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Asymptotic Analysis of the Bootstrap Methods

This documentation consists of three parts, namely "Exponential Family of Distributions", "Tube-Coordinates and zc -
formula", and "Bootstrap Methods".  Each part is an independent Mathematica session, and should be run separately.

The calculation is third-order  accurate,  correct  up to OHn-1L  terms ignoring the error  of OHn-3ê2L .  We use "o" to
indicate OHn-1ê2L  quantities. So, o2  indicates OHn-1L  and o3  indicates OHn-3ê2L , etc. We repeatedly use a simplification
function to keep only up to o2  terms.

In the first two parts, the tensor notation is heavily used. The add-on package "MathTensor" is required to run the
Mathematica session by yourself.

Exponential Family of Distributions

In this part, we will provide a canonical form the density function of the exponential family of distributions. First, some
basic results for normal density is obtained. Then, the distribution function of the exponential family of distributions
specified in the natural parameter will be transformed to an expression using the expectation parameter and the deriva-
tives of the potential function.

à Startup

This section initializes the Mathematica session.

ü packages

<< Statistics`ContinuousDistributions`
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<< MathTens.m HWindowsL
Loading MathTensor for DOSêWindows . . .

=======================================================

MathTensor HTML 2.2.1 HWindowsL HSeptember 17, 2000L
by Leonard Parker and Steven M. Christensen

Copyright HcL 1991−2000 MathTensor, Inc.

Runs with Mathematica HRL Versions 2.2, 3.0, 4.0

=======================================================

No unit system is chosen. If you want one,

you must edit the file called Conventions.m,

or enter a command to interactively set units.

Units: 8<
Sign conventions: Rmsign = 1 Rcsign = 1

MetricgSign = 1 DetgSign = −1

TensorForm turned on,

ShowTime turned off,

MetricgFlag = True.

=========================================

Null Windows

ü error messages

Off@General::spell1D
Off@General::spellD

ü distribution functions

gammadist@x_, m_, α_D := PDF@GammaDistribution@m, αD, xD
Gammadist@x_, m_, α_D := CDF@GammaDistribution@m, αD, xD
f@x_D := PDF@NormalDistribution@0, 1D, xD
F@x_D := CDF@NormalDistribution@0, 1D, xD
Q@x_D := Quantile@NormalDistribution@0, 1D, xD
Chidist@x_, 8di_, nc_<D := CDF@NoncentralChiSquareDistribution@di, ncD, xD

à Normal distribution

This section first calculates the moments of the normal variables, which will be used to calculate the expected value of
the exponential of normal variables. 
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ü the moments of the multivariate normal distribution

We consider the multivariate normal random vector x = Hx1, ..., xdimL  of dim-dimensions with mean b = Hb1, ..., bdimL ,
and  the  identity  covariance  matrix.  The  density  function  is  f HxL = f @x1 - b1D f @x2 - b2D ... f @xdim - bdimD .  In  this
subsection,  we  define  "ruleintx"  to  calculate  the  central  moments  of  x,  such  as  EHxa xbL ,  EHxa xb xc xdL ,  and
EHxa xb xc xd  xe x f L  for b = 0.

ü the central moments of the standard normal variable in one dimension

The following intx2f@nD = E Hx2 nL = ‡
−∞

∞

x2 n f@xD x gives
H2 nL!
2n n!

.

intx2f@n_D = FullSimplifyA‡
−∞

∞

x2 n f@xD x, n ≥ 0 fl n ∈ IntegersE
2n Gamma@ 1

2 + nDè!!!π
Table@intx2f@nD, 8n, 10<D81, 3, 15, 105, 945, 10395, 135135, 2027025, 34459425, 654729075<

ü define tensors

This xa or xa denotes a component of the random vector x .

DefineTensor@tx, "x", 881<, 1<D
PermWeight::def :  Object x defined

PermWeight::def: Object x defined

This ba or ba denotes a component of the mean vector b .

DefineTensor@sb, "b", 881<, 1<D
PermWeight::def :  Object b defined

The following a0, a1, a2, a3, a4, a5, and a6 are used for coefficients in a series expansion with respect to x .

DefineTensor@ta0, "a0", 88<, 1<D
PermWeight::def :  Object a0 defined

PermWeight::def: Object a0 defined

DefineTensor@ta1, "a1", 881<, 1<D
PermWeight::def :  Object a1 defined

PermWeight::def: Object a1 defined

asymptotic analysis of the bootstrap methods 20030721.nb 3



DefineTensor@ta2, "a2", 882, 1<, 1<D
PermWeight::sym :  Symmetries of a2 assigned

PermWeight::def :  Object a2 defined

PermWeight::sym: Symmetries of a2 assigned

PermWeight::def: Object a2 defined

DefineTensor@ta3, "a3", 881, 2, 3<, 1<D
PermWeight::def :  Object a3 defined

PermWeight::def: Object a3 defined

SetSymmetric@ta3@la, lb, lcDD
PermWeight::sym :  Symmetries of a3 assigned

PermWeight::sym: Symmetries of a3 assigned

DefineTensor@ta4, "a4", 881, 2, 3, 4<, 1<D
PermWeight::def :  Object a4 defined

PermWeight::def: Object a4 defined

SetSymmetric@ta4@la, lb, lc, ldDD
PermWeight::sym :  Symmetries of a4 assigned

PermWeight::sym: Symmetries of a4 assigned

DefineTensor@ta6, "a6", 881, 2, 3, 4, 5, 6<, 1<D
PermWeight::def :  Object a6 defined

SetSymmetric@ta6@la, lb, lc, ld, le, lfDD
PermWeight::sym :  Symmetries of a6 assigned

ü the central moments for the multivariate case

Here  we  assume  b = 0,  and  define  the  second  central  moment  aab = EHxa xbL ,  the  fourth  central  moment
aabcd = EHxa xb xc xdL ,  etc.  The central  moments of  odd degrees  are zero.  Considering the symmetry of the normal
distribution, these central moments of even degrees are expressed by the following partition indicators.

kd2@la_, lb_D = Kdelta@la, lbD;
kd4@la_, lb_, lc_, ld_D = 3 Symmetrize@Kdelta@la, lbD Kdelta@lc, ldD, 8la, lb, lc, ld<D;
kd6@la_, lb_, lc_, ld_, le_, lf_D =

15 Symmetrize@Kdelta@la, lbD Kdelta@lc, ldD Kdelta@le, lfD, 8la, lb, lc, ld, le, lf<D;
Then,  aab = kd2@a, bD , aabcd = kd4@a, b, c, dD , aabcdef = kd6@a, b, c, d, e, f D , etc.

RuleUnique@ruleintx1, tx@ui_D, 0D
RuleUnique@ruleintx2, tx@ui_D tx@uj_D, kd2@ui, ujDD
RuleUnique@ruleintx3, tx@ui_D tx@uj_D tx@uk_D, 0D
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RuleUnique@ruleintx4, tx@ui_D tx@uj_D tx@uk_D tx@ul_D, kd4@ui, uj, uk, ulDD
RuleUnique@ruleintx5, tx@ui_D tx@uj_D tx@uk_D tx@ul_D tx@um_D, 0D
RuleUnique@ruleintx6,
tx@ui_D tx@uj_D tx@uk_D tx@ul_D tx@um_D tx@un_D, kd6@ui, uj, uk, ul, um, unDD
ruleintx = 8ruleintx6, ruleintx5, ruleintx4, ruleintx3, ruleintx2, ruleintx1<;

Check if this rule works for one-dimension case; a11, a1111, a111111 are given by8kd2@1, 1D, kd4@1, 1, 1, 1D, kd6@1, 1, 1, 1, 1, 1D<81, 3, 15<
They should be equal to EHx2L, EHx4L, EHx6L .8intx2f@1D, intx2f@2D, intx2f@3D<81, 3, 15<
a1122 = EHx1

2L EHx2
2L = EHx2L2

8kd4@1, 1, 2, 2D, intx2f@1D2<81, 1<
a112233 = EHx1

2L EHx2
2L EHx3

2L = EHx2L3

8kd6@1, 1, 2, 2, 3, 3D, intx2f@1D3<81, 1<
a112222 = EHx1

2L EHx2
4L = EHx2L EHx4L8kd6@1, 1, 2, 2, 2, 2D, intx2f@1D intx2f@2D<83, 3<

In the below, we rather use superscript to indicate the components of x .  For example, we use x = HxaL ,  instead of
x=HxaL . a2ij xi x j  denotes a quadratic form with symmetric matrix a2ij.

ta2@li, ljD tx@uiD tx@ujDHa2ijL HxiL HxjL
The expectation EHa2ij xi x jL  is

ApplyRules@%, ruleintxDHKdeltapqL Ha2pqL
AbsorbKdelta@%D
a2qq

Tsimplify@%D
a2qq
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Similarly, for the symmetric 4-form a4ijkl xi x j xk xl

ta4@li, lj, lk, llD tx@uiD tx@ujD tx@ukD tx@ulDHa4ijklL HxiL HxjL HxkL HxlL
ApplyRules@%, ruleintxD
3 HKdeltapqL HKdeltarsL Ha4pqrsL
AbsorbKdelta@%D
3 Ha4qsqsL

Similarly, for the symmetric 6-form a6ijklmn xi x j xk xl xm xn

ta6@li, lj, lk, ll, lm, lnD tx@uiD tx@ujD tx@ukD tx@ulD tx@umD tx@unDHa6ijklmnL HxiL HxjL HxkL HxlL HxmL HxnL
ApplyRules@%, ruleintxD
15 HKdeltapqL HKdeltarsL HKdeltatuL Ha6pqrstuL
AbsorbKdelta@%D
15 Ha6qsuqsuL

ü the expectation of the exponential of polynomial functions

Here  we  would  like  to  calculate  the  log  of  the  expectation  of   the  exponential  of
polyHxL = a0 + a1i xi + a2ij xi x j + a3ijk xi x j xk + a4ijkl xi x j xk xl ,  where a1, a2, and a3 are of order OHn-1ê2L , and a4 is
OHn-1L .  Note  that  xi  here  indicates  the  i -th  element  of  x = Hx1, ..., xdimL  instead  of  the  i -th  power  of  x .
logeexppoly = log E 8expHpolyHxLL<  is first obtained for b = 0, and next for general b ∫ 0up to OHn-1L terms.

ü central case (b=0)

First poly(x)-a0 is set in foo1. The constant term a0 can be removed from poly in the following argument, but only be
added in logexppoly later.

foo1 =

o ta1@liD tx@uiD + o ta2@li, ljD tx@uiD tx@ujD + o ta3@li, lj, lkD tx@uiD tx@ujD tx@ukD +

o2  ta4@li, lj, lk, llD tx@uiD tx@ujD tx@ukD tx@ulD
o Ha1iL HxiL + o Ha2ijL HxiL HxjL + o Ha3ijkL HxiL HxjL HxkL + o2 Ha4ijklL HxiL HxjL HxkL HxlL

Make rule "rulepoly" to substitute "poly" for foo1.

RuleUnique@rulepoly, poly, foo1D
Considering
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Series@Exp@xD, 8x, 0, 2<D
1 + x +

x2

2
+ O@xD3

we can calculate expHpolyHxLL  as follows, and stored in foo4 up to OHn-1L  terms.

foo3 = ApplyRulesA1 + poly +
1

2
 poly2, rulepolyE;

foo4 = Sum@Tsimplify@Coefficient@foo3, o, iDD oi, 8i, 0, 2<D
1 + o HHa1pL HxpL + Ha2pqL HxpL HxqL + Ha3pqrL HxpL HxqL HxrLL + o2J 1

2
Ha1pL Ha1qL HxpL HxqL + Ha1pL Ha2qrL HxpL HxqL HxrL +

1
2
Ha2pqL Ha2rsL HxpL HxqL HxrL HxsL +Ha1pL Ha3qrsL HxpL HxqL HxrL HxsL + Ha4pqrsL HxpL HxqL HxrL HxsL +Ha2pqL Ha3rstL HxpL HxqL HxrL HxsL HxtL +

1
2
Ha3pqrL Ha3stuL HxpL HxqL HxrL HxsL HxtL HxuLN

Then, we take the expectation of foo4, calculating E 8expHpolyHxLL< , and stored in foo5 below.

ApplyRules@foo4, ruleintxD
1 +

1
2
o2 HKdeltapqL Ha1pL Ha1qL + o HKdeltapqL Ha2pqL + o2 HKdeltapqL HKdeltarsL Ha2prL Ha2qsL +

1
2
o2 HKdeltapqL HKdeltarsL Ha2pqL Ha2rsL + 3 o2 HKdeltapqL HKdeltarsL Ha1pL Ha3qrsL +

3 o2 HKdeltapqL HKdeltarsL HKdeltatuL Ha3prtL Ha3qsuL +
3
2
o2 HKdeltapqL HKdeltarsL HKdeltatuL Ha3prsL Ha3qtuL +

3 o2 HKdeltapqL HKdeltarsL HKdeltatuL Ha3pqrL Ha3stuL + 3 o2 HKdeltapqL HKdeltarsL Ha4pqrsL
AbsorbKdelta@%D
1 +

1
2
o2 Ha1qL Ha1qL + o Ha2qqL +

1
2
o2 Ha2qqL Ha2ssL + o2 Ha2qsL Ha2qsL + 3 o2 Ha1qL Ha3qssL +

3 o2 Ha3qqsL Ha3suuL +
3
2
o2 Ha3quuL Ha3sqsL + 3 o2 Ha3qsuL Ha3qsuL + 3 o2 Ha4qsqsL

foo5 = Tsimplify@%D
1 +

1
2
o2 Ha1qL Ha1qL + o Ha2qqL +

1
2
o2 Ha2qqL Ha2ssL + o2 Ha2qsL Ha2qsL + 3 o2 Ha1qL Ha3qssL +

3 o2 Ha3qqsL Ha3suuL +
3
2
o2 Ha3quuL Ha3sqsL + 3 o2 Ha3qsuL Ha3qsuL + 3 o2 Ha4qsqsL

Considering 

Series@Log@1 + xD, 8x, 0, 2<D
x −

x2

2
+ O@xD3

we take the log of foo5, and stored in foo8 up to OHn-1L  terms below.

RuleUnique@foo6rule, foo6, foo5 − 1D
foo7 = ApplyRules@foo6 − foo62 ê2, foo6ruleD;
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foo8 = Sum@CanAll@Tsimplify@Coefficient@foo7, o, iDDD oi, 8i, 0, 2<D
o Ha2ppL + o2 J 1

2
Ha1pL Ha1pL + Ha2pqL Ha2pqL +

3 Ha1pL Ha3qpqL +
9
2
Ha3pqpL Ha3rqrL + 3 Ha3pqrL Ha3pqrL + 3 Ha4pqpqLN

This is logeexppoly for b=0.

logeexppolyb0 = ta0 + foo8

a0 + o Ha2ppL + o2 J 1
2
Ha1pL Ha1pL + Ha2pqL Ha2pqL +

3 Ha1pL Ha3qpqL +
9
2
Ha3pqpL Ha3rqrL + 3 Ha3pqrL Ha3pqrL + 3 Ha4pqpqLN

The following expression may be easier to read for us, but violating the summation convention rule of subscripts.

logeexppolyb0 ê. 8u1 → l1, u2 → l2, u3 → l3<
a0 + o Ha2ppL +

o2 J 1
2
Ha1pL2 + Ha2pqL2 + 3 Ha1pL Ha3pqqL + 3 Ha3pqrL2 +

9
2
Ha3ppqL Ha3qrrL + 3 Ha4ppqqLN

ü noncentral case (bπ0)

We assume the mean of x  is zero, but replacing xi with xi + bi  to calculate the case for b ∫ 0. foo11 is the same as
poly(x)-a0, but with this substitution.

foo11 = foo1 ê. 8tx@ui_D → tx@uiD + sb@uiD<
o Ha1iL Hbi + xiL + o Ha2ijL Hbi + xiL Hbj + xjL +

o Ha3ijkL Hbi + xiL Hbj + xjL Hbk + xkL + o2 Ha4ijklL Hbi + xiL Hbj + xjL Hbk + xkL Hbl + xlL
Obtain the canonical expression of the tensor usage, and redefine "rulepoly".

foo12 = CanAll@Expand@foo11DD
o HbpL Ha1pL + o HbpL HbqL Ha2pqL + o HbpL HbqL HbrL Ha3pqrL +

o2 HbpL HbqL HbrL HbsL Ha4pqrsL + o Ha1pL HxpL + 2 o HbpL Ha2qpL HxqL + o Ha2pqL HxpL HxqL +

3 o HbpL HbqL Ha3rpqL HxrL + 3 o HbpL Ha3qrpL HxqL HxrL + o Ha3pqrL HxpL HxqL HxrL +

4 o2 HbpL HbqL HbrL Ha4spqrL HxsL + 6 o2 HbpL HbqL Ha4rspqL HxrL HxsL +

4 o2 HbpL Ha4qrspL HxqL HxrL HxsL + o2 Ha4pqrsL HxpL HxqL HxrL HxsL
RuleUnique@rulepoly, poly, foo12D

we can calculate expHpolyHxLL  as follows, and stored in foo14 up to OHn-1L  terms.

foo13 = ApplyRulesA1 + poly +
1

2
 poly2, rulepolyE;
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foo14 = Sum@Tsimplify@Coefficient@foo13, o, iDD oi, 8i, 0, 2<D
1 + o HHbpL Ha1pL + HbpL HbqL Ha2pqL +HbpL HbqL HbrL Ha3pqrL + Ha1pL HxpL + 2 HbpL Ha2qpL HxqL + Ha2pqL HxpL HxqL +

3 HbpL HbqL Ha3rpqL HxrL + 3 HbpL Ha3qrpL HxqL HxrL + Ha3pqrL HxpL HxqL HxrLL +

o2 J 1
2
HbpL HbqL Ha1pL Ha1qL + HbpL HbqL HbrL Ha1rL Ha2pqL +

1
2
HbpL HbqL HbrL HbsL Ha2pqL Ha2rsL + HbpL HbqL HbrL HbsL Ha1sL Ha3pqrL +HbpL HbqL HbrL HbsL HbtL Ha2stL Ha3pqrL +

1
2
HbpL HbqL HbrL HbsL HbtL HbuL Ha3pqrL Ha3stuL +HbpL HbqL HbrL HbsL Ha4pqrsL + HbpL Ha1qL Ha1pL HxqL +

1
2
Ha1pL Ha1qL HxpL HxqL +

2 HbpL HbqL Ha1qL Ha2rpL HxrL + HbpL HbqL Ha1rL Ha2pqL HxrL +HbpL Ha1pL Ha2qrL HxqL HxrL + 2 HbpL Ha1qL Ha2rpL HxqL HxrL + Ha1pL Ha2qrL HxpL HxqL HxrL +

2 HbpL HbqL HbrL Ha2srL Ha2pqL HxsL + 3 HbpL HbqL HbrL Ha1rL Ha3spqL HxsL +HbpL HbqL HbrL Ha1sL Ha3pqrL HxsL + 4 HbpL HbqL HbrL Ha4spqrL HxsL +

2 HbpL HbqL Ha2rpL Ha2sqL HxrL HxsL + HbpL HbqL Ha2rsL Ha2pqL HxrL HxsL +

3 HbpL HbqL Ha1qL Ha3rspL HxrL HxsL + 3 HbpL HbqL Ha1rL Ha3spqL HxrL HxsL +

6 HbpL HbqL Ha4rspqL HxrL HxsL + 2 HbpL Ha2qpL Ha2rsL HxqL HxrL HxsL +HbpL Ha1pL Ha3qrsL HxqL HxrL HxsL + 3 HbpL Ha1qL Ha3rspL HxqL HxrL HxsL +

