 vrv;
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> A <- matrix(1:15,5) # 5x300
> s <- svd(A) # J0OODOO
> s$d # (100
[1] 35.127223 2.465397 0.000000
> ginvd <- function(d,tol=le-7) { # D+ UUI OO0
+ a <- d>tol
+ dl[a] <- 1/d[a]
+ d['a] <- 0
+ d
+ }
> ginvd(s$d)
[1] 0.02846795 0.40561424 0.00000000
> B <- s$v ¥*/ diag(ginvd(s$d)) %*% t(s$uw) # AU OO0O
> B
[,1] [,2] [,3] [,4] [,5]
[1,] -0.24666667 -0.13333333 -2.000000e-02 0.09333333 0.20666667
[2,] -0.06666667 -0.03333333 -1.013136e-17 0.03333333 0.06666667
[3,] 0.11333333 0.06666667 2.000000e-02 -0.02666667 -0.07333333
> ginva <- function(A) {



+ s <- svd(A)
+ s$v %*’, diag(ginvd(s$d)) %*% t(s$u)
+ }
> ginva(A)
[,1] [,2] [,3] [,4] [,5]

[1,] -0.24666667 -0.13333333 -2.000000e-02 0.09333333 0.20666667
[2,] -0.06666667 —-0.03333333 -1.013136e-17 0.03333333 0.06666667
[3,] 0.11333333 0.06666667 2.000000e-02 -0.02666667 -0.07333333
> A Yx*Y/ B Y4 A # A OO O

[,11 [,2] [,3]
[1,] 1 6 11

[2,] 2 7 12
[3,] 3 8 13
[4,] 4 9 14

[5,] 5 10 15

> round(A %*% B,10) # AODOODOOODOOOOO
[,11 [,2] [,3] [,4] [,5]

[1,] 0.6 0.4 0.2 0.0 -0.2

[2,] 0.4 0.3 0.2 0.1 0.0



[3,] 0.2 0.2 0.2 0.2 0.2

[4,] 0.0 0.1 0.2 0.3 0.4

[5,] -0.2 0.0 0.2 0.4 0.6

> round(B %*% A,10) # A°’0000000O0O0O0OO
[,1] [,2] [,3]

[1,] 0.8333333 0.3333333 -0.1666667

[2,] 0.3333333 0.3333333 0.3333333

[3,] -0.1666667 0.3333333 0.8333333



gt r =ptdtdd

(A’A) 1A' = (vD*V)~ v DU’
=VD ?DU' =VD U
— AT

AAT = A(A'A) 1A, ATA=1I,
B=A% ez, P=AAT

> al <- c(1,1,1,1)
> a2 <- c(1,2,3,4)
> A <- cbind(al,a?2)
> A

al a2
[1,] 1 1
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2,1 1 2
[3,] 1 3
[4,] 1 4
> round(solve(t(A) %*% A) %x7/ t(A),10)

[,11 [,2] [,3] [,4]
al 1.0 0.5 0.0 -0.5
a2 -0.3 -0.1 0.1 0.3
> round(ginva(A),10)
[,11 [,2] [,3] [,4]
[1,] 1.0 0.5 0.0 -0.5
[2,] -0.3 -0.1 0.1 0.3
> round(ginva(A) %*% A,10)

al a2
[1,] 1 O
[2,] 0 1

> round (A %*% ginva(A),10)



[,11 [,2] [,3] [,4]
[1,] 0.7 0.4 0.1 -0.2
[2,] 0.4 0.3 0.2 0.1
[3,] 0.1 0.2 0.3 0.4
[4,] -0.2 0.1 0.4 0.7



g

1. DDDDDA'I'DDDDDDDgeninVDDDDDDDDDDDDDD
D00+t (000000107 00000000000000

geninv <- function(A,tol=1le-7) A
DooADDOObDoooDO
X

2. 0000000000000 O0O0000000000O0OO0O00oooo
AATA - A=000000000000O

Al <- matrix(1:15,5)
A2 <- matrix(rnorm(15),5)

3. 000000000000 ATADODOODOOOOOOOOOOOOO
Juddoobon
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