4 HbpL Ha4qrspL HxqL HxrL HxsL +
1
2
Ha2pqL Ha2rsL HxpL HxqL HxrL HxsL +Ha1pL Ha3qrsL HxpL HxqL HxrL HxsL + Ha4pqrsL HxpL HxqL HxrL HxsL +

3 HbpL HbqL HbrL HbsL Ha2rsL Ha3tpqL HxtL + 2 HbpL HbqL HbrL HbsL Ha2tsL Ha3pqrL HxtL +

3 HbpL HbqL HbrL Ha2qrL Ha3stpL HxsL HxtL + 6 HbpL HbqL HbrL Ha2srL Ha3tpqL HxsL HxtL +HbpL HbqL HbrL Ha2stL Ha3pqrL HxsL HxtL + HbpL HbqL Ha2pqL Ha3rstL HxrL HxsL HxtL +

6 HbpL HbqL Ha2rqL Ha3stpL HxrL HxsL HxtL + 3 HbpL HbqL Ha2rsL Ha3tpqL HxrL HxsL HxtL +

2 HbpL Ha2qpL Ha3rstL HxqL HxrL HxsL HxtL + 3 HbpL Ha2qrL Ha3stpL HxqL HxrL HxsL HxtL +Ha2pqL Ha3rstL HxpL HxqL HxrL HxsL HxtL + 3 HbpL HbqL HbrL HbsL HbtL Ha3ustL Ha3pqrL HxuL +
9
2
HbpL HbqL HbrL HbsL Ha3tpqL Ha3ursL HxtL HxuL +

3 HbpL HbqL HbrL HbsL Ha3tusL Ha3pqrL HxtL HxuL +

9 HbpL HbqL HbrL Ha3spqL Ha3turL HxsL HxtL HxuL + HbpL HbqL HbrL Ha3stuLHa3pqrL HxsL HxtL HxuL + 3 HbpL HbqL Ha3rpqL Ha3stuL HxrL HxsL HxtL HxuL +
9
2
HbpL HbqL Ha3rspL Ha3tuqL HxrL HxsL HxtL HxuL + 3 HbpL Ha3qrpL Ha3stuL HxqLHxrL HxsL HxtL HxuL +

1
2
Ha3pqrL Ha3stuL HxpL HxqL HxrL HxsL HxtL HxuLN

Then, we take the expectation of foo14, calculating E 8expHpolyHxLL< , and stored in foo15 below.
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ApplyRules@foo14, ruleintxD
1 +

1
2
o2 HKdeltapqL Ha1pL Ha1qL + o HbpL Ha1pL +

1
2
o2 HbpL HbqL Ha1pL Ha1qL + o HKdeltapqL Ha2pqL + o2 HKdeltapqL HbrL Ha1rL Ha2pqL +

o2 HKdeltapqL HKdeltarsL Ha2prL Ha2qsL + 2 o2 HKdeltapqL HbrL Ha1pL Ha2qrL +

2 o2 HKdeltapqL HbrL HbsL Ha2prL Ha2qsL +
1
2
o2 HKdeltapqL HKdeltarsL Ha2pqL Ha2rsL +

o HbpL HbqL Ha2pqL + o2 HbpL HbqL HbrL Ha1rL Ha2pqL + o2 HKdeltapqL HbrL HbsL Ha2pqL Ha2rsL +
1
2
o2 HbpL HbqL HbrL HbsL Ha2pqL Ha2rsL + 3 o HKdeltapqL HbrL Ha3pqrL +

3 o2 HKdeltapqL HbrL HbsL Ha1sL Ha3pqrL + 3 o2 HKdeltapqL HbrL HbsL HbtL Ha2stL Ha3pqrL +

3 o2 HKdeltapqL HKdeltarsL Ha1pL Ha3qrsL + 6 o2 HKdeltapqL HKdeltarsL HbtL Ha2ptL Ha3qrsL +

9 o2 HKdeltapqL HKdeltarsL HbtL HbuL Ha3ptuL Ha3qrsL +

3 o2 HKdeltapqL HKdeltarsL HKdeltatuL Ha3prtL Ha3qsuL +

6 o2 HKdeltapqL HKdeltarsL HbtL Ha2prL Ha3qstL +

9 o2 HKdeltapqL HKdeltarsL HbtL HbuL Ha3prtL Ha3qsuL +
3
2
o2 HKdeltapqL HKdeltarsL HKdeltatuL Ha3prsL Ha3qtuL +

3 o2 HKdeltapqL HbrL HbsL Ha1pL Ha3qrsL + 6 o2 HKdeltapqL HbrL HbsL HbtL Ha2ptL Ha3qrsL +
9
2
o2 HKdeltapqL HbrL HbsL HbtL HbuL Ha3prsL Ha3qtuL +

3 o2 HKdeltapqL HKdeltarsL HbtL Ha2pqL Ha3rstL +
9
2
o2 HKdeltapqL HKdeltarsL HbtL HbuL Ha3pqtL Ha3rsuL +

3 o2 HKdeltapqL HKdeltarsL HKdeltatuL Ha3pqrL Ha3stuL +

o HbpL HbqL HbrL Ha3pqrL + o2 HbpL HbqL HbrL HbsL Ha1sL Ha3pqrL +

o2 HbpL HbqL HbrL HbsL HbtL Ha2stL Ha3pqrL + o2 HKdeltapqL HbrL HbsL HbtL Ha2pqL Ha3rstL +

3 o2 HKdeltapqL HbrL HbsL HbtL HbuL Ha3pquL Ha3rstL +
1
2
o2 HbpL HbqL HbrL HbsL HbtL HbuL Ha3pqrL Ha3stuL + 3 o2 HKdeltapqL HKdeltarsL Ha4pqrsL +

6 o2 HKdeltapqL HbrL HbsL Ha4pqrsL + o2 HbpL HbqL HbrL HbsL Ha4pqrsL
AbsorbKdelta@%D
1 + o HbpL Ha1pL +

1
2
o2 Ha1qL Ha1qL +

1
2
o2 HbpL HbqL Ha1pL Ha1qL +

o Ha2qqL + o2 HbrL Ha1rL Ha2qqL + 2 o2 HbrL Ha1qL Ha2qrL +
1
2
o2 Ha2qqL Ha2ssL +

o HbpL HbqL Ha2pqL + o2 HbpL HbqL HbrL Ha1rL Ha2pqL + 2 o2 HbrL HbsL Ha2qsL Ha2qrL +

o2 Ha2qsL Ha2qsL + o2 HbrL HbsL Ha2qqL Ha2rsL +
1
2
o2 HbpL HbqL HbrL HbsL Ha2pqL Ha2rsL +

3 o2 Ha1qL Ha3qssL + 6 o2 HbtL Ha2qtL Ha3qssL + 6 o2 HbtL Ha2qsL Ha3qstL + 3 o HbrL Ha3qqrL +

3 o2 HbrL HbsL Ha1sL Ha3qqrL + 3 o2 HbrL HbsL HbtL Ha2stL Ha3qqrL + 3 o2 HbrL HbsL Ha1qL Ha3qrsL +

6 o2 HbrL HbsL HbtL Ha2qtL Ha3qrsL + 3 o2 Ha3qqsL Ha3suuL +
3
2
o2 Ha3quuL Ha3sqsL +

3 o2 HbtL Ha2qqL Ha3sstL +
9
2
o2 HbtL HbuL Ha3qqtL Ha3ssuL + o HbpL HbqL HbrL Ha3pqrL +

o2 HbpL HbqL HbrL HbsL Ha1sL Ha3pqrL + o2 HbpL HbqL HbrL HbsL HbtL Ha2stL Ha3pqrL +
9
2
o2 HbrL HbsL HbtL HbuL Ha3qtuL Ha3qrsL + 9 o2 HbtL HbuL Ha3qsuL Ha3qstL +

3 o2 Ha3qsuL Ha3qsuL + 9 o2 HbtL HbuL Ha3qssL Ha3qtuL + o2 HbrL HbsL HbtL Ha2qqL Ha3rstL +

3 o2 HbrL HbsL HbtL HbuL Ha3qquL Ha3rstL +
1
2
o2 HbpL HbqL HbrL HbsL HbtL HbuL Ha3pqrL Ha3stuL +

3 o2 Ha4qsqsL + 6 o2 HbrL HbsL Ha4qqrsL + o2 HbpL HbqL HbrL HbsL Ha4pqrsL
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foo15 = Tsimplify@%D
1 + o HbpL Ha1pL +

1
2
o2 Ha1qL Ha1qL +

1
2
o2 HbpL HbqL Ha1pL Ha1qL +

o Ha2qqL + o2 HbrL Ha1rL Ha2qqL + 2 o2 HbrL Ha1qL Ha2qrL +
1
2
o2 Ha2qqL Ha2ssL +

o HbpL HbqL Ha2pqL + o2 HbpL HbqL HbrL Ha1rL Ha2pqL + 2 o2 HbrL HbsL Ha2qsL Ha2qrL +

o2 Ha2qsL Ha2qsL + o2 HbrL HbsL Ha2qqL Ha2rsL +
1
2
o2 HbpL HbqL HbrL HbsL Ha2pqL Ha2rsL +

3 o2 Ha1qL Ha3qssL + 6 o2 HbtL Ha2qtL Ha3qssL + 6 o2 HbtL Ha2qsL Ha3qstL + 3 o HbrL Ha3qqrL +

3 o2 HbrL HbsL Ha1sL Ha3qqrL + 3 o2 HbrL HbsL HbtL Ha2stL Ha3qqrL + 3 o2 HbrL HbsL Ha1qL Ha3qrsL +

6 o2 HbrL HbsL HbtL Ha2qtL Ha3qrsL + 3 o2 Ha3qqsL Ha3suuL +
3
2
o2 Ha3quuL Ha3sqsL +

3 o2 HbtL Ha2qqL Ha3sstL +
9
2
o2 HbtL HbuL Ha3qqtL Ha3ssuL + o HbpL HbqL HbrL Ha3pqrL +

o2 HbpL HbqL HbrL HbsL Ha1sL Ha3pqrL + o2 HbpL HbqL HbrL HbsL HbtL Ha2stL Ha3pqrL +
9
2
o2 HbrL HbsL HbtL HbuL Ha3qtuL Ha3qrsL + 9 o2 HbtL HbuL Ha3qsuL Ha3qstL +

3 o2 Ha3qsuL Ha3qsuL + 9 o2 HbtL HbuL Ha3qssL Ha3qtuL + o2 HbrL HbsL HbtL Ha2qqL Ha3rstL +

3 o2 HbrL HbsL HbtL HbuL Ha3qquL Ha3rstL +
1
2
o2 HbpL HbqL HbrL HbsL HbtL HbuL Ha3pqrL Ha3stuL +

3 o2 Ha4qsqsL + 6 o2 HbrL HbsL Ha4qqrsL + o2 HbpL HbqL HbrL HbsL Ha4pqrsL
we take the log of foo15, and stored in foo18 up to OHn-1L  terms below.

RuleUnique@foo16rule, foo16, foo15 − 1D
foo17 = ApplyRules@foo16 − foo162 ê2, foo16ruleD;
foo18 = Sum@CanAll@Tsimplify@Coefficient@foo17, o, iDDD oi, 8i, 0, 2<D
o HHbpL Ha1pL + a2pp + HbpL HbqL Ha2pqL + 3 HbpL Ha3qpqL + HbpL HbqL HbrL Ha3pqrLL +

o2 J 1
2
Ha1pL Ha1pL + 2 HbpL Ha1qL Ha2pqL + Ha2pqL Ha2pqL +

2 HbpL HbqL Ha2rpL Ha2qrL + 3 Ha1pL Ha3qpqL + 6 HbpL Ha2qpL Ha3rqrL +
9
2
Ha3pqpL Ha3rqrL + 3 HbpL HbqL Ha1rL Ha3pqrL + 6 HbpL Ha2qrL Ha3pqrL +

3 Ha3pqrL Ha3pqrL + 9 HbpL HbqL Ha3rsrL Ha3pqsL + 6 HbpL HbqL HbrL Ha2spL Ha3qrsL +

9 HbpL HbqL Ha3rspL Ha3qrsL +
9
2
HbpL HbqL HbrL HbsL Ha3tprL Ha3qstL +

3 Ha4pqpqL + 6 HbpL HbqL Ha4rpqrL + HbpL HbqL HbrL HbsL Ha4pqrsLN
This is logeexppoly for b∫0.

logeexppoly = ta0 + foo18

a0 + o HHbpL Ha1pL + a2pp + HbpL HbqL Ha2pqL + 3 HbpL Ha3qpqL + HbpL HbqL HbrL Ha3pqrLL +

o2 J 1
2
Ha1pL Ha1pL + 2 HbpL Ha1qL Ha2pqL + Ha2pqL Ha2pqL +

2 HbpL HbqL Ha2rpL Ha2qrL + 3 Ha1pL Ha3qpqL + 6 HbpL Ha2qpL Ha3rqrL +
9
2
Ha3pqpL Ha3rqrL + 3 HbpL HbqL Ha1rL Ha3pqrL + 6 HbpL Ha2qrL Ha3pqrL +

3 Ha3pqrL Ha3pqrL + 9 HbpL HbqL Ha3rsrL Ha3pqsL + 6 HbpL HbqL HbrL Ha2spL Ha3qrsL +

9 HbpL HbqL Ha3rspL Ha3qrsL +
9
2
HbpL HbqL HbrL HbsL Ha3tprL Ha3qstL +

3 Ha4pqpqL + 6 HbpL HbqL Ha4rpqrL + HbpL HbqL HbrL HbsL Ha4pqrsLN
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InputForm@logeexppolyD
ta0 + o*(sb[l1]*ta1[u1] + ta2[l1, u1] + 
   sb[l1]*sb[l2]*ta2[u1, u2] + 3*sb[l1]*ta3[l2, u1, u2] + 
   sb[l1]*sb[l2]*sb[l3]*ta3[u1, u2, u3]) + 
 o^2*((ta1[l1]*ta1[u1])/2 + 2*sb[l1]*ta1[l2]*ta2[u1, u2] + 
   ta2[l1, l2]*ta2[u1, u2] + 2*sb[l1]*sb[l2]*ta2[l3, u1]*
    ta2[u2, u3] + 3*ta1[l1]*ta3[l2, u1, u2] + 
   6*sb[l1]*ta2[l2, u1]*ta3[l3, u2, u3] + 
   (9*ta3[l1, l2, u1]*ta3[l3, u2, u3])/2 + 
   3*sb[l1]*sb[l2]*ta1[l3]*ta3[u1, u2, u3] + 
   6*sb[l1]*ta2[l2, l3]*ta3[u1, u2, u3] + 
   3*ta3[l1, l2, l3]*ta3[u1, u2, u3] + 
   9*sb[l1]*sb[l2]*ta3[l3, l4, u3]*ta3[u1, u2, u4] + 
   6*sb[l1]*sb[l2]*sb[l3]*ta2[l4, u1]*ta3[u2, u3, u4] + 
   9*sb[l1]*sb[l2]*ta3[l3, l4, u1]*ta3[u2, u3, u4] + 
   (9*sb[l1]*sb[l2]*sb[l3]*sb[l4]*ta3[l5, u1, u3]*
     ta3[u2, u4, u5])/2 + 3*ta4[l1, l2, u1, u2] + 
   6*sb[l1]*sb[l2]*ta4[l3, u1, u2, u3] + 
   sb[l1]*sb[l2]*sb[l3]*sb[l4]*ta4[u1, u2, u3, u4])

The following expression may be easier to read for us, but violating the summation convention rule of subscripts.

Collect@logeexppoly,8o, sb@l1D sb@l2D sb@l3D sb@l4D, sb@l1D sb@l2D sb@l3D, sb@l1D sb@l2D, sb@l1D<D
a0 + o Ha2pp + HbpL HbqL Ha2pqL + HbpL Ha1p + 3 Ha3qpqLL + HbpL HbqL HbrL Ha3pqrLL +

o2 J 1
2
Ha1pL Ha1pL + Ha2pqL Ha2pqL + 3 Ha1pL Ha3qpqL +

9
2
Ha3pqpL Ha3rqrL +

3 Ha3pqrL Ha3pqrL + HbpL H2 Ha1qL Ha2pqL + 6 Ha2qpL Ha3rqrL + 6 Ha2qrL Ha3pqrLL +

6 HbpL HbqL HbrL Ha2spL Ha3qrsL + 3 Ha4pqpqL + HbpL HbqLH2 Ha2rpL Ha2qrL + 3 Ha1rL Ha3pqrL + 9 Ha3rsrL Ha3pqsL + 9 Ha3rspL Ha3qrsL + 6 Ha4rpqrLL +HbpL HbqL HbrL HbsL J 9
2
Ha3tprL Ha3qstL + a4pqrsNN

% ê. 8u1 → l1, u2 → l2, u3 → l3, u4 → l4, u5 → l5<
a0 + o Ha2pp + HbpL HbqL Ha2pqL + HbpL Ha1p + 3 Ha3pqqLL + HbpL HbqL HbrL Ha3pqrLL +

o2 J 1
2
Ha1pL2 + Ha2pqL2 + 3 Ha1pL Ha3pqqL + 3 Ha3pqrL2 +

9
2
Ha3ppqL Ha3qrrL + HbpL H2 Ha1qL Ha2pqL + 6 Ha2qrL Ha3pqrL + 6 Ha2pqL Ha3qrrLL +

6 HbpL HbqL HbrL Ha2psL Ha3qrsL + 3 Ha4ppqqL + HbpL HbqLH2 Ha2prL Ha2qrL + 3 Ha1rL Ha3pqrL + 9 Ha3prsL Ha3qrsL + 9 Ha3pqsL Ha3rrsL + 6 Ha4pqrrLL +HbpL HbqL HbrL HbsL J 9
2
Ha3prtL Ha3qstL + a4pqrsNN

à Exponential family

The density function of the exponential family is first specified by using the natural parameter vector. This standard
form is transformed into our canonical expression of the density with respect to the expectation parameter vector. Since
the exponential family is not uniquely expressed up to the affine transformation, we assume without loss of generality
that origin of the expectation parameter coincides with that of the natural parameter, and the covariance matrix of the
random variable is identity at the origin. We consider only the continuous random variable throughout. The canonical
form will be stored in "logdensityy".
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ü the standard form

Let f Hy; qL = expHqa ya - hHyL - yHqLL  denote the density function of random variable y = Hy1, ..., ydimL  with the natural
parameter vector  q = Hq1, ..., qdimL .  The log  of  the density function is  specified by logdensity=log f(y;q)  using the
cumulant function y(q) and the measure function h(y).

ü simplification functions

Some simplification functions are defined here for later use

tsimp@exp_D := CanAll@AbsorbKdelta@CanAll@expDDD
geto2@exp_D := Sum@Simplify@Coefficient@exp, o, iDD oi, 8i, −1, 2<D
tgeto2@exp_D := Sum@tsimp@Coefficient@exp, o, iDD oi, 8i, −1, 2<D

Define differential operator (for type-a index)

difa@exp_, ru_, ala_D := Hexp − Hexp ê. 8ru@al_D → 0<LL ê.8ru@al1_D ru@al2_D ru@al3_D ru@al4_D → ru@al1D ru@al2D ru@al3D Kdelta@al4, alaD +

ru@al1D ru@al2D ru@al4D Kdelta@al3, alaD + ru@al1D ru@al4D ru@al3D 

Kdelta@al2, alaD + ru@al4D ru@al2D ru@al3D Kdelta@al1, alaD,
ru@al1_D ru@al2_D ru@al3_D → ru@al1D ru@al2D Kdelta@al3, alaD +

ru@al1D ru@al3D Kdelta@al2, alaD + ru@al2D ru@al3D Kdelta@al1, alaD,
ru@al1_D ru@al2_D → ru@al1D Kdelta@al2, alaD + ru@al2D Kdelta@al1, alaD,
ru@al1_D → Kdelta@al1, alaD<

ü define tensors

q = Hq1, ..., qdimL  is the natural parameter vector

DefineTensor@st, "θ", 881<, 1<D
PermWeight::def :  Object θ defined

h = Hh1, ..., hdimL  is the expectation parameter vector

DefineTensor@se, "η", 881<, 1<D
PermWeight::def :  Object η defined

f3abc = ∑3 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb  ∑hc
…0  is the third derivative of the potential function f(h) at the origin h=0.

DefineTensor@tp3, "φ3", 881, 2, 3<, 1<D
PermWeight::def :  Object φ3 defined

SetSymmetric@tp3@la, lb, lcDD
PermWeight::sym :  Symmetries of φ3 assigned

f4abcd = ∑4 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb  ∑hc  ∑hd
…0  is the fourth derivative of the potential function f(h) at the origin h=0.
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DefineTensor@tp4, "φ4", 881, 2, 3, 4<, 1<D
PermWeight::def :  Object φ4 defined

SetSymmetric@tp4@la, lb, lc, ldDD
PermWeight::sym :  Symmetries of φ4 assigned

y3abc = ∑3yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑qa  ∑qb  ∑qc …0  is the third derivative of the cumulant function y(q) at the origin q=0.

DefineTensor@tq3, "ψ3", 881, 2, 3<, 1<D
PermWeight::def :  Object ψ3 defined

SetSymmetric@tq3@la, lb, lcDD
PermWeight::sym :  Symmetries of ψ3 assigned

y4abcd = ∑4yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑qa  ∑qb  ∑qc  ∑qd …0  is the fourth derivative of the cumulant function y(q) at the origin q=0.

DefineTensor@tq4, "ψ4", 881, 2, 3, 4<, 1<D
PermWeight::def :  Object ψ4 defined

SetSymmetric@tq4@la, lb, lc, ldDD
PermWeight::sym :  Symmetries of ψ4 assigned

y = Hy1, ..., ydimL  is the random variable

DefineTensor@ry, "y", 881<, 1<D
PermWeight::def :  Object y defined

h1a = ∑hÅÅÅÅÅÅÅÅÅ∑ya
…0  is the first derivative of hHyL  at the origin y = 0.

DefineTensor@th1, "h1", 881<, 1<D
PermWeight::def :  Object h1 defined

h2ab = ∑2hÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ya  ∑yb
…0  is the second derivative of hHyL  at the origin y = 0.

DefineTensor@th2, "h2", 882, 1<, 1<D
PermWeight::sym :  Symmetries of h2 assigned

PermWeight::def :  Object h2 defined

ih2 ab = Hh2abL-1
 is the inverse matrix of h2ab .

DefineTensor@tih2, "ih2", 882, 1<, 1<D
PermWeight::sym :  Symmetries of ih2 assigned

PermWeight::def :  Object ih2 defined

h3abc = ∑3hÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ya  ∑yb  ∑yc
…0  is the third derivative of hHyL  at the origin y = 0.

DefineTensor@th3, "h3", 881, 2, 3<, 1<D
PermWeight::def :  Object h3 defined
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SetSymmetric@th3@la, lb, lcDD
PermWeight::sym :  Symmetries of h3 assigned

h4abcd = ∑4hÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ya  ∑yb  ∑yc  ∑yd
…0  is the fourth derivative of hHyL  at the origin y = 0.

DefineTensor@th4, "h4", 881, 2, 3, 4<, 1<D
PermWeight::def :  Object h4 defined

SetSymmetric@th4@la, lb, lc, ldDD
PermWeight::sym :  Symmetries of h4 assigned

ü the log of the density function

logdensity=log f(y;q) is specified here.

logdensity = st@uaD ry@laD − psi@thetaD − h@yD
−h@yD − psi@thetaD + HyaL HθaL

Since Ÿ f Hy; qL „ y = 1, the cumulant function is defined formally by yHqL = log Ÿ expHqa ya - hHyLL „ y . The expectation
parameter  vector  is  defined  by  h = EHy; qL = Ÿ y f Hy; qL „ y .  The  potential  function  f(h)  is  defined  by
fHhL = maxq 8qa ha - yHqL< . The two parametrizations are related to each other by ha = ∑yÅÅÅÅÅÅÅÅÅ∑qa and qa = ∑fÅÅÅÅÅÅÅÅÅ∑ha

.

Without losing generality, we assume ∑fÅÅÅÅÅÅÅÅÅ∑ha
…0 = 0 and ∑2 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb

…0 = dab .

ü the expression of y(q) in terms of h

In this subsection,  we derive the expression of y(q) using h and  the f derivatives. The result will be stored in "psieta".

ü derivation

Define  "ruleeta1"  for  the  Taylor  series  of  ha  is
ha = ∑ yÅÅÅÅÅÅÅÅÅÅ∑ qa = ∑ yÅÅÅÅÅÅÅÅÅÅ∑ qa …0 + ∑2 yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ qa  ∑ qb …0 qb + 1ÅÅÅÅ2  ∑3 yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ qa  ∑ qb  ∑ qc …0 qb qc + 1ÅÅÅÅ6  ∑4 yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ qa ∑ qb ∑ qc ∑ qd …0 qb qc qd ,  where  y3abc = OHn-1ê2L  and
y4abcd = OHn-1L .

RuleUniqueAruleeta1, se@la_D, Kdelta@la, lbD st@ubD +

1

2
 o tq3@la, lb, lcD st@ubD st@ucD +

1

6
 o2 tq4@la, lb, lc, ldD st@ubD st@ucD st@udDE

ApplyRules@se@laD, ruleeta1DHKdeltapaL HθpL +
1
2
o HθpL HθqL Hψ3pqaL +

1
6
o2 HθpL HθqL HθrL Hψ4pqraL

Define  "ruletheta1"  for  the  Taylor  series  of
qa = ∑ fÅÅÅÅÅÅÅÅÅÅ∑ ha

= ∑ fÅÅÅÅÅÅÅÅÅ∑ha
…0 + ∑2 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb

…0 hb + 1ÅÅÅÅ2  ∑3 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb  ∑hc
…0 hb hc + 1ÅÅÅÅ6  ∑3 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb  ∑hc ∑hd

…0 hb hc hd ,  where  f3abc = OHn-1ê2L  and
f4abcd = OHn-1L .
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RuleUniqueAruletheta1, st@ua_D,
Kdelta@ua, ubD se@lbD +

1

2
 o tp3@ua, ub, ucD se@lbD se@lcD +

1

6
 o2 tp4@ua, ub, uc, udD se@lbD se@lcD se@ldDE

foo21 = ApplyRules@st@uaD, ruletheta1DHKdeltapaL HηpL +
1
2
o HηpL HηqL Hφ3pqaL +

1
6
o2 HηpL HηqL HηrL Hφ4pqraL

Calculate ∑2 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb
= ∑ qa

ÅÅÅÅÅÅÅÅÅÅ∑hb
= dab + ∑3 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb  ∑hc

…0 hc + 1ÅÅÅÅ2  ∑4 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb  ∑hc  ∑hd
…0 hc hd  by taking the partial differentiation of qa  with

respect to hb . Define "rulephi2" for ∑2 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb
.

foo22 = tsimp@difa@foo21, se, ubDD
Kdeltaab + o HηpL Hφ3pabL +

1
2
o2 HηpL HηqL Hφ4pqabL

DefineTensor@dp2, 882, 1<, 1<D
PermWeight::sym :  Symmetries of dp2 assigned

PermWeight::def :  Object dp2 defined

RuleUnique@rulephi2, dp2@ua_, ub_D, foo22D
Apply HI + AL-1 = I - A + A2 + OHn-3ê2L  for A = OHn-1ê2L  to ∑2 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb

foo23 = tgeto2@ApplyRules@Kdelta@ua, ubD − Hdp2@ua, ubD − Kdelta@ua, ubDL +Hdp2@ua, ucD − Kdelta@ua, ucDL Hdp2@lc, ubD − Kdelta@lc, ubDL, rulephi2DD
Kdeltaab − o HηpL Hφ3pabL + o2 JHηpL HηqL Hφ3rpbL Hφ3qraL −

1
2
HηpL HηqL Hφ4pqabLN

Substitute ruleeta1 for ha  to get ∑2yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑qa  ∑qb = I ∑2 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb
M-1

 using f derivatives as well as y derivatives.

foo24 = tgeto2@ApplyRules@foo23, ruleeta1DD
Kdeltaab − o HθpL Hφ3pabL +

o2 JHθpL HθqL Hφ3rpbL Hφ3qraL −
1
2
HθpL HθqL Hφ4pqabL −

1
2
HθpL HθqL Hφ3rabL Hψ3pqrLN

The above  expression  is  compared with  ∑2yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑qa  ∑qb =dab + ∑3yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑qa ∑qb ∑qc …0 qc + ∑4yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑qa ∑qb ∑qc ∑qd …0 qc qd ,  and  the  coefficients  are
obtained below.

foo25 = Collect@CoefficientList@foo24 ê. 8st@l1_D → x<, xD, o, tsimp@
CanAll@# ê. 8u1 → uc, u2 → ud, u3 → ue, u4 → uf, l1 → lc, l2 → ld, l3 → le, l4 → lf<DD &D9Kdeltaab, −o Hφ3abcL, o2 JHφ3padL Hφ3pbcL −

1
2
Hφ4abcdL −

1
2
Hφ3pabL Hψ3pcdLN=

foo26 = Simplify@8foo25@@2DDêo, foo25@@3DD H2êo2L<D8−Hφ3abcL, 2 Hφ3padL Hφ3pbcL − φ4abcd − Hφ3pabL Hψ3pcdL<
RuleUnique@ruletq3, tq3@ua_, ub_, uc_D, foo26@@1DDD
RuleUnique@ruletq4, tq4@ua_, ub_, uc_, ud_D, ApplyRules@foo26@@2DD, ruletq3DD
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We have obtained ∑3yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑qa  ∑qb  ∑qc …0 , and ∑4yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑qa  ∑qb  ∑qc  ∑qd …0   as follows.

ApplyRules@tq3@ua, ub, ucD, ruletq3D
−Hφ3abcL
ApplyRules@tq4@ua, ub, uc, udD, ruletq4D
2 Hφ3padL Hφ3pbcL + Hφ3pabL Hφ3pcdL − φ4abcd

Let  us  write  down  the  Taylor  series
yHqL = yH0L + ∑ yÅÅÅÅÅÅÅÅÅÅ∑ qa …0 qa + 1ÅÅÅÅ2  ∑2 yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ qa ∑ qb …0 qa qb + 1ÅÅÅÅ6  ∑3 yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ qa ∑ qb ∑ qc …0 qa qb qc + 1ÅÅÅÅÅÅÅ24  ∑4 yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ qa ∑ qb ∑ qc ∑ qd …0 qa qb qc qd

psitheta =

psi@0D +
1

2
 Kdelta@la, lbD st@uaD st@ubD +

1

6
o tq3@la, lb, lcD st@uaD st@ubD st@ucD +

1

24
 o2 tq4@la, lb, lc, ldD st@uaD st@ubD st@ucD st@udD

psi@0D +
1
2
HKdeltaabL HθaL HθbL +

1
6
o HθaL HθbL HθcL Hψ3abcL +

1
24

o2 HθaL HθbL HθcL HθdL Hψ4abcdL
ü result

Now express y(q) in terms of h and f derivatives. This gives eq.(3.8) of SH02.

psieta = CanAll@
ApplyRules@CanAll@tgeto2@ApplyRules@psitheta, ruletheta1DDD, 8ruletq3, ruletq4<DD

psi@0D +
1
2
HηpL HηpL +

1
3
o HηpL HηqL HηrL Hφ3pqrL +

1
8
o2 HηpL HηqL HηrL HηsL Hφ4pqrsL

psieta êê InputForm
psi[0] + (se[l1]*se[u1])/2 + 
 (o*se[l1]*se[l2]*se[l3]*tp3[u1, u2, u3])/3 + 
 (o^2*se[l1]*se[l2]*se[l3]*se[l4]*tp4[u1, u2, u3, u4])/8

ü the expression of h(y) in terms of f derivatives

In this subsection, we derive the expression of h(y) using f derivatives. The result will be stored in "hinyphi".

ü derivation

Consider  Taylor  series  hHyL = hH0L + h1a ya + 1ÅÅÅÅ2  h2ab ya yb + 1ÅÅÅÅ6  h3abc ya yb yc + 1ÅÅÅÅÅÅÅ24  h4abcd ya yb yc yd ,  where
h1a = OHn1ê2L, h2ab = OH1L, h3abc = OHn-1ê2L, h4abcd = OHn-1L.
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hiny = h@0D + o−1 th1@uaD ry@laD +
1

2
 th2@ua, ubD ry@laD ry@lbD +

1

6
 o th3@ua, ub, ucD ry@laD ry@lbD ry@lcD +

1

24
 o2 th4@ua, ub, uc, udD ry@laD ry@lbD ry@lcD ry@ldD

h@0D +
HyaL Hh1aL

o
+
1
2
HyaL HybL Hh2abL +

1
6
o HyaL HybL HycL Hh3abcL +

1
24

o2 HyaL HybL HycL HydL Hh4abcdL
Define foo31 and foo32 below, which will satisfy foo31 + foo32 = qa ya - hHyL + OHn-1ê2Las shown later.

foo31 =
−1

2
 th2@ua, ubD Hry@laD − tih2@la, lcD Hst@ucD − o−1 th1@ucDLLHry@lbD − tih2@lb, ldD Hst@udD − o−1 th1@udDLL

−
1
2
Hh2abL Jya − Jθc −

h1c

o
N Hih2acLN Jyb − Jθd −

h1d

o
N Hih2bdLN

foo32 = −h@0D +
1

2
 tih2@la, lbD Hst@uaD − o−1 th1@uaDL Hst@ubD − o−1 th1@ubDL

−h@0D +
1
2
Jθa −

h1a

o
N Jθb −

h1b

o
N Hih2abL

Define a rule to make h2a
b ih2ac = dbc , thus ih2 is the inverse matrix of h2.

RuleUnique@absorbth2, th2@la_, ub_D tih2@uc_, ua_D, Kdelta@ub, ucDD
Apply this rule to foo31+foo32 to get foo33.

foo33 = CanAll@AbsorbKdelta@ApplyRules@CanAll@foo31 + foo32D, absorbth2DDD
−h@0D + HypL HθpL −

HypL Hh1pL
o

−
1
2
HypL HyqL Hh2pqL

Confirming foo33=foo31 + foo32 = qa ya - hHyL + OHn-1ê2L.
CanAll@foo33 − Hry@laD st@uaD − hinyLD
1
6
o HypL HyqL HyrL Hh3pqrL +

1
24

o2 HypL HyqL HyrL HysL Hh4pqrsL
Since H2 PiL -dimÅÅÅÅÅÅÅÅÅÅÅÅÅ2  detHh2abL 1ÅÅÅÅ2  expHfoo31L  is the multivariate normal density function with mean specified above and ih2ab

covariance,  Ÿ expHqa ya - hHyL - foo32 + OHn-1ê2LL „ y=Ÿ expHfoo31L „ y = H2 pL dimÅÅÅÅÅÅÅÅÅÅ2  detHh2abL- 1ÅÅÅÅ2 .  Then,
y(q)=logŸ expHqa ya - hHyLL „ y = dimÅÅÅÅÅÅÅÅÅÅ2  logH2 pL - 1ÅÅÅÅ2  detHh2abL + foo32 + OHn-1ê2L.

foo34 =
dim

2
 Log@2 PiD −

1

2
 deth2 + CanAll@Expand@foo32DD

−
deth2
2

− h@0D +
1
2
dim Log@2 πD +

1
2
HθpL HθqL Hih2pqL −

HθpL Hh1qL Hih2pqL
o

+
Hh1pL Hh1qL Hih2pqL

2 o2

Considering ∑ yÅÅÅÅÅÅÅÅÅÅ∑ qa …0 = 0, ∑2 yÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ qa  ∑ qb …0 = dab , we find that ih2ab = dab + OHn-1ê2L  and h1a = OHn-1ê2Lfrom the above expres-
sion of yHqL = foo34 + OHn-1ê2L .  Let us write h2ab = dab + ah2ab with ah2ab = OHn-1ê2L.

asymptotic analysis of the bootstrap methods 20030721.nb 18



DefineTensor@tah2, "ah2", 882, 1<, 1<D
PermWeight::sym :  Symmetries of ah2 assigned

PermWeight::def :  Object ah2 defined

ruleth2ah2 = th2@ua_, ub_D → Kdelta@ua, ubD + o tah2@ua, ubD;
Rewrite the Taylor series of h(y) by noting the first derivative h1 is in fact OHn-1ê2L .

hiny = h@0D + o th1@uaD ry@laD +
1

2
 th2@ua, ubD ry@laD ry@lbD +

1

6
 o th3@ua, ub, ucD ry@laD ry@lbD ry@lcD +

1

24
 o2 th4@ua, ub, uc, udD ry@laD ry@lbD ry@lcD ry@ldD ê. ruleth2ah2

h@0D +
1
2
HyaL HybL HKdeltaab + o Hah2abLL + o HyaL Hh1aL +

1
6
o HyaL HybL HycL Hh3abcL +

1
24

o2 HyaL HybL HycL HydL Hh4abcdL
In the following, expHqa ya - hHyLL = expHfoo35L = expHfoo36L expHfoo37 + OHn-3ê2LL , where Ÿ expHfoo31L „ y = 1.

foo35 = ry@laD st@uaD − hiny

−h@0D + HyaL HθaL −
1
2
HyaL HybL HKdeltaab + o Hah2abLL −

o HyaL Hh1aL −
1
6
o HyaL HybL HycL Hh3abcL −

1
24

o2 HyaL HybL HycL HydL Hh4abcdL
foo36 =

−dim

2
 Log@2 PiD +

−1

2
 Hry@laD − st@laDL Hry@uaD − st@uaDL

−
1
2
dim Log@2 πD −

1
2
Hya − θaL Hya − θaL

foo37 = CanAll@AbsorbKdelta@CanAll@foo35 − foo36DDD
−h@0D +

1
2
dim Log@2 πD +

1
2
HθpL HθpL −

1
2
o HypL HyqL Hah2pqL −

o HypL Hh1pL −
1
6
o HypL HyqL HyrL Hh3pqrL −

1
24

o2 HypL HyqL HyrL HysL Hh4pqrsL
Noting yHqL = log Ÿ expHfoo35L „ y = log EHexpHfoo37 + OHn-3ê2LLL , where the expectation is taken for the multivariate
normal  with  mean  Hq1, ..., qdimL  and  covariance  identity.  We  apply  "logeexppoly"  to  foo37.  First,  we  get
foo38={a0,a1,a2,a3,a4}  for  the  coefficients  of  a0 + a1i xi + a2ij xi x j + a3ijk xi x j xk + a4ijkl xi x j xk  xl ,  and
yHqL = foo39below.

foo38 = CoefficientList@foo37 ê. ry@la_D → x, xDê81, o, o, o, o2<9−h@0D +
1
2
dim Log@2 πD +

1
2
HθpL HθpL, −Hh1pL, −

1
2
Hah2pqL, −

1
6
Hh3pqrL, −

1
24

Hh4pqrsL=
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foo39 = CanAll@logeexppoly ê.8sb → st, ta0 → foo38@@1DD, ta1@u1_D → foo38@@2DD, ta2@u1_, u2_D → foo38@@3DD,
ta3@u1_, u2_, u3_D → foo38@@4DD, ta4@u1_, u2_, u3_, u4_D → foo38@@5DD<D

−h@0D +
1
2
dim Log@2 πD +

1
2
HθpL HθpL −

1
2
o Hah2ppL −

1
2
o HθpL HθqL Hah2pqL +

1
4
o2 Hah2pqL Hah2pqL +

1
2
o2 HθpL HθqL Hah2rpL Hah2qrL − o HθpL Hh1pL +

1
2
o2 Hh1pL Hh1pL + o2 HθpL Hah2qpL Hh1qL −

1
2
o HθpL Hh3qpqL +

1
2
o2 Hh1pL Hh3qpqL +

1
2
o2 HθpL Hah2qpL Hh3rqrL +

1
8
o2 Hh3pqpL Hh3rqrL −

1
6
o HθpL HθqL HθrL Hh3pqrL +

1
2
o2 HθpL Hah2qrL Hh3pqrL +

1
2
o2 HθpL HθqL Hh1rL Hh3pqrL +

1
12

o2 Hh3pqrL Hh3pqrL +

1
4
o2 HθpL HθqL Hh3rsrL Hh3pqsL +

1
2
o2 HθpL HθqL HθrL Hah2spL Hh3qrsL +

1
4
o2 HθpL HθqL Hh3rspL Hh3qrsL +

1
8
o2 HθpL HθqL HθrL HθsL Hh3tpqL Hh3rstL −

1
8
o2 Hh4pqpqL −

1
4
o2 HθpL HθqL Hh4rpqrL −

1
24

o2 HθpL HθqL HθrL HθsL Hh4pqrsL
Now substitute  qa = ∑ fÅÅÅÅÅÅÅÅÅÅ∑ ha

=dab hb + 1ÅÅÅÅ2  fabc hb hc + 1ÅÅÅÅ6  fabcd hb hc hd  for  qa  in  foo39  to  get  y(q)=foo40  in  terms of  h
below. The coefficients for the polynomial of h is stored in foo41.

foo40 = CanAll@tgeto2@ApplyRules@foo39, ruletheta1DDD;
foo41 = Collect@CoefficientList@foo40 ê. 8se@l1_D → x<, xD, o,

tsimp@# ê. 8u1 → ua, u2 → ub, u3 → uc, u4 → ud, l1 → la, l2 → lb, l3 → lc, l4 → ld<D &D9−h@0D +
1
2
dim Log@2 πD −

1
2
o Hah2ppL +

o2 J 1
4
Hah2pqL Hah2pqL +

1
2
Hh1pL Hh1pL +

1
2
Hh1pL Hh3qpqL +

1
8
Hh3pqpL Hh3rqrL +

1
12

Hh3pqrL Hh3pqrL −
1
8
Hh4pqpqLN,

o J−Hh1aL −
1
2
Hh3ppaLN + o2 JHah2paL Hh1pL +

1
2
Hah2paL Hh3qpqL +

1
2
Hah2pqL Hh3pqaLN,

1
2

−
1
2
o Hah2abL + o2 J 1

2
Hah2paL Hah2pbL +

1
4
Hh3pqaL Hh3pqbL +

1
2
Hh1pL Hh3pabL +

1
4
Hh3pqpL Hh3qabL −

1
4
Hh4ppabL −

1
2
Hh1pL Hφ3pabL −

1
4
Hh3pqpL Hφ3qabLN,

o2 J 1
2
Hah2paL Hh3pbcL −

1
2
Hah2paL Hφ3pbcLN + o J−

1
6
Hh3abcL +

1
2
Hφ3abcLN,

o2 J 1
8
Hh3pabL Hh3pcdL −

1
24

Hh4abcdL −
1
4
Hh3pabL Hφ3pcdL +

1
8
Hφ3pabL Hφ3pcdL +

1
6
Hφ4abcdLN=

Since foo40=y(q)=psieta, foo41 must be equal to foo42 below.

foo42 = CoefficientList@psieta ê. se@la_D → x, xD ê. 8u1 → ua, u2 → ub, u3 → uc, u4 → ud<9psi@0D, 0,
1
2
,

1
3
o Hφ3abcL, 1

8
o2 Hφ4abcdL=

At first, we compare the coefficient for ha hb .

foo41@@3DD
1
2

−
1
2
o Hah2abL +

o2 J 1
2
Hah2paL Hah2pbL +

1
4
Hh3pqaL Hh3pqbL +

1
2
Hh1pL Hh3pabL +

1
4
Hh3pqpL Hh3qabL −

1
4
Hh4ppabL −

1
2
Hh1pL Hφ3pabL −

1
4
Hh3pqpL Hφ3qabLN
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foo42@@3DD
1
2

Thus, ah2 is in fact OHn-1L  instead of OHn-1ê2L . 

hiny = hiny ê. 8 tah2@ua_, ub_D → o tah2@ua, ubD<
h@0D +

1
2
HyaL HybL HKdeltaab + o2 Hah2abLL + o HyaL Hh1aL +

1
6
o HyaL HybL HycL Hh3abcL +

1
24

o2 HyaL HybL HycL HydL Hh4abcdL
We rewrite foo43=foo42-foo41.

foo43 = Map@tgeto2, Hfoo42 − foo41L ê. 8tah2@u1_, u2_D → o tah2@u1, u2D<D9h@0D −
1
2
dim Log@2 πD + psi@0D +

o2 J 1
2
Hah2ppL −

1
2
Hh1pL Hh1pL −

1
2
Hh1pL Hh3qpqL −

1
8
Hh3pqpL Hh3rqrL −

1
12

Hh3pqrL Hh3pqrL +
1
8
Hh4pqpqLN, o Jh1a +

1
2
Hh3ppaLN,

o2 J 1
2
Hah2abL −

1
4
Hh3pqaL Hh3pqbL −

1
2
Hh1pL Hh3pabL −

1
4
Hh3pqpL Hh3qabL +

1
4
Hh4ppabL +

1
2
Hh1pL Hφ3pabL +

1
4
Hh3pqpL Hφ3qabLN, o J 1

6
Hh3abcL −

1
6
Hφ3abcLN,

o2 J−
1
8
Hh3pabL Hh3pcdL +

1
24

Hh4abcdL +
1
4
Hh3pabL Hφ3pcdL −

1
8
Hφ3pabL Hφ3pcdL −

1
24

Hφ4abcdLN=
We solve these five equations ã 0. At first, foo43[[4]]==0 gives h3abc = f3abc.

foo44 = Solve@foo43@@4DD 0, th3@ua, ub, ucDD88h3abc → φ3abc<<
RuleUnique@rule44, th3@ua_, ub_, uc_D, foo44@@1, 1, 2DDD
foo45 = Solve@ApplyRules@foo43@@2DD, rule44D 0, th1@uaDD99h1a → −

1
2
Hφ3ppaL==

RuleUnique@rule45, th1@ua_D, foo45@@1, 1, 2DDD
foo46 = Solve@ApplyRules@foo43@@5DD, 8rule44, rule45<D 0, th4@ua, ub, uc, udDD88h4abcd → φ4abcd<<
RuleUnique@rule46, th4@ua_, ub_, uc_, ud_D, foo46@@1, 1, 2DDD
foo47 =

Simplify@Solve@ApplyRules@foo43@@3DD, 8rule44, rule45, rule46<D 0, tah2@ua, ubDDD99ah2ab →
1
2
HHφ3pqaL Hφ3pqbL − φ4ppabL==

RuleUnique@rule47, tah2@ua_, ub_D, foo47@@1, 1, 2DDD
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foo48 =

Simplify@Solve@ApplyRules@foo43@@1DD, 8rule44, rule45, rule46, rule47<D 0, h@0DDD99h@0D →
1
24

H12 dim Log@2 πD − 24 psi@0D − 3 o2 Hφ3pqqL Hφ3rprL +

3 o2 Hφ3pqpL Hφ3rqrL − 4 o2 Hφ3pqrL Hφ3pqrL + 3 o2 Hφ4pqpqLL==
RuleUnique@rule48, h@0D, foo48@@1, 1, 2DDD

ü result

Now, it is time to express hHyL  in terms of the f derivatives.

hinyphi =

CanAll@AbsorbKdelta@ApplyRules@hiny, 8rule44, rule45, rule46, rule47, rule48<DDD
1
2
dim Log@2 πD − psi@0D +

1
2
HypL HypL −

1
2
o HypL Hφ3qpqL +

1
6
o HypL HyqL HyrL Hφ3pqrL −

1
6
o2 Hφ3pqrL Hφ3pqrL +

1
4
o2 HypL HyqL Hφ3rspL Hφ3qrsL +

1
8
o2 Hφ4pqpqL −

1
4
o2 HypL HyqL Hφ4rpqrL +

1
24

o2 HypL HyqL HyrL HysL Hφ4pqrsL
hinyphi êê InputForm
(dim*Log[2*Pi])/2 - psi[0] + (ry[l1]*ry[u1])/2 - 
 (o*ry[l1]*tp3[l2, u1, u2])/2 + 
 (o*ry[l1]*ry[l2]*ry[l3]*tp3[u1, u2, u3])/6 - 
 (o^2*tp3[l1, l2, l3]*tp3[u1, u2, u3])/6 + 
 (o^2*ry[l1]*ry[l2]*tp3[l3, l4, u1]*tp3[u2, u3, u4])/4 + 
 (o^2*tp4[l1, l2, u1, u2])/8 - 
 (o^2*ry[l1]*ry[l2]*tp4[l3, u1, u2, u3])/4 + 
 (o^2*ry[l1]*ry[l2]*ry[l3]*ry[l4]*tp4[u1, u2, u3, u4])/24

The coefficients of hHyL  as a polynomial of y  are as follows.

foo49 = Collect@CoefficientList@hinyphi ê. ry@l1_D → x, xD ê.8u1 → ua, u2 → ub, u3 → uc, u4 → ud, l1 → la, l2 → lb, l3 → lc, l4 → ld<, o, tsimp@#D &D9 1
2
dim Log@2 πD − psi@0D + o2 J−

1
6
Hφ3pqrL Hφ3pqrL +

1
8
Hφ4pqpqLN, −

1
2
o Hφ3ppaL,

1
2

+ o2 J 1
4
Hφ3pqaL Hφ3pqbL −

1
4
Hφ4ppabLN, 1

6
o Hφ3abcL, 1

24
o2 Hφ4abcdL=

ü the canonical form

Now we get the canonical form of log f Hy; hL  in "logdensityy".

ü the summary of the previous sections

The standard form of the density function is specified by logdensity=log f(y;q).

logdensity

−h@yD − psi@thetaD + HyaL HθaL
By applying "ruletheta1" to logdensity, q can be expressed in terms of h and f derivatives.
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foo51 = ApplyRules@logdensity, ruletheta1D
−h@yD − psi@thetaD + HKdeltapqL HypL HηqL +
1
2
o HypL HηqL HηrL Hφ3pqrL +

1
6
o2 HypL HηqL HηrL HηsL Hφ4pqrsL

The cumulant function y(q) can be expressed in terms of h and f derivatives as shown in psieta.

psieta

psi@0D +
1
2
HηpL HηpL +

1
3
o HηpL HηqL HηrL Hφ3pqrL +

1
8
o2 HηpL HηqL HηrL HηsL Hφ4pqrsL

The measure function h(y) can be expressed in terms of y and f derivatives as shown in hinyphi.

hinyphi

1
2
dim Log@2 πD − psi@0D +

1
2
HypL HypL −

1
2
o HypL Hφ3qpqL +

1
6
o HypL HyqL HyrL Hφ3pqrL −

1
6
o2 Hφ3pqrL Hφ3pqrL +

1
4
o2 HypL HyqL Hφ3rspL Hφ3qrsL +

1
8
o2 Hφ4pqpqL −

1
4
o2 HypL HyqL Hφ4rpqrL +

1
24

o2 HypL HyqL HyrL HysL Hφ4pqrsL
ü result

By substituting psieta and hinyphi for psi[theta] and h[y] respectively in foo51=log f(y;q), we obtain the canonical form
of log f(y;h) as follows.

foo52 = Collect@foo51 ê. 8psi@thetaD → psieta, h@yD → hinyphi<, o, tsimpD
−
1
2
dim Log@2 πD −

1
2
HypL HypL + HypL HηpL −

1
2
HηpL HηpL + o J 1

2
HypL Hφ3qpqL −

1
6
HypL HyqL HyrL Hφ3pqrL +

1
2
HypL HηqL HηrL Hφ3pqrL −

1
3
HηpL HηqL HηrL Hφ3pqrLN +

o2 J 1
6
Hφ3pqrL Hφ3pqrL −

1
4
HypL HyqL Hφ3rspL Hφ3qrsL −

1
8
Hφ4pqpqL +

1
4
HypL HyqL Hφ4rpqrL −

1
24

HypL HyqL HyrL HysL Hφ4pqrsL +

1
6
HypL HηqL HηrL HηsL Hφ4pqrsL −

1
8
HηpL HηqL HηrL HηsL Hφ4pqrsLN

This is the canonical form  of log f(y;h).

logdensityy = Expand@foo52D;
logdensityy êê InputForm
-(dim*Log[2*Pi])/2 - (ry[l1]*ry[u1])/2 + ry[l1]*se[u1] - 
 (se[l1]*se[u1])/2 + (o*ry[l1]*tp3[l2, u1, u2])/2 - 
 (o*ry[l1]*ry[l2]*ry[l3]*tp3[u1, u2, u3])/6 + 
 (o*ry[l1]*se[l2]*se[l3]*tp3[u1, u2, u3])/2 - 
 (o*se[l1]*se[l2]*se[l3]*tp3[u1, u2, u3])/3 + 
 (o^2*tp3[l1, l2, l3]*tp3[u1, u2, u3])/6 - 
 (o^2*ry[l1]*ry[l2]*tp3[l3, l4, u1]*tp3[u2, u3, u4])/4 - 
 (o^2*tp4[l1, l2, u1, u2])/8 + 
 (o^2*ry[l1]*ry[l2]*tp4[l3, u1, u2, u3])/4 - 
 (o^2*ry[l1]*ry[l2]*ry[l3]*ry[l4]*tp4[u1, u2, u3, u4])/24 + 
 (o^2*ry[l1]*se[l2]*se[l3]*se[l4]*tp4[u1, u2, u3, u4])/6 - 
 (o^2*se[l1]*se[l2]*se[l3]*se[l4]*tp4[u1, u2, u3, u4])/8
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We also show the metric ∑2 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb
 by using rulephi2, and name it "phi2eta" for later use.

phi2eta = ApplyRules@dp2@ua, ubD, rulephi2D
Kdeltaab + o HηpL Hφ3pabL +

1
2
o2 HηpL HηqL Hφ4pqabL

InputForm@phi2etaD
Kdelta[ua, ub] + o*se[l1]*tp3[u1, ua, ub] + 
 (o^2*se[l1]*se[l2]*tp4[u1, u2, ua, ub])/2

Tube-Coordinates and zc -formula

In this part, we first give an expression of the smooth surface in Rdim  which specifies the boundary of the region of
interest in the h-space. The tube-coordinate system is then defined as a pair of the coordinate system on the surface and
the coordinate along the normal direction. The signed distance from the boundary is slightly modified for generaliza-
tion, and named as  a modified signed distance characterized  by a coefficient vector c . The zc -formula is derived as an
expression of  the distribution function of the modified signed distance, which is obtained up to OHn-1L  terms ignoring
the error of OHn-3ê2L . 

à Startup

This section initializes the Mathematica session.

ü packages

<< Statistics`ContinuousDistributions`
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<< MathTens.m HWindowsL
Loading MathTensor for DOSêWindows . . .

=======================================================

MathTensor HTML 2.2.1 HWindowsL HSeptember 17, 2000L
by Leonard Parker and Steven M. Christensen

Copyright HcL 1991−2000 MathTensor, Inc.

Runs with Mathematica HRL Versions 2.2, 3.0, 4.0

=======================================================

No unit system is chosen. If you want one,

you must edit the file called Conventions.m,

or enter a command to interactively set units.

Units: 8<
Sign conventions: Rmsign = 1 Rcsign = 1

MetricgSign = 1 DetgSign = −1

TensorForm turned on,

ShowTime turned off,

MetricgFlag = True.

=========================================

Null Windows

ü error messages

Off@General::spell1D
Off@General::spellD

ü distribution functions

gammadist@x_, m_, α_D := PDF@GammaDistribution@m, αD, xD
Gammadist@x_, m_, α_D := CDF@GammaDistribution@m, αD, xD
f@x_D := PDF@NormalDistribution@0, 1D, xD
F@x_D := CDF@NormalDistribution@0, 1D, xD
Q@x_D := Quantile@NormalDistribution@0, 1D, xD
Chidist@x_, 8di_, nc_<D := CDF@NoncentralChiSquareDistribution@di, ncD, xD

à Exponential family

This section summarizes the results for the exponential family derived in the previous part.
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ü the expectation of the exponential of a polynomial function of the normal vector

Here  we  give  the  log  of  the  expectation  of   the  exponential  of
polyHxL = a0 + a1i xi + a2ij xi x j + a3ijk xi x j xk + a4ijkl xi x j xk xl ,  where a1, a2, and a3 are of order OHn-1ê2L , and a4 is
OHn-1L . x  is a multivariate normal random vector x = Hx1, ..., xdimL of dim-dimensions with mean b = Hb1, ..., bdimL ,
and the identity covariance matrix.  logeexppoly = log E 8expHpolyHxLL<  is obtained up to OHn-1L terms.

ü define tensors

This ba or ba denotes a component of the mean vector b .

DefineTensor@sb, "b", 881<, 1<D
PermWeight::def :  Object b defined

The following a0, a1, a2, a3, a4, a5, and a6 are used for coefficients in a series expansion with respect to x .

DefineTensor@ta0, "a0", 88<, 1<D
PermWeight::def :  Object a0 defined

PermWeight::def: Object a0 defined

DefineTensor@ta1, "a1", 881<, 1<D
PermWeight::def :  Object a1 defined

PermWeight::def: Object a1 defined

DefineTensor@ta2, "a2", 882, 1<, 1<D
PermWeight::sym :  Symmetries of a2 assigned

PermWeight::def :  Object a2 defined

PermWeight::sym: Symmetries of a2 assigned

PermWeight::def: Object a2 defined

DefineTensor@ta3, "a3", 881, 2, 3<, 1<D
PermWeight::def :  Object a3 defined

PermWeight::def: Object a3 defined

SetSymmetric@ta3@la, lb, lcDD
PermWeight::sym :  Symmetries of a3 assigned

PermWeight::sym: Symmetries of a3 assigned

DefineTensor@ta4, "a4", 881, 2, 3, 4<, 1<D
PermWeight::def :  Object a4 defined

PermWeight::def: Object a4 defined
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SetSymmetric@ta4@la, lb, lc, ldDD
PermWeight::sym :  Symmetries of a4 assigned

PermWeight::sym: Symmetries of a4 assigned

DefineTensor@ta6, "a6", 881, 2, 3, 4, 5, 6<, 1<D
PermWeight::def :  Object a6 defined

SetSymmetric@ta6@la, lb, lc, ld, le, lfDD
PermWeight::sym :  Symmetries of a6 assigned

ü "logeexppoly"

logeexppoly = ta0 + o∗Hsb@l1D∗ta1@u1D + ta2@l1, u1D + sb@l1D∗sb@l2D∗ta2@u1, u2D +

3∗sb@l1D ∗ta3@l2, u1, u2D + sb@l1D∗sb@l2D∗sb@l3D∗ta3@u1, u2, u3DL + o^2 ∗HHta1@l1D∗ ta1@u1DLê 2 + 2 ∗sb@l1D∗ta1@l2D∗ta2@u1, u2D + ta2@l1, l2D∗ta2@u1, u2D +

2∗sb@l1D ∗sb@l2D∗ ta2@l3, u1D∗ta2@u2, u3D + 3∗ta1@l1D∗ta3@l2, u1, u2D +

6∗sb@l1D ∗ta2@l2, u1D ∗ta3@l3, u2, u3D + H9∗ta3@l1, l2, u1D∗ta3@l3, u2, u3DLê2 +

3∗sb@l1D ∗sb@l2D∗ ta1@l3D∗ta3@u1, u2, u3D +

6∗sb@l1D ∗ta2@l2, l3D ∗ta3@u1, u2, u3D + 3∗ta3@l1, l2, l3D∗ta3@u1, u2, u3D +

9∗sb@l1D ∗sb@l2D∗ ta3@l3, l4, u3D∗ta3@u1, u2, u4D +

6∗sb@l1D ∗sb@l2D∗ sb@l3D∗ta2@l4, u1D∗ta3@u2, u3, u4D +

9∗sb@l1D ∗sb@l2D∗ ta3@l3, l4, u1D∗ta3@u2, u3, u4D +H9∗ sb@l1D∗sb@l2D ∗sb@l3D∗sb@l4D∗ta3@l5, u1, u3D∗ta3@u2, u4, u5DLê2 +

3∗ta4@l1, l2, u1, u2D + 6 ∗sb@l1D∗sb@l2D∗ta4@l3, u1, u2, u3D +

sb@l1D ∗sb@l2D∗ sb@l3D∗sb@l4D∗ta4@u1, u2, u3, u4DL
a0 + o HHbpL Ha1pL + a2pp + HbpL HbqL Ha2pqL + 3 HbpL Ha3qpqL + HbpL HbqL HbrL Ha3pqrLL +

o2 J 1
2
Ha1pL Ha1pL + 2 HbpL Ha1qL Ha2pqL + Ha2pqL Ha2pqL +

2 HbpL HbqL Ha2rpL Ha2qrL + 3 Ha1pL Ha3qpqL + 6 HbpL Ha2qpL Ha3rqrL +
9
2
Ha3pqpL Ha3rqrL + 3 HbpL HbqL Ha1rL Ha3pqrL + 6 HbpL Ha2qrL Ha3pqrL +

3 Ha3pqrL Ha3pqrL + 9 HbpL HbqL Ha3rsrL Ha3pqsL + 6 HbpL HbqL HbrL Ha2spL Ha3qrsL +

9 HbpL HbqL Ha3rspL Ha3qrsL +
9
2
HbpL HbqL HbrL HbsL Ha3tprL Ha3qstL +

3 Ha4pqpqL + 6 HbpL HbqL Ha4rpqrL + HbpL HbqL HbrL HbsL Ha4pqrsLN
ü the canonical form of the density function

Here we give the canonical form of log f(y;h) for the exponential family of distributions, and store it in logdensityy.
The metric phi2eta= ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ ha  ∑ hb

is also given here.

ü define tensors

q = Hq1, ..., qdimL  is the natural parameter vector

DefineTensor@st, "θ", 881<, 1<D
PermWeight::def :  Object θ defined

h = Hh1, ..., hdimL  is the expectation parameter vector
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DefineTensor@se, "η", 881<, 1<D
PermWeight::def :  Object η defined

y = Hy1, ..., ydimL  is the random variable

DefineTensor@ry, "y", 881<, 1<D
PermWeight::def :  Object y defined

f3abc = ∑3 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb  ∑hc
…0  is the third derivative of the potential function f(h) at the origin h=0.

DefineTensor@tp3, "φ3", 881, 2, 3<, 1<D
PermWeight::def :  Object φ3 defined

SetSymmetric@tp3@la, lb, lcDD
PermWeight::sym :  Symmetries of φ3 assigned

f4abcd = ∑4 fÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ha  ∑hb  ∑hc  ∑hd
…0  is the fourth derivative of the potential function f(h) at the origin h=0.

DefineTensor@tp4, "φ4", 881, 2, 3, 4<, 1<D
PermWeight::def :  Object φ4 defined

SetSymmetric@tp4@la, lb, lc, ldDD
PermWeight::sym :  Symmetries of φ4 assigned

ü "logdensityy"

logdensityy =

−Hdim∗ Log@2 ∗PiDLê 2 − Hry@l1D∗ry@u1DLê2 + ry@l1D∗se@u1D − Hse@l1D∗se@u1DLê2 +Ho∗ry@l1D∗tp3@l2, u1, u2DLê 2 − Ho∗ry@l1D∗ry@l2D∗ry@l3D∗tp3@u1, u2, u3DLê6 +Ho∗ry@l1D∗se@l2D∗ se@l3D∗tp3@u1, u2, u3DLê 2 −Ho∗se@l1D∗se@l2D∗ se@l3D∗tp3@u1, u2, u3DLê 3 +Ho^2∗ tp3@l1, l2, l3D∗ tp3@u1, u2, u3DLê6 −Ho^2∗ ry@l1D∗ry@l2D∗ tp3@l3, l4, u1D∗tp3@u2, u3, u4DLê4 −Ho^2∗ tp4@l1, l2, u1, u2DLê8 + Ho^2∗ry@l1D∗ry@l2D∗tp4@l3, u1, u2, u3DLê4 −Ho^2∗ ry@l1D∗ry@l2D∗ ry@l3D∗ry@l4D∗tp4@u1, u2, u3, u4DLê24 +Ho^2∗ ry@l1D∗se@l2D∗ se@l3D∗se@l4D∗tp4@u1, u2, u3, u4DLê6 −Ho^2∗ se@l1D∗se@l2D∗ se@l3D∗se@l4D∗tp4@u1, u2, u3, u4DLê8
−
1
2
dim Log@2 πD −

1
2
HypL HypL + HypL HηpL −

1
2
HηpL HηpL +

1
2
o HypL Hφ3qpqL −

1
6
o HypL HyqL HyrL Hφ3pqrL +

1
2
o HypL HηqL HηrL Hφ3pqrL −

1
3
o HηpL HηqL HηrL Hφ3pqrL +

1
6
o2 Hφ3pqrL Hφ3pqrL −

1
4
o2 HypL HyqL Hφ3rspL Hφ3qrsL −

1
8
o2 Hφ4pqpqL +

1
4
o2 HypL HyqL Hφ4rpqrL −

1
24

o2 HypL HyqL HyrL HysL Hφ4pqrsL +

1
6
o2 HypL HηqL HηrL HηsL Hφ4pqrsL −

1
8
o2 HηpL HηqL HηrL HηsL Hφ4pqrsL
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ü "phi2eta"

phi2eta = Kdelta@ua, ubD + o∗se@l1D∗tp3@u1, ua, ubD +Ho^2∗ se@l1D∗se@l2D∗ tp4@u1, u2, ua, ubDLê2
Kdeltaab + o HηpL Hφ3pabL +

1
2
o2 HηpL HηqL Hφ4pqabL

à Tube-coordinates

First, the expression of the surface is specified in the Taylor series. Then, the tangent vectors and the normal vector are
obtained. The tube-coordinates (u,v) are defined and used instead of the h-parametrization. Here u is dim-1 dimen-
sional  vector  specifying  a  point  on  the  surface,  and  v  is  the  signed  distance.  The density  function  f Hu, v » v0L  is
obtained from f Hy » hL , where the parameter value is specified as h = H0, ..., 0, v0L  without losing the generality.

ü preliminary

Some functions and tensors are defined here.

ü indices

Here the dimension of the space is denoted by "9" for the index, whereas it is denoted by "dim" for the regular number.
type-a index may run from 1 to 8, although it is not used explicitly, but only assumes type-a index cannot be 9.

AddIndexTypes

ü simplification functions

type-a index cannot be "9".

RuleUnique@rulekdelta1, Kdelta@a_, 9D, 0, IndexaQ@aDD
RuleUnique@rulekdelta2, Kdelta@a_, −9D, 0, IndexaQ@aDD

using the above fact.

tsimp@exp_D :=

CanAll@AbsorbKdelta@CanAll@ApplyRules@exp, 8rulekdelta1, rulekdelta2<DDDD;
raising -9 to 9 for a unique expression.

ruletps9 =8tp3@−9, l1_, l2_D → tp3@9, l1, l2D, tp4@−9, l1_, l2_, l3_D → tp4@9, l1, l2, l3D<;
further simplification

tsimpp@exp_D := Tsimplify@
CanAll@AbsorbKdelta@CanAll@ApplyRules@exp ê. ruletps9 ê. ruletps9 ê. ruletps9 ê.

ruletps9, 8rulekdelta1, rulekdelta2<DDDDD;
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Ignore OHn-3ê2L  terms for scalar

geto2@exp_D := Sum@Simplify@Coefficient@exp, o, iDD oi, 8i, −1, 2<D
Ignore OHn-3ê2L  terms for tensor.

tgeto2@exp_D := Sum@tsimp@Coefficient@exp, o, iDD oi, 8i, −1, 2<D
Series expansion for scalar ignoring OHn-3ê2L terms.

gets2@exp_D := geto2@Series@exp, 8o, 0, 2<DD
Series expansion for tensor  ignoring OHn-3ê2L terms.

tgetrule@tx_D := Module@8coefs, coef0, coef1, coef2, rule0, rule1, rule2<,
coefs = CoefficientList@tx, oD; RuleUnique@rule0, coef0, coefs@@1DDD;
RuleUnique@rule1, coef1, coefs@@2DDD; RuleUnique@rule2, coef2, coefs@@3DDD;88coef0, coef1, coef2<, 8rule0, rule1, rule2<<D

tgets2@exp_, x_, tx_D := Module@8xcoef, xrule<, 8xcoef, xrule< = tgetrule@txD;
ApplyRules@gets2@exp ê. 8x → Sum@xcoef@@iDD oi−1, 8i, 3<D<D, xruleDD

tgets2@exp_, x_, tx_, y_, ty_D := Module@8xcoef, xrule, ycoef, yrule<,8xcoef, xrule< = tgetrule@txD; 8ycoef, yrule< = tgetrule@tyD; ApplyRules@
gets2@exp ê. 8x → Sum@xcoef@@iDD oi−1, 8i, 3<D, y → Sum@ycoef@@iDD oi−1, 8i, 3<D<D,
Join@xrule, yruleDDD

Define an operator to separate the regular index into the type-a index and dim.

sepa@foo_, l_D := Module@8aup, alo<,
UpLoa@8aup<, 8alo<D; MakeSumRange@foo, 8l, alo, −9<DD;

Define differential operator (for type-a index)

difa@exp_, ru_, ala_D := Hexp − Hexp ê. 8ru@al_D → 0<LL ê.8ru@al1_D ru@al2_D ru@al3_D ru@al4_D → ru@al1D ru@al2D ru@al3D Kdelta@al4, alaD +

ru@al1D ru@al2D ru@al4D Kdelta@al3, alaD + ru@al1D ru@al4D ru@al3D 

Kdelta@al2, alaD + ru@al4D ru@al2D ru@al3D Kdelta@al1, alaD,
ru@al1_D ru@al2_D ru@al3_D → ru@al1D ru@al2D Kdelta@al3, alaD +

ru@al1D ru@al3D Kdelta@al2, alaD + ru@al2D ru@al3D Kdelta@al1, alaD,
ru@al1_D ru@al2_D → ru@al1D Kdelta@al2, alaD + ru@al2D Kdelta@al1, alaD,
ru@al1_D → Kdelta@al1, alaD<

ü define tensors

u = Hu1, ..., udim-1L  is  the parametrization of  the surface.  Type-a index indicate the suffix  such as u = Hub'L ,  where
b ' = 1, ..., dim - 1.

DefineTensor@ru, "u", 881<, 1<D
PermWeight::def :  Object u defined

da' b' = OHn-1ê2L  is the curvature matrix (second derivative) of the surface at the origin.
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DefineTensor@td, "d", 882, 1<, 1<D
PermWeight::sym :  Symmetries of d assigned

PermWeight::def :  Object d defined

ea' b' c' = OHn-1L is the third derivative at the origin.

DefineTensor@te, "e", 881, 2, 3<, 1<D
PermWeight::def :  Object e defined

SetSymmetric@te@la, lb, lcDD
PermWeight::sym :  Symmetries of e assigned

Bb
a' = ∑ hbÅÅÅÅÅÅÅÅÅÅÅ∑ ua'

, b=1,...,dim is the tangent vector for a'=1,...,dim-1. Here the regular type index runs 1,...,dim, whereas the
type-a index runs 1,...,dim-1.

DefineTensor@tB, "B", 881, 2<, 1<D
PermWeight::def :  Object B defined

tB@lb, auaD
Bba'

fa' b'HuL = ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ hp  ∑ hq
…hHuL Bp

a'HuL Bq
b'HuL  is the metric in the tangent space.

DefineTensor@tpa, "φ", 882, 1<, 1<D
PermWeight::sym :  Symmetries of φ assigned

PermWeight::def :  Object φ defined

ü the coordinates around the smooth surface

The  surface  is  specified  by  hb'HuL = ub' ,  b ' = 1, ..., dim - 1  and  hdimHuL = -da' b' ua' ub' - ea' b' c' ua' ub' uc' .   They  are
stored in "foo1" and "foo2" or corresponding "rule1" and "rule2".  The region of interest is specified by hdim § hdimHuL .
The tangent vectors are given by foo3=Bb'

a' = ∑ hb'ÅÅÅÅÅÅÅÅÅÅÅ∑ ua'
 and  foo4=Bdim

a' = ∑ hdimÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ ua'
,  or corresponding "rule3" and "rule4".

We also obtain phi2bu= fa' b'HuL = ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ hp  ∑ hq
…hHuL Bp

a'HuL Bq
b'HuL  , which is the metric in the tangent space. The elements of

the normal vector are denoted as Ba
dim , a=1,...,dim, which are given in foo15=Ba'

dimHuL  and foo16= Bdim
dimHuL , or in

the  corresponding  "rule15"  and  "rule16".  The  reparametrization  between  h-coordinates  and  (u,v)-coordinates  are
specified  by  haHu, vL = haHuL + Ba

dimHuL v ,  and  given  in  foo21  =  ha'Hu, vL  and  foo22  =  hdimHu, vL ,  or  in  "rule21",
"rule22", and "rule22b".

ü smooth surface

Define rules for the surface.

RuleUnique@rule1, se@ala_D, Kdelta@ala, aubD ru@albD, IndexaQ@alaDD
RuleUnique@rule2, se@−9D,

−o td@aua, aubD ru@alaD ru@albD − o2 te@aua, aub, aucD ru@alaD ru@albD ru@alcDD
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hb'HuL = ub' , b ' = 1, ..., dim - 1

foo1 = ApplyRules@se@albD, 8rule1, rule2<DHKdeltab'p'L Hup'L
hdimHuL = -da' b' ua' ub' - ea' b' c' ua' ub' uc'

foo2 = ApplyRules@se@−9D, 8rule1, rule2<D
−o Hup'L Huq'L Hdp'q'L − o2 Hup'L Huq'L Hur'L Hep'q'r'L

ü tangent vectors

Bb'
a' = ∑ hb'ÅÅÅÅÅÅÅÅÅÅÅ∑ ua'

foo3 = tsimp@difa@foo1, ru, auaDD
Kdeltab'a'

Bdim
a' = ∑ hdimÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ ua'

foo4 = tsimp@difa@foo2, ru, auaDD
−2 o Hup'L Hdp'a'L − 3 o2 Hup'L Huq'L Hep'q'a'L

Define rules for the tangent vectors.

RuleUnique@rule3, tB@alb_, aua_D, foo3, IndexaQ@albD fl IndexaQ@auaDD
RuleUnique@rule4, tB@−9, aua_D, foo4, IndexaQ@auaDD

check if they work

ApplyRules@tB@alb, auaD, 8rule3, rule4<D
Kdeltab'a'

ApplyRules@tB@−9, auaD, 8rule3, rule4<D
−2 o Hup'L Hdp'a'L − 3 o2 Hup'L Huq'L Hep'q'a'L

Next, we will calculate fa' b'HuL = ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ hp  ∑ hq
…hHuL Bp

a'HuL Bq
b'HuL  below.

Apply the separate operator to phi2eta= ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ ha  ∑ hb
, and evaluate it on the surface to get phi2u= ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ ha  ∑ hb

…hHuL .
phi2eta

Kdeltaab + o HηpL Hφ3pabL +
1
2
o2 HηpL HηqL Hφ4pqabL

tsimp@sepa@sepa@phi2eta, l1D, l2DD
Kdeltaab + o Hη9L Hφ39abL + o Hηp'L Hφ3p'abL +
1
2
o2 Hη9L2 Hφ499abL + o2 Hη9L Hηp'L Hφ49p'abL +

1
2
o2 Hηp'L Hηq'L Hφ4p'q'abL
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phi2u = tgeto2@ApplyRules@%, 8rule1, rule2<DD
Kdeltaab + o Hup'L Hφ3p'abL + o2 J−Hup'L Huq'L Hdp'q'L Hφ39abL +

1
2
Hup'L Huq'L Hφ4p'q'abLN

Using phi2u above, we write phi2bu= fa' b'HuL = ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ hp  ∑ hq
…hHuL Bp

a'HuL Bq
b'HuL  as follows. First, the summation range of

phi2bu is separated into type-a and dim. Then,  Bp
a'HuL  are substituted by their expressions.

phi2u tB@la, auaD tB@lb, aubDHBaa'L HBbb'LJKdeltaab + o Hup'L Hφ3p'abL + o2 J−Hup'L Huq'L Hdp'q'L Hφ39abL +
1
2
Hup'L Huq'L Hφ4p'q'abLNN

CanAll@sepa@sepa@%, laD, lbDDHB9a'L HB9b'L + HKdelta9p'L HB9b'L HBp'a'L + HKdelta9p'L HB9a'L HBp'b'L +HKdeltap'q'L HBp'a'L HBq'b'L − o2 Hup'L Huq'L HB9a'L HB9b'L Hdp'q'L Hφ3999L +

o Hup'L HB9a'L HB9b'L Hφ399p'L − o2 Hup'L Huq'L HB9b'L HBr'a'L Hdp'q'L Hφ399r'L −

o2 Hup'L Huq'L HB9a'L HBr'b'L Hdp'q'L Hφ399r'L + o Hup'L HB9b'L HBq'a'L Hφ39p'q'L +

o Hup'L HB9a'L HBq'b'L Hφ39p'q'L − o2 Hup'L Huq'L HBr'a'L HBs'b'L Hdp'q'L Hφ39r's'L +

o Hup'L HBq'a'L HBr'b'L Hφ3p'q'r'L +
1
2
o2 Hup'L Huq'L HB9a'L HB9b'L Hφ499p'q'L +

1
2
o2 Hup'L Huq'L HB9b'L HBr'a'L Hφ49p'q'r'L +

1
2
o2 Hup'L Huq'L HB9a'L HBr'b'L Hφ49p'q'r'L +

1
2
o2 Hup'L Huq'L HBr'a'L HBs'b'L Hφ4p'q'r's'L

phi2bu = tgeto2@ApplyRules@%, 8rule3, rule4<DD
Kdeltaa'b' + o Hup'L Hφ3p'a'b'L + o2J4 Hup'L Huq'L Hdp'a'L Hdq'b'L − 2 Hup'L Huq'L Hdq'b'L Hφ39p'a'L − 2 Hup'L Huq'L Hdq'a'L Hφ39p'b'L −Hup'L Huq'L Hdp'q'L Hφ39a'b'L +

1
2
Hup'L Huq'L Hφ4p'q'a'b'LN

We may symmetrize the coefficients of phi2bu.

phi2bucoef = Simplify@CoefficientList@phi2bu ê. 8ru@al1_D → x<, xDê81, o, o2<D ê.8au1 → auc, au2 → aud<9Kdeltaa'b', φ3a'b'c',

1
2
H8 Hda'c'L Hdb'd'L − 2 Hdc'd'L Hφ39a'b'L − 4 Hdb'd'L Hφ39a'c'L − 4 Hda'd'L Hφ39b'c'L + φ4a'b'c'd'L=

phi2bucoef@@3DD =

tsimp@Symmetrize@Symmetrize@phi2bucoef@@3DD, 8aua, aub<D, 8auc, aud<DD
2 Hda'd'L Hdb'c'L + 2 Hda'c'L Hdb'd'L − Hdc'd'L Hφ39a'b'L − Hdb'd'L Hφ39a'c'L −Hdb'c'L Hφ39a'd'L − Hda'd'L Hφ39b'c'L − Hda'c'L Hφ39b'd'L +

1
2
Hφ4a'b'c'd'L

phi2bu =

phi2bucoef@@1DD + o phi2bucoef@@2DD ru@alcD + o2 phi2bucoef@@3DD ru@alcD ru@aldD
Kdeltaa'b' + o Huc'L Hφ3a'b'c'L +

o2 Huc'L Hud'L J2 Hda'd'L Hdb'c'L + 2 Hda'c'L Hdb'd'L − Hdc'd'L Hφ39a'b'L − Hdb'd'L Hφ39a'c'L −Hdb'c'L Hφ39a'd'L − Hda'd'L Hφ39b'c'L − Hda'c'L Hφ39b'd'L +
1
2
Hφ4a'b'c'd'LN
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Further simplification is possible. Here the phi2bu is essentially the same as above although the warning messages
appear.

tsimpp@phi2buD
The assigned symmetries may be inconsistent.

The assigned symmetries may be inconsistent.

The assigned symmetries may be inconsistent.

The assigned symmetries may be inconsistent.

The assigned symmetries may be inconsistent.

The assigned symmetries may be inconsistent.

The assigned symmetries may be inconsistent.

The assigned symmetries may be inconsistent.

The assigned symmetries may be inconsistent.

Kdeltaa'b' + 4 o2 Hup'L Huq'L Hdp'b'L Hdq'a'L −

2 o2 Hup'L Huq'L Hdq'b'L Hφ39p'a'L − 2 o2 Hup'L Huq'L Hdq'a'L Hφ39p'b'L −

o2 Hup'L Huq'L Hdp'q'L Hφ39a'b'L + o Hup'L Hφ3p'a'b'L +
1
2
o2 Hup'L Huq'L Hφ4p'q'a'b'L

phi2bu = %;

ü the normal vector

The elements of the normal vector are denoted as Ba
dim , a=1,...,dim. But for the moment, we use "norma" for Ba'

dim ,
and "normb" for Bdim

dim . First of all, we assume the following expressions of these values using unknown na2, na3,
nb2, nb3.

DefineTensor@tna2, "na2", 881, 2<, 1<D
PermWeight::def :  Object na2 defined

DefineTensor@tna3, "na3", 881, 3, 2<, 1<D
PermWeight::sym :  Symmetries of na3 assigned

PermWeight::def :  Object na3 defined

norma = o tna2@ala, aubD ru@albD + o2 tna3@ala, aub, aucD ru@albD ru@alcD
o Hub'L Hna2a'b'L + o2 Hub'L Huc'L Hna3a'b'c'L
RuleUnique@rule5, tB@ala_, 9D, norma, IndexaQ@alaDD
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DefineTensor@tnb1, "nb1", 881<, 1<D
PermWeight::def :  Object nb1 defined

DefineTensor@tnb2, "nb2", 882, 1<, 1<D
PermWeight::sym :  Symmetries of nb2 assigned

PermWeight::def :  Object nb2 defined

normb = 1 + o tnb1@aubD ru@albD + o2 tnb2@aub, aucD ru@albD ru@alcD
1 + o Hub'L Hnb1b'L + o2 Hub'L Huc'L Hnb2b'c'L
RuleUnique@rule6, tB@−9, 9D, normbD

The inner product of the normal vector Ba
dim  and a tangent vector Ba

a'  is foo7= ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ hp  ∑ hq
…hHuL Bp

a'HuL Bq
dimHuL . 

phi2u tB@la, auaD tB@lb, 9DHBaa'L HBb9LJKdeltaab + o Hup'L Hφ3p'abL + o2 J−Hup'L Huq'L Hdp'q'L Hφ39abL +
1
2
Hup'L Huq'L Hφ4p'q'abLNN

CanAll@sepa@sepa@%, laD, lbDDHB99L HB9a'L + HKdelta9p'L HB9a'L HBp'9L + HKdelta9p'L HB99L HBp'a'L +HKdeltap'q'L HBp'a'L HBq'9L − o2 Hup'L Huq'L HB99L HB9a'L Hdp'q'L Hφ3999L +

o Hup'L HB99L HB9a'L Hφ399p'L − o2 Hup'L Huq'L HB9a'L HBr'9L Hdp'q'L Hφ399r'L −

o2 Hup'L Huq'L HB99L HBr'a'L Hdp'q'L Hφ399r'L + o Hup'L HB9a'L HBq'9L Hφ39p'q'L +

o Hup'L HB99L HBq'a'L Hφ39p'q'L − o2 Hup'L Huq'L HBr'a'L HBs'9L Hdp'q'L Hφ39r's'L +

o Hup'L HBq'a'L HBr'9L Hφ3p'q'r'L +
1
2
o2 Hup'L Huq'L HB99L HB9a'L Hφ499p'q'L +

1
2
o2 Hup'L Huq'L HB9a'L HBr'9L Hφ49p'q'r'L +

1
2
o2 Hup'L Huq'L HB99L HBr'a'L Hφ49p'q'r'L +

1
2
o2 Hup'L Huq'L HBr'a'L HBs'9L Hφ4p'q'r's'L

foo7 = tgeto2@ApplyRules@%, 8rule3, rule4, rule5, rule6<DD
o H−2 Hup'L Hdp'a'L + Hup'L Hna2a'p'L + Hup'L Hφ39p'a'LL +

o2 J−3 Hup'L Huq'L Hep'q'a'L + Hup'L Huq'L Hna3a'p'q'L − 2 Hup'L Huq'L Hdq'a'L Hnb1p'L −

2 Hup'L Huq'L Hdq'a'L Hφ399p'L − Hup'L Huq'L Hdp'q'L Hφ399a'L +Hup'L Huq'L Hnb1q'L Hφ39p'a'L + Hup'L Huq'L Hna2r'q'L Hφ3p'r'a'L +
1
2
Hup'L Huq'L Hφ49p'q'a'LN

The squared norm of the normal vector Ba
dim   is foo8= ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ hp  ∑ hq

…hHuL Bp
dimHuL Bq

dimHuL . 

phi2u tB@la, 9D tB@lb, 9DHBa9L HBb9LJKdeltaab + o Hup'L Hφ3p'abL + o2 J−Hup'L Huq'L Hdp'q'L Hφ39abL +
1
2
Hup'L Huq'L Hφ4p'q'abLNN
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CanAll@sepa@sepa@%, laD, lbDDHB99L2 + 2 HKdelta9p'L HB99L HBp'9L +HKdeltap'q'L HBp'9L HBq'9L − o2 Hup'L Huq'L HB99L2 Hdp'q'L Hφ3999L +

o Hup'L HB99L2 Hφ399p'L − 2 o2 Hup'L Huq'L HB99L HBr'9L Hdp'q'L Hφ399r'L +

2 o Hup'L HB99L HBq'9L Hφ39p'q'L − o2 Hup'L Huq'L HBr'9L HBs'9L Hdp'q'L Hφ39r's'L +

o Hup'L HBq'9L HBr'9L Hφ3p'q'r'L +
1
2
o2 Hup'L Huq'L HB99L2 Hφ499p'q'L +

o2 Hup'L Huq'L HB99L HBr'9L Hφ49p'q'r'L +
1
2
o2 Hup'L Huq'L HBr'9L HBs'9L Hφ4p'q'r's'L

foo8 = tgeto2@ApplyRules@%, 8rule3, rule4, rule5, rule6<DD
1 + o H2 Hup'L Hnb1p'L + Hup'L Hφ399p'LL +

o2 JHup'L Huq'L Hna2r'q'L Hna2r'p'L + Hup'L Huq'L Hnb1p'L Hnb1q'L +

2 Hup'L Huq'L Hnb2p'q'L − Hup'L Huq'L Hdp'q'L Hφ3999L + 2 Hup'L Huq'L Hnb1q'L Hφ399p'L +

2 Hup'L Huq'L Hna2r'q'L Hφ39p'r'L +
1
2
Hup'L Huq'L Hφ499p'q'LN

Now, we will solve na2, na3, nb2, nb3 from the equations foo7==0, foo8==1. First we get the coefficients in foo7 and
foo8, and relabel nonfree indexes.

foo9 =

Simplify@CoefficientList@foo7 ê. 8ru@al_D → x<, xDê81, o, o2<D ê. 8au1 → aub, au2 → auc<90, −2 Hda'b'L + na2a'b' + φ39a'b', −3 Hea'b'c'L + na3a'b'c' − 2 Hda'c'L Hnb1b'L − Hdb'c'L Hφ399a'L −

2 Hda'c'L Hφ399b'L + Hnb1c'L Hφ39a'b'L + Hna2r'c'L Hφ3r'a'b'L +
1
2
Hφ49a'b'c'L=

foo10 = Simplify@CoefficientList@foo8 − 1 ê. 8ru@al_D → x<, xDê81, o, o2<D ê.8au1 → aub, au2 → auc<90, 2 Hnb1b'L + φ399b', Hnb1b'L Hnb1c'L + 2 Hnb2b'c'L − Hdb'c'L Hφ3999L +

2 Hnb1c'L Hφ399b'L + Hna2r'c'L Hna2r'b' + 2 Hφ39r'b'LL +
1
2
Hφ499b'c'L=

aoo = Solve@foo9@@2DD 0, tna2@aua, aubDD88na2a'b' → 2 Hda'b'L − φ39a'b'<<
RuleUnique@rule11, tna2@aua_, aub_D, aoo@@1, 1, 2DD, IndexaQ@auaD fl IndexaQ@aubDD
aoo = Solve@foo10@@2DD 0, tnb1@aubDD99nb1b' → −

1
2
Hφ399b'L==

RuleUnique@rule12, tnb1@aub_D, aoo@@1, 1, 2DD, IndexaQ@aubDD
aoo = Solve@ApplyRules@foo9@@3DD, 8rule11, rule12<D 0, tna3@aua, aub, aucDD99na3a'b'c' → 3 Hea'b'c'L + Hdb'c'L Hφ399a'L + Hda'c'L Hφ399b'L +

1
2
Hφ399c'L Hφ39a'b'L − 2 Hdp'c'L Hφ3p'a'b'L + Hφ39p'c'L Hφ3p'a'b'L −

1
2
Hφ49a'b'c'L==
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aoo2 = tsimp@Symmetrize@aoo@@1, 1, 2DD, 8aub, auc<DD
3 Hea'b'c'L + Hdb'c'L Hφ399a'L +

1
2
Hda'c'L Hφ399b'L +

1
2
Hda'b'L Hφ399c'L +

1
4
Hφ399c'L Hφ39a'b'L +

1
4
Hφ399b'L Hφ39a'c'L − Hdp'c'L Hφ3p'a'b'L +

1
2
Hφ39p'c'L Hφ3p'a'b'L − Hdp'b'L Hφ3p'a'c'L +

1
2
Hφ39p'b'L Hφ3p'a'c'L −

1
2
Hφ49a'b'c'L

RuleUnique@rule13, tna3@aua_, aub_, auc_D,
aoo2, IndexaQ@auaD fl IndexaQ@aubD fl IndexaQ@aucDD
aoo = Solve@ApplyRules@foo10@@3DD, 8rule11, rule12, rule13<D 0, tnb2@aub, aucDD99nb2b'c' →

1
2
J−4 Hdp'c'L Hdp'b'L + Hdb'c'L Hφ3999L +

3
4
Hφ399b'L Hφ399c'L +

2 Hdp'b'L Hφ39p'c'L − 2 Hdp'c'L Hφ39p'b'L + Hφ39p'c'L Hφ39p'b'L −
1
2
Hφ499b'c'LN==

aoo2 = tsimp@Symmetrize@aoo@@1, 1, 2DD, 8aub, auc<DD
−Hdp'c'L Hdp'b'L − Hdp'b'L Hdp'c'L +

1
2
Hdb'c'L Hφ3999L +

3
8
Hφ399b'L Hφ399c'L +

1
2
Hdp'c'L Hφ39p'b'L +

1
2
Hdp'b'L Hφ39p'c'L −

1
2
Hdp'c'L Hφ39p'b'L +

1
4
Hφ39p'c'L Hφ39p'b'L −

1
2
Hdp'b'L Hφ39p'c'L +

1
4
Hφ39p'b'L Hφ39p'c'L −

1
4
Hφ499b'c'L

aoo2 = tsimpp@%D
−2 Hdp'c'L Hdp'b'L +

1
2
Hdb'c'L Hφ3999L +

3
8
Hφ399b'L Hφ399c'L +

1
2
Hφ39p'c'L Hφ39p'b'L −

1
4
Hφ499b'c'L

RuleUnique@rule14, tnb2@aub_, auc_D, aoo2, IndexaQ@aubD fl IndexaQ@aucDD
ApplyRules@tnb2@aua, aubD, rule14D
−2 Hdp'b'L Hdp'a'L +

1
2
Hda'b'L Hφ3999L +

3
8
Hφ399a'L Hφ399b'L +

1
2
Hφ39p'b'L Hφ39p'a'L −

1
4
Hφ499a'b'L

We get foo15=Ba'
dimHuL  and foo16= Bdim

dimHuL  below.

norma

o Hub'L Hna2a'b'L + o2 Hub'L Huc'L Hna3a'b'c'L
foo15 = tgeto2@ApplyRules@norma, 8rule11, rule12, rule13, rule14<DD
o H2 Hup'L Hda'p'L − Hup'L Hφ39a'p'LL +

o2 J3 Hup'L Huq'L Hea'p'q'L + Hup'L Huq'L Hdp'q'L Hφ399a'L +
1
2
Hup'L Huq'L Hda'q'L Hφ399p'L +

1
2
Hup'L Huq'L Hda'p'L Hφ399q'L +

1
4
Hup'L Huq'L Hφ399q'L Hφ39a'p'L +

1
4
Hup'L Huq'L Hφ399p'L Hφ39a'q'L − Hup'L Huq'L Hdr'q'L Hφ3a'p'r'L +

1
2
Hup'L Huq'L Hφ39r'q'L Hφ3a'p'r'L − Hup'L Huq'L Hdr'p'L Hφ3a'q'r'L +

1
2
Hup'L Huq'L Hφ39r'p'L Hφ3a'q'r'L −

1
2
Hup'L Huq'L Hφ49a'p'q'LN
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foo15 = tsimpp@foo15D
2 o Hup'L Hda'p'L + 3 o2 Hup'L Huq'L Hea'p'q'L +

o2 Hup'L Huq'L Hdp'q'L Hφ399a'L + o2 Hup'L Huq'L Hda'q'L Hφ399p'L − o Hup'L Hφ39a'p'L +
1
2
o2 Hup'L Huq'L Hφ399q'L Hφ39a'p'L − 2 o2 Hup'L Huq'L Hdr'q'L Hφ3a'p'r'L +

o2 Hup'L Huq'L Hφ39r'q'L Hφ3a'p'r'L −
1
2
o2 Hup'L Huq'L Hφ49a'p'q'L

RuleUnique@rule15, tB@ala_, 9D, foo15, IndexaQ@alaDD
ApplyRules@tB@ala, 9D, rule15D
2 o Hup'L Hda'p'L + 3 o2 Hup'L Huq'L Hea'p'q'L +

o2 Hup'L Huq'L Hdp'q'L Hφ399a'L + o2 Hup'L Huq'L Hda'q'L Hφ399p'L − o Hup'L Hφ39a'p'L +
1
2
o2 Hup'L Huq'L Hφ399q'L Hφ39a'p'L − 2 o2 Hup'L Huq'L Hdr'q'L Hφ3a'p'r'L +

o2 Hup'L Huq'L Hφ39r'q'L Hφ3a'p'r'L −
1
2
o2 Hup'L Huq'L Hφ49a'p'q'L

normb

1 + o Hub'L Hnb1b'L + o2 Hub'L Huc'L Hnb2b'c'L
foo16 = tgeto2@ApplyRules@normb, 8rule11, rule12, rule13, rule14<DD
1 −

1
2
o Hup'L Hφ399p'L +

o2 J−2 Hup'L Huq'L Hdr'q'L Hdp'r'L +
1
2
Hup'L Huq'L Hdp'q'L Hφ3999L +

3
8
Hup'L Huq'LHφ399p'L Hφ399q'L +

1
2
Hup'L Huq'L Hφ39r'q'L Hφ39p'r'L −

1
4
Hup'L Huq'L Hφ499p'q'LN

RuleUnique@rule16, tB@−9, 9D, foo16D
ApplyRules@tB@−9, 9D, rule16D
1 − 2 o2 Hup'L Huq'L Hdr'q'L Hdp'r'L +

1
2
o2 Hup'L Huq'L Hdp'q'L Hφ3999L −

1
2
o Hup'L Hφ399p'L +

3
8
o2 Hup'L Huq'L Hφ399p'L Hφ399q'L +

1
2
o2 Hup'L Huq'L Hφ39r'q'L Hφ39p'r'L −

1
4
o2 Hup'L Huq'L Hφ499p'q'L

In the below, we confirm if the normal vector is orthogonal to the tangent vectors and if the length of the normal vector
is 1.

The inner product of the normal vector Ba
dim  and a tangent vector Ba

a'  is foo17= ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ hp  ∑ hq
…hHuL Bp

a'HuL Bq
dimHuL . 

phi2u tB@la, auaD tB@lb, 9DHBaa'L HBb9LJKdeltaab + o Hup'L Hφ3p'abL + o2 J−Hup'L Huq'L Hdp'q'L Hφ39abL +
1
2
Hup'L Huq'L Hφ4p'q'abLNN

CanAll@sepa@sepa@%, laD, lbDD;
foo17 = tgeto2@ApplyRules@%, 8rule3, rule4, rule15, rule16<DD
0

The squared norm of the normal vector Ba
dim   is foo18= ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ hp  ∑ hq

…hHuL Bp
dimHuL Bq

dimHuL . 
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phi2u tB@la, 9D tB@lb, 9DHBa9L HBb9LJKdeltaab + o Hup'L Hφ3p'abL + o2 J−Hup'L Huq'L Hdp'q'L Hφ39abL +
1
2
Hup'L Huq'L Hφ4p'q'abLNN

CanAll@sepa@sepa@%, laD, lbDD;
foo18 = tgeto2@ApplyRules@%, 8rule3, rule4, rule15, rule16<DD
1 + o2 H−2 Hup'L Huq'L Hdp'r'L Hφ39r'q'L + 2 Hup'L Huq'L Hdr'q'L Hφ39p'r'LL
tsimpp@foo18D
1

ü (u,v)-coordinate system

foo20 = haHu, vL = haHuL + Ba
dimHuL v .

foo20 = se@laD + tB@la, 9D v

ηa + v HBa9L
foo21 = ha'Hu, vL .

foo21 = ApplyRules@foo20 ê. 8la → ala<, 8rule1, rule2, rule15, rule16<DHKdeltaa'p'L Hup'L + 2 o v Hup'L Hda'p'L + 3 o2 v Hup'L Huq'L Hea'p'q'L +

o2 v Hup'L Huq'L Hdp'q'L Hφ399a'L + o2 v Hup'L Huq'L Hda'q'L Hφ399p'L − o v Hup'L Hφ39a'p'L +
1
2
o2 v Hup'L Huq'L Hφ399q'L Hφ39a'p'L − 2 o2 v Hup'L Huq'L Hdr'q'L Hφ3a'p'r'L +

o2 v Hup'L Huq'L Hφ39r'q'L Hφ3a'p'r'L −
1
2
o2 v Hup'L Huq'L Hφ49a'p'q'L

RuleUnique@rule21, se@ala_D, foo21, IndexaQ@alaDD
foo22 = hdimHu, vL .

foo22 = ApplyRules@foo20 ê. 8la → −9<, 8rule1, rule2, rule15, rule16<D
v − o Hup'L Huq'L Hdp'q'L − 2 o2 v Hup'L Huq'L Hdr'q'L Hdp'r'L − o2 Hup'L Huq'L Hur'L Hep'q'r'L +
1
2
o2 v Hup'L Huq'L Hdp'q'L Hφ3999L −

1
2
o v Hup'L Hφ399p'L +

3
8
o2 v Hup'L Huq'L Hφ399p'L Hφ399q'L +

1
2
o2 v Hup'L Huq'L Hφ39r'q'L Hφ39p'r'L −

1
4
o2 v Hup'L Huq'L Hφ499p'q'L

RuleUnique@rule22, se@−9D, foo22D
RuleUnique@rule22b, se@9D, foo22D

ü change of variables

The  Jacobian  of  the  change  of  variables  h¨(u,v)  is  J = detI ∑ hHu,vLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑Hu,vL M .  The  asymptotic  expression  of   log det J  is
obtained  up  to  OHn-1L  term in  "logdetJ".  The  density  function  f Hu, v » v0L  is  obtained  from f Hy » hL  as  shown in
"logdensityuv", where the parameter value is specified as h = H0, ..., 0, v0L .
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ü Jacobian

Here we will calculate the log of the Jacobian J = detI ∑ haHu,vLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑Hu,vL M .

First, we obtain the expression of 
ikjjjjjjj ∑ ha'Hu,vLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ub'

∑ ha'Hu,vLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑v
∑ hdimHu,vLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ub'

∑ hdimHu,vLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑v

y{zzzzzzz=ikjjj foo23 foo25
foo24 foo26

y{zzz . 

foo23 = ∑ ha'Hu,vLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ub'

foo23 = tsimp@difa@foo21, ru, aubDD
Kdeltaa'b' + 2 o v Hda'b'L + 6 o2 v Hup'L Hea'p'b'L +

2 o2 v Hup'L Hdp'b'L Hφ399a'L + o2 v Hup'L Hda'b'L Hφ399p'L + o2 v Hup'L Hda'p'L Hφ399b'L +
1
2
o2 v Hup'L Hφ399b'L Hφ39a'p'L − o v Hφ39a'b'L +

1
2
o2 v Hup'L Hφ399p'L Hφ39a'b'L −

2 o2 v Hup'L Hdq'b'L Hφ3a'p'q'L + o2 v Hup'L Hφ39q'b'L Hφ3a'p'q'L −

2 o2 v Hup'L Hdq'p'L Hφ3a'q'b'L + o2 v Hup'L Hφ39q'p'L Hφ3a'q'b'L − o2 v Hup'L Hφ49a'p'b'L
foo24 = ∑ hdimHu,vLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ub'

foo24 = tsimp@difa@foo22, ru, aubDD
−2 o2 v Hup'L Hdq'b'L Hdp'q'L − 2 o Hup'L Hdp'b'L − 2 o2 v Hup'L Hdq'p'L Hdq'b'L −

3 o2 Hup'L Huq'L Hep'q'b'L + o2 v Hup'L Hdp'b'L Hφ3999L −
1
2
o v Hφ399b'L +

3
4
o2 v Hup'L Hφ399p'L Hφ399b'L +

1
2
o2 v Hup'L Hφ39q'b'L Hφ39p'q'L +

1
2
o2 v Hup'L Hφ39q'p'L Hφ39q'b'L −

1
2
o2 v Hup'L Hφ499p'b'L

foo25 = ∑ ha'Hu,vLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑v

foo25 = tsimp@D@foo21, vDD
2 o Hup'L Hda'p'L + 3 o2 Hup'L Huq'L Hea'p'q'L +

o2 Hup'L Huq'L Hdp'q'L Hφ399a'L + o2 Hup'L Huq'L Hda'q'L Hφ399p'L − o Hup'L Hφ39a'p'L +
1
2
o2 Hup'L Huq'L Hφ399q'L Hφ39a'p'L − 2 o2 Hup'L Huq'L Hdr'q'L Hφ3a'p'r'L +

o2 Hup'L Huq'L Hφ39r'q'L Hφ3a'p'r'L −
1
2
o2 Hup'L Huq'L Hφ49a'p'q'L

foo26 = ∑ hdimHu,vLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑v

foo26 = tsimp@D@foo22, vDD
1 − 2 o2 Hup'L Huq'L Hdr'q'L Hdp'r'L +

1
2
o2 Hup'L Huq'L Hdp'q'L Hφ3999L −

1
2
o Hup'L Hφ399p'L +

3
8
o2 Hup'L Huq'L Hφ399p'L Hφ399q'L +

1
2
o2 Hup'L Huq'L Hφ39r'q'L Hφ39p'r'L −

1
4
o2 Hup'L Huq'L Hφ499p'q'L

foo27 = foo25ÅÅÅÅÅÅÅÅÅÅÅÅÅÅfoo26
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foo27 = tsimpp@tgets2@y êx, x, foo26, y, foo25DD
2 o Hup'L Hda'p'L + 3 o2 Hup'L Huq'L Hea'p'q'L + o2 Hup'L Huq'L Hdp'q'L Hφ399a'L +

2 o2 Hup'L Huq'L Hda'q'L Hφ399p'L − o Hup'L Hφ39a'p'L − 2 o2 Hup'L Huq'L Hdr'q'L Hφ3a'p'r'L +

o2 Hup'L Huq'L Hφ39r'q'L Hφ3a'p'r'L −
1
2
o2 Hup'L Huq'L Hφ49a'p'q'L

foo28=foo27 foo24 = foo24 foo25ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅfoo26

foo28 = tsimpp@tgets2@x y, x, foo27, y, foo24DD
−4 o2 Hup'L Huq'L Hda'p'L Hdq'b'L − o2 v Hup'L Hda'p'L Hφ399b'L +

2 o2 Hup'L Huq'L Hdq'b'L Hφ39a'p'L +
1
2
o2 v Hup'L Hφ399b'L Hφ39a'p'L

foo29=foo23-foo28-da'
b' =foo23- foo24 foo25ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅfoo26 -da'

b' .

foo29 = tsimp@tgets2@x − y, x, foo23, y, foo28DD − Kdelta@ala, aubD
2 o v Hda'b'L + 4 o2 Hup'L Huq'L Hda'p'L Hdq'b'L + 6 o2 v Hup'L Hea'p'b'L +

2 o2 v Hup'L Hdp'b'L Hφ399a'L + o2 v Hup'L Hda'b'L Hφ399p'L + 2 o2 v Hup'L Hda'p'L Hφ399b'L −

2 o2 Hup'L Huq'L Hdq'b'L Hφ39a'p'L − o v Hφ39a'b'L +
1
2
o2 v Hup'L Hφ399p'L Hφ39a'b'L −

2 o2 v Hup'L Hdq'b'L Hφ3a'p'q'L + o2 v Hup'L Hφ39q'b'L Hφ3a'p'q'L −

2 o2 v Hup'L Hdq'p'L Hφ3a'q'b'L + o2 v Hup'L Hφ39q'p'L Hφ3a'q'b'L − o2 v Hup'L Hφ49a'p'b'L
Now, ikjjj foo23 foo25

foo24 foo26
y{zzz  is transformed to ikjjj I + foo29 0

foo24 foo26
y{zzz  by the simple conventions preserving the determinant.

Then, log J = log detHI + foo29L + logH1+(foo26-1)) = traceHfoo29L - 1ÅÅÅÅ2  traceHfoo292L + foo26 - 1 - 1ÅÅÅÅ2  Hfoo26 - 1L2 .

foo30=trace(foo29)

foo30 = tsimpp@Kdelta@aua, albD foo29D
2 o v Hdp'p'L + 4 o2 Hup'L Huq'L Hdr'p'L Hdq'r'L + 6 o2 v Hup'L Heq'p'q'L +

4 o2 v Hup'L Hdp'q'L Hφ399q'L + o2 v Hup'L Hdq'q'L Hφ399p'L − o v Hφ39p'p'L +
1
2
o2 v Hup'L Hφ399p'L Hφ39q'q'L − 2 o2 Hup'L Huq'L Hdq'r'L Hφ39r'p'L −

2 o2 v Hup'L Hdq'r'L Hφ3r'p'q'L + o2 v Hup'L Hφ39q'r'L Hφ3r'p'q'L −

2 o2 v Hup'L Hdq'p'L Hφ3r'q'r'L + o2 v Hup'L Hφ39q'p'L Hφ3r'q'r'L − o2 v Hup'L Hφ49q'p'q'L
foo31 = traceHfoo292L

foo31 = tsimp@tgets2@x y, x, foo29, y, foo29 ê. 8ala → aua, aub → alb<DD
4 o2 v2 Hdp'q'L Hdq'p'L − 4 o2 v2 Hdp'q'L Hφ39q'p'L + o2 v2 Hφ39p'q'L Hφ39q'p'L

foo32 = Hfoo26 - 1L2

foo32 = tsimp@tgets2@x2, x, foo26 − 1DD
1
4
o2 Hup'L Huq'L Hφ399p'L Hφ399q'L

Finally,  logdetJ=log det J = foo30 - 1ÅÅÅÅ2 foo31 +foo26 - 1 - 1ÅÅÅÅ2  foo32.
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logdetJ = tgeto2AtsimppAfoo30 −
1

2
 foo31 + foo26 − 1 −

1

2
 foo32EE

o J2 v Hdp'p'L −
1
2
Hup'L Hφ399p'L − v Hφ39p'p'LN +

o2 J−2 v2 Hdp'q'L Hdq'p'L + 2 Hup'L Huq'L Hdr'q'L Hdp'r'L +

6 v Hup'L Heq'p'q'L +
1
2
Hup'L Huq'L Hdp'q'L Hφ3999L + 4 v Hup'L Hdp'q'L Hφ399q'L +

v Hup'L Hdq'q'L Hφ399p'L +
1
4
Hup'L Huq'L Hφ399p'L Hφ399q'L +

2 v2 Hdp'q'L Hφ39q'p'L −
1
2
v2 Hφ39p'q'L Hφ39q'p'L +

1
2
v Hup'L Hφ399p'L Hφ39q'q'L −

2 Hup'L Huq'L Hdq'r'L Hφ39r'p'L +
1
2
Hup'L Huq'L Hφ39r'q'L Hφ39p'r'L −

2 v Hup'L Hdq'r'L Hφ3r'p'q'L + v Hup'L Hφ39q'r'L Hφ3r'p'q'L − 2 v Hup'L Hdq'p'L Hφ3r'q'r'L +

v Hup'L Hφ39q'p'L Hφ3r'q'r'L −
1
4
Hup'L Huq'L Hφ499p'q'L − v Hup'L Hφ49q'p'q'LN

Collect@logdetJ ê. 8ru@al_D → u<, 8o, v, u<, SimplifyD
o J−

1
2
u Hφ399p'L + v H2 Hdp'p'L − φ39p'p'LN +

o2 Jv2 J−2 Hdp'q'L Hdq'p' − φ39q'p'L −
1
2
Hφ39p'q'L Hφ39q'p'LN +

1
4
u2 H8 Hdr'q'L Hdp'r'L + 2 Hdp'q'L Hφ3999L + Hφ399p'L Hφ399q'L −

8 Hdq'r'L Hφ39r'p'L + 2 Hφ39r'q'L Hφ39p'r'L − φ499p'q'L +

u v J6 Heq'p'q'L + 4 Hdp'q'L Hφ399q'L + Hdq'q'L Hφ399p'L +
1
2
Hφ399p'L Hφ39q'q'L − 2 Hdq'r'LHφ3r'p'q'L + Hφ39q'r'L Hφ3r'p'q'L − 2 Hdq'p'L Hφ3r'q'r'L + Hφ39q'p'L Hφ3r'q'r'L − φ49q'p'q'NN

ü density function f(u,v|v0)

log f Hy » hL  is given as follows.

tgeto2@logdensityyD
−
1
2
dim Log@2 πD −

1
2
HypL HypL + HypL HηpL −

1
2
HηpL HηpL + o J 1

2
HypL Hφ3qpqL −

1
6
HypL HyqL HyrL Hφ3pqrL +

1
2
HypL HηqL HηrL Hφ3pqrL −

1
3
HηpL HηqL HηrL Hφ3pqrLN +

o2 J 1
6
Hφ3pqrL Hφ3pqrL −

1
4
HypL HyqL Hφ3rspL Hφ3qrsL −

1
8
Hφ4pqpqL +

1
4
HypL HyqL Hφ4rpqrL −

1
24

HypL HyqL HyrL HysL Hφ4pqrsL +

1
6
HypL HηqL HηrL HηsL Hφ4pqrsL −

1
8
HηpL HηqL HηrL HηsL Hφ4pqrsLN

First, we set h=(0,...,0,v0). In other words, ha' = 0, and hdim = v0. Here we use symbol v0 for l.

RuleUnique@rule35, se@la_D, v0 Kdelta@la, 9DD
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foo35 = tsimpp@ApplyRules@logdensityy, rule35DD
−
v02

2
−
1
2
dim Log@2 πD + v0 Hy9L −

1
2
HypL HypL −

1
3
o v03 Hφ3999L +

1
2
o v02 HypL Hφ399pL +

1
2
o HypL Hφ3qpqL −

1
6
o HypL HyqL HyrL Hφ3pqrL +

1
6
o2 Hφ3pqrL Hφ3pqrL −

1
4
o2 HypL HyqL Hφ3rspL Hφ3qrsL −

1
8
o2 v04 Hφ49999L +

1
6
o2 v03 HypL Hφ4999pL −

1
8
o2 Hφ4pqpqL +

1
4
o2 HypL HyqL Hφ4rpqrL −

1
24

o2 HypL HyqL HyrL HysL Hφ4pqrsL
Then, change of variables y=h(u,v).

foo36 = tsimpp@
CanAll@sepa@CanAll@sepa@CanAll@sepa@CanAll@sepa@foo35, l1DD, l1DD, l1DD, l1DDD

−
v02

2
−
1
2
dim Log@2 πD + v0 Hy9L −

1
2
Hy9L Hy9L −

1
2
Hyp'L Hyp'L −

1
3
o v03 Hφ3999L +

1
2
o Hy9L Hφ3999L +

1
2
o v02 Hy9L Hφ3999L −

1
6
o Hy9L3 Hφ3999L +

1
6
o2 Hφ3999L2 −

1
4
o2 Hy9L2 Hφ3999L2 + Hyp'L ikjjj o2 +

o v02

2
−
1
2
o Hy9L2 −

1
2
o2 Hy9L Hφ3999Ly{zzz Hφ399p'L +J o2

2
−
1
2
o2 Hy9L2N Hφ399p'L Hφ399p'L −

1
4
o2 Hyp'L Hyq'L Hφ399p'L Hφ399q'L +

1
2
o Hy9L Hφ39p'p'L −

1
2
o Hy9L Hyp'L Hyq'L Hφ39p'q'L − o2 Hy9L Hyp'L Hφ399q'L Hφ39p'q'L +J o2

2
−
1
4
o2 Hy9L2N Hφ39p'q'L Hφ39p'q'L −

1
2
o2 Hyp'L Hyq'L Hφ39r'p'L Hφ39q'r'L +

1
2
o Hyp'L Hφ3q'p'q'L −

1
6
o Hyp'L Hyq'L Hyr'L Hφ3p'q'r'L −

1
2
o2 Hy9L Hyp'L Hφ39q'r'L Hφ3p'q'r'L +

1
6
o2 Hφ3p'q'r'L Hφ3p'q'r'L −

1
4
o2 Hyp'L Hyq'L Hφ3r's'p'L Hφ3q'r's'L −

1
8
o2 Hφ49999L −

1
8
o2 v04 Hφ49999L +

1
6
o2 v03 Hy9L Hφ49999L +

1
4
o2 Hy9L2 Hφ49999L −

1
24

o2 Hy9L4 Hφ49999L + ikjjj o2 v036
+
1
2
o2 Hy9L −

1
6
o2 Hy9L3y{zzz Hyp'L Hφ4999p'L +J−

o2

4
+
1
4
o2 Hy9L2N Hφ499p'p'L + J o2

4
−
1
4
o2 Hy9L2N Hyp'L Hyq'L Hφ499p'q'L +

1
2
o2 Hy9L Hyp'L Hφ49q'p'q'L −

1
6
o2 Hy9L Hyp'L Hyq'L Hyr'L Hφ49p'q'r'L −

1
8
o2 Hφ4p'q'p'q'L +

1
4
o2 Hyp'L Hyq'L Hφ4r'p'q'r'L −

1
24

o2 Hyp'L Hyq'L Hyr'L Hys'L Hφ4p'q'r's'L
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foo37 =

tsimpp@tgeto2@ApplyRules@foo36 ê. ry → se, 8rule21, rule22, rule22b<DD + logdetJD
−
v2

2
+ v v0 −

v02

2
−
1
2
dim Log@2 πD −

1
2
Hup'L Hup'L + 2 o v Hdp'p'L − 2 o2 v2 Hdp'q'L Hdq'p'L +H2 o2 − 2 o2 v v0L Hup'L Huq'L Hdr'q'L Hdp'r'L −

1
2
o2 Hup'L Huq'L Hur'L Hus'L Hdp'q'L Hdr's'L +

6 o2 v Hup'L Heq'p'q'L + H−2 o2 v − o2 v0L Hup'L Huq'L Hur'L Hep'q'r'L +
1
2
o v Hφ3999L −

1
6
o v3 Hφ3999L +

1
2
o v v02 Hφ3999L −

1
3
o v03 Hφ3999L +

1
6
o2 Hφ3999L2 −

1
4
o2 v2 Hφ3999L2 +Hup'L Huq'L Hdp'q'L J−o v − o v0 +

1
2
o2 v v0 Hφ3999L −

1
2
o2 v02 Hφ3999LN +H5 o2 v − o2 v3 + o2 v v02L Hup'L Hdp'q'L Hφ399q'L +

o2 v Hup'L Hdq'q'L Hφ399p'L −
3
2
o2 v Hup'L Huq'L Hur'L Hdq'r'L Hφ399p'L +Hup'L ikjjj−

1
2
o v v0 +

o v02

2
−
3
4
o2 v Hφ3999L +

1
4
o2 v3 Hφ3999L −

1
4
o2 v v02 Hφ3999Ly{zzz Hφ399p'L +J o2

2
−
o2 v2

2
N Hφ399p'L Hφ399p'L +

3
8
o2 v v0 Hup'L Huq'L Hφ399p'L Hφ399q'L −

1
2
o v Hφ39p'p'L +

2 o2 v2 Hdp'q'L Hφ39q'p'L + J−
3 o2 v
2

+
o2 v3

2
−
1
2
o2 v v02N Hup'L Hφ399q'L Hφ39q'p'L +J o2

2
−
3 o2 v2

4
N Hφ39p'q'L Hφ39q'p'L +

1
4
o2 v Hup'L Hφ399p'L Hφ39q'q'L −

2 o2 Hup'L Huq'L Hdq'r'L Hφ39r'p'L −
1
2
o2 Hup'L Huq'L Hdp'q'L Hφ39r'r'L +

1
2
o v Hup'L Huq'L Hφ39p'q'L +

1
2
o2 Hup'L Huq'L Hur'L Hus'L Hdr's'L Hφ39p'q'L −

1
4
o2 v Hup'L Huq'L Hur'L Hφ399r'L Hφ39p'q'L +

1
2
o2 v v0 Hup'L Huq'L Hφ39r'q'L Hφ39p'r'L +

1
2
o Hup'L Hφ3q'p'q'L − 2 o2 v Hup'L Hdq'r'L Hφ3r'p'q'L +

1
2
o2 v Hup'L Hφ39q'r'L Hφ3r'p'q'L −

o2 v Hup'L Hdq'p'L Hφ3r'q'r'L +
1
2
o2 v Hup'L Hφ39q'p'L Hφ3r'q'r'L −

1
6
o Hup'L Huq'L Hur'L Hφ3p'q'r'L +

1
6
o2 Hφ3p'q'r'L Hφ3p'q'r'L +

o2 v Hup'L Huq'L Hur'L Hds'r'L Hφ3p'q's'L −
1
2
o2 v Hup'L Huq'L Hur'L Hφ39s'r'L Hφ3p'q's'L −

1
4
o2 Hup'L Huq'L Hφ3r's'p'L Hφ3q'r's'L −

1
8
o2 Hφ49999L +

1
4
o2 v2 Hφ49999L −

1
24

o2 v4 Hφ49999L +

1
6
o2 v v03 Hφ49999L −

1
8
o2 v04 Hφ49999L + ikjjj o2 v2 −

o2 v3

6
+
o2 v03

6
y{zzz Hup'L Hφ4999p'L +J−

o2

4
+
o2 v2

4
N Hφ499p'p'L −

1
4
o2 v v0 Hup'L Huq'L Hφ499p'q'L −

1
2
o2 v Hup'L Hφ49q'p'q'L +

1
3
o2 v Hup'L Huq'L Hur'L Hφ49p'q'r'L −

1
8
o2 Hφ4p'q'p'q'L +

1
4
o2 Hup'L Huq'L Hφ4r'p'q'r'L −

1
24

o2 Hup'L Huq'L Hur'L Hus'L Hφ4p'q'r's'L
Now we get logdensityuv=foo38=f(u,v|v0).

foo38 = Collect@foo37, 8o, v, ru@al1D ru@al2D ru@al3D ru@al4D,
ru@al1D ru@al2D ru@al3D, ru@al1D ru@al2D, ru@al1D<D;
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logdensityuv = foo38

−
v2

2
+ v v0 −

v02

2
−
1
2
dim Log@2 πD −

1
2
Hup'L Hup'L +

o J−v0 Hup'L Huq'L Hdp'q'L −
1
6
v3 Hφ3999L −

1
3
v03 Hφ3999L +

v J2 Hdp'p'L +
1
2
Hφ3999L +

1
2
v02 Hφ3999L −

1
2
v0 Hup'L Hφ399p'L −

1
2
Hφ39p'p'L + Hup'L Huq'L J−Hdp'q'L +

1
2
Hφ39p'q'LNN +Hup'L J 1

2
v02 Hφ399p'L +

1
2
Hφ3q'p'q'LN −

1
6
Hup'L Huq'L Hur'L Hφ3p'q'r'LN +

o2 J−v0 Hup'L Huq'L Hur'L Hep'q'r'L +
1
6
Hφ3999L2 +

1
2
Hφ399p'L Hφ399p'L +

1
2
Hφ39p'q'L Hφ39q'p'L +

1
6
Hφ3p'q'r'L Hφ3p'q'r'L −

1
8
Hφ49999L −

1
24

v4 Hφ49999L −
1
8
v04 Hφ49999L +

v3 Hup'L J−Hdp'q'L Hφ399q'L +
1
4
Hφ3999L Hφ399p'L +

1
2
Hφ399q'L Hφ39q'p'L −

1
6
Hφ4999p'LN +

1
6
v03 Hup'L Hφ4999p'L + v2 J−2 Hdp'q'L Hdq'p'L −

1
4
Hφ3999L2 −

1
2
Hφ399p'L Hφ399p'L +

2 Hdp'q'L Hφ39q'p'L −
3
4
Hφ39p'q'L Hφ39q'p'L +

1
4
Hφ49999L +

1
4
Hφ499p'p'LN −

1
4
Hφ499p'p'L +

v J 1
6
v03 Hφ49999L + Hup'L Huq'L J−2 v0 Hdr'q'L Hdp'r'L +

1
2
v0 Hdp'q'L Hφ3999L +

3
8
v0 Hφ399p'L Hφ399q'L +

1
2
v0 Hφ39r'q'L Hφ39p'r'L −

1
4
v0 Hφ499p'q'LN +Hup'L J6 Heq'p'q'L + 5 Hdp'q'L Hφ399q'L + v02 Hdp'q'L Hφ399q'L + Hdq'q'L Hφ399p'L −

3
4
Hφ3999L Hφ399p'L −

1
4
v02 Hφ3999L Hφ399p'L −

3
2
Hφ399q'L Hφ39q'p'L −

1
2
v02 Hφ399q'LHφ39q'p'L +

1
4
Hφ399p'L Hφ39q'q'L − 2 Hdq'r'L Hφ3r'p'q'L +

1
2
Hφ39q'r'L Hφ3r'p'q'L −Hdq'p'L Hφ3r'q'r'L +

1
2
Hφ39q'p'L Hφ3r'q'r'L +

1
2
Hφ4999p'L −

1
2
Hφ49q'p'q'LN +Hup'L Huq'L Hur'L J−2 Hep'q'r'L −

3
2
Hdq'r'L Hφ399p'L −

1
4
Hφ399r'L Hφ39p'q'L +Hds'r'L Hφ3p'q's'L −

1
2
Hφ39s'r'L Hφ3p'q's'L +

1
3
Hφ49p'q'r'LNN −

1
8
Hφ4p'q'p'q'L +Hup'L Huq'L J2 Hdr'q'L Hdp'r'L −

1
2
v02 Hdp'q'L Hφ3999L − 2 Hdq'r'L Hφ39r'p'L −

1
2
Hdp'q'L Hφ39r'r'L −

1
4
Hφ3r's'p'L Hφ3q'r's'L +

1
4
Hφ4r'p'q'r'LN +Hup'L Huq'L Hur'L Hus'L J−

1
2
Hdp'q'L Hdr's'L +

1
2
Hdr's'L Hφ39p'q'L −

1
24

Hφ4p'q'r's'LNN
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InputForm@foo38D
-v^2/2 + v*v0 - v0^2/2 - (dim*Log[2*Pi])/2 - (ru[al1]*ru[au1])/2 + 
 o*(-(v0*ru[al1]*ru[al2]*td[au1, au2]) - (v^3*tp3[9, 9, 9])/6 - 
   (v0^3*tp3[9, 9, 9])/3 + v*(2*td[al1, au1] + tp3[9, 9, 9]/2 + 
     (v0^2*tp3[9, 9, 9])/2 - (v0*ru[al1]*tp3[9, 9, au1])/2 - 
     tp3[9, al1, au1]/2 + ru[al1]*ru[al2]*(-td[au1, au2] + 
       tp3[9, au1, au2]/2)) + ru[al1]*((v0^2*tp3[9, 9, au1])/2 + 
     tp3[al2, au1, au2]/2) - (ru[al1]*ru[al2]*ru[al3]*
     tp3[au1, au2, au3])/6) + 
 o^2*(-(v0*ru[al1]*ru[al2]*ru[al3]*te[au1, au2, au3]) + 
   tp3[9, 9, 9]^2/6 + (tp3[9, 9, al1]*tp3[9, 9, au1])/2 + 
   (tp3[9, al1, au2]*tp3[9, al2, au1])/2 + 
   (tp3[al1, al2, al3]*tp3[au1, au2, au3])/6 - tp4[9, 9, 9, 9]/8 - 
   (v^4*tp4[9, 9, 9, 9])/24 - (v0^4*tp4[9, 9, 9, 9])/8 + 
   v^3*ru[al1]*(-(td[au1, au2]*tp3[9, 9, al2]) + 
     (tp3[9, 9, 9]*tp3[9, 9, au1])/4 + 
     (tp3[9, 9, au2]*tp3[9, al2, au1])/2 - tp4[9, 9, 9, au1]/6) + 
   (v0^3*ru[al1]*tp4[9, 9, 9, au1])/6 + 
   v^2*(-2*td[al1, au2]*td[al2, au1] - tp3[9, 9, 9]^2/4 - 
     (tp3[9, 9, al1]*tp3[9, 9, au1])/2 + 2*td[al1, au2]*
      tp3[9, al2, au1] - (3*tp3[9, al1, au2]*tp3[9, al2, au1])/4 + 
     tp4[9, 9, 9, 9]/4 + tp4[9, 9, al1, au1]/4) - 
   tp4[9, 9, al1, au1]/4 + v*((v0^3*tp4[9, 9, 9, 9])/6 + 
     ru[al1]*ru[al2]*(-2*v0*td[al3, au2]*td[au1, au3] + 
       (v0*td[au1, au2]*tp3[9, 9, 9])/2 + 
       (3*v0*tp3[9, 9, au1]*tp3[9, 9, au2])/8 + 
       (v0*tp3[9, al3, au2]*tp3[9, au1, au3])/2 - 
       (v0*tp4[9, 9, au1, au2])/4) + 
     ru[al1]*(6*te[al2, au1, au2] + 5*td[au1, au2]*tp3[9, 9, al2] + 
       v0^2*td[au1, au2]*tp3[9, 9, al2] + td[al2, au2]*
        tp3[9, 9, au1] - (3*tp3[9, 9, 9]*tp3[9, 9, au1])/4 - 
       (v0^2*tp3[9, 9, 9]*tp3[9, 9, au1])/4 - 
       (3*tp3[9, 9, au2]*tp3[9, al2, au1])/2 - 
       (v0^2*tp3[9, 9, au2]*tp3[9, al2, au1])/2 + 
       (tp3[9, 9, au1]*tp3[9, al2, au2])/4 - 2*td[al2, au3]*
        tp3[al3, au1, au2] + (tp3[9, al2, au3]*tp3[al3, au1, au2])/
        2 - td[al2, au1]*tp3[al3, au2, au3] + 
       (tp3[9, al2, au1]*tp3[al3, au2, au3])/2 + 
       tp4[9, 9, 9, au1]/2 - tp4[9, al2, au1, au2]/2) + 
     ru[al1]*ru[al2]*ru[al3]*(-2*te[au1, au2, au3] - 
       (3*td[au2, au3]*tp3[9, 9, au1])/2 - 
       (tp3[9, 9, au3]*tp3[9, au1, au2])/4 + 
       td[al4, au3]*tp3[au1, au2, au4] - 
       (tp3[9, al4, au3]*tp3[au1, au2, au4])/2 + 
       tp4[9, au1, au2, au3]/3)) - tp4[al1, al2, au1, au2]/8 + 
   ru[al1]*ru[al2]*(2*td[al3, au2]*td[au1, au3] - 
     (v0^2*td[au1, au2]*tp3[9, 9, 9])/2 - 2*td[au2, au3]*
      tp3[9, al3, au1] - (td[au1, au2]*tp3[9, al3, au3])/2 - 
     (tp3[al3, al4, au1]*tp3[au2, au3, au4])/4 + 
     tp4[al3, au1, au2, au3]/4) + ru[al1]*ru[al2]*ru[al3]*ru[al4]*
    (-(td[au1, au2]*td[au3, au4])/2 + 
     (td[au3, au4]*tp3[9, au1, au2])/2 - tp4[au1, au2, au3, au4]/
      24))

We extract the coefficients for u, v from the density function f(u,v|v0).

foo39 = Collect@CoefficientList@foo38 ê. 8ru@al_D → u<, 8v, u<D,8o, v0<, tsimpp@CanAll@# ê. 8au1 → aua, au2 → aub, au3 → auc, au4 → aud,

au5 → aue, al1 → ala, al2 → alb, al3 → alc, al4 → ald, al5 → ale<DD &D;
Dimensions@foo39D85, 5<
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foo40 = foo39;

u0 -coefficients

v0 u0

foo40@@1, 1DD
−
v02

2
−
1
2
dim Log@2 πD −

1
3
o v03 Hφ3999L +

o2 J 1
6
Hφ3999L2 +

1
2
Hφ399p'L Hφ399p'L +

1
2
Hφ39p'q'L Hφ39q'p'L +

1
6
Hφ3p'q'r'L Hφ3p'q'r'L −

1
8
Hφ49999L −

1
8
v04 Hφ49999L −

1
4
Hφ499p'p'L −

1
8
Hφ4p'q'p'q'LN

v1 u0

foo40@@2, 1DD
v0 + o J2 Hdp'p'L +

1
2
Hφ3999L +

1
2
v02 Hφ3999L −

1
2
Hφ39p'p'LN +

1
6
o2 v03 Hφ49999L

v2 u0

foo40@@3, 1DD
−
1
2

+ o2 J−2 Hdp'q'L Hdq'p'L −
1
4
Hφ3999L2 −

1
2
Hφ399p'L Hφ399p'L +

2 Hdp'q'L Hφ39q'p'L −
3
4
Hφ39p'q'L Hφ39q'p'L +

1
4
Hφ49999L +

1
4
Hφ499p'p'LN

v3 u0

foo40@@4, 1DD
−
1
6
o Hφ3999L

v4 u0

foo40@@5, 1DD
−

1
24

o2 Hφ49999L
u1 -coefficients

v0 u1

foo40@@1, 2DD
o J 1

2
v02 Hφ399a'L +

1
2
Hφ3p'p'a'LN +

1
6
o2 v03 Hφ4999a'L

v1 u1
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foo40@@2, 2DD
−
1
2
o v0 Hφ399a'L + o2J6 Hep'p'a'L + 5 Hdp'a'L Hφ399p'L + Hdp'p'L Hφ399a'L −

3
4
Hφ3999L Hφ399a'L +

1
4
Hφ399a'L Hφ39p'p'L −

3
2
Hφ399p'L Hφ39p'a'L + v02 JHdp'a'L Hφ399p'L −

1
4
Hφ3999L Hφ399a'L −

1
2
Hφ399p'L Hφ39p'a'LN −Hdp'a'L Hφ3q'p'q'L +

1
2
Hφ39p'a'L Hφ3q'p'q'L − 2 Hdp'q'L Hφ3q'p'a'L +

1
2
Hφ39p'q'L Hφ3q'p'a'L +

1
2
Hφ4999a'L −

1
2
Hφ49p'p'a'LN

v2 u1

foo40@@3, 2DD
0

v3 u1

foo40@@4, 2DD
o2 J−Hdp'a'L Hφ399p'L +

1
4
Hφ3999L Hφ399a'L +

1
2
Hφ399p'L Hφ39p'a'L −

1
6
Hφ4999a'LN

v4 u1

foo40@@5, 2DD
0

u2 -coefficients

v0 u2

foo40@@1, 3DD
−
1
2

− o v0 Hda'b'L +

o2 J2 Hdp'b'L Hdp'a'L −
1
2
v02 Hda'b'L Hφ3999L −

1
2
Hda'b'L Hφ39p'p'L − 2 Hdp'b'L Hφ39p'a'L −

1
4
Hφ3p'q'a'L Hφ3p'q'b'L +

1
4
Hφ4p'p'a'b'LN

v1 u2

foo40@@2, 3DD
o J−Hda'b'L +

1
2
Hφ39a'b'LN + o2 v0 J−2 Hdp'b'L Hdp'a'L +

1
2
Hda'b'L Hφ3999L +

3
8
Hφ399a'L Hφ399b'L +

1
2
Hφ39p'b'L Hφ39p'a'L −

1
4
Hφ499a'b'LN

v2 u2

foo40@@3, 3DD
0

v3 u2
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foo40@@4, 3DD
0

v4 u2

foo40@@5, 3DD
0

u3 -coefficients

v0 u3

foo40@@1, 4DD
−o2 v0 Hea'b'c'L −

1
6
o Hφ3a'b'c'L

v1 u3

foo40@@2, 4DD
o2 J−2 Hea'b'c'L −

3
2
Hdb'c'L Hφ399a'L −

1
4
Hφ399c'L Hφ39a'b'L +Hdp'c'L Hφ3p'a'b'L −

1
2
Hφ39p'c'L Hφ3p'a'b'L +

1
3
Hφ49a'b'c'LN

v2 u3

foo40@@3, 4DD
0

v3 u3

foo40@@4, 4DD
0

v4 u3

foo40@@5, 4DD
0

u4 -coefficients

v0 u4

foo40@@1, 5DD
o2 J−

1
2
Hda'b'L Hdc'd'L +

1
2
Hdc'd'L Hφ39a'b'L −

1
24

Hφ4a'b'c'd'LN
v1 u4

foo40@@2, 5DD
0
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v2 u4

foo40@@3, 5DD
0

v3 u4

foo40@@4, 5DD
0

v4 u4

foo40@@5, 5DD
0

à zc -formula

We  modify  the  signed  distance  v  to  obtain  a  modified  signed  distance  specified  by
w = v + ⁄r=0

¶ cbr@rD vr + ua' ⁄r=0
¶ br@a ', rD vr .  The density function of  w and its cumulants are obtained up to OHn-1L

terms. The distribution function of w is calculated by applying the Cornish-Fisher expansion to the cumulants of w. We
would also take account of the scaling by the factor tau as well as the local coordinates at the projection in the below.

ü modified signed distance w

The  inverse  series  of  the  modified  signed  distance  specifies   v = w - ⁄r=0
¶ cr@rD wr - ua' ⁄r=0

¶ br@a ', rD wr .  We  have
assumed that cbr[0] and cbr[2] are OHn-1ê2L  and cbr[1], cbr[3], and all br[a',r] are OHn-1L . The other coefficients are
cbr@rD = OHn-3ê2L  for r¥4. Then the same order applies to cr[r]'s. The modified signed distance w is characterized by the
coefficient vector c=(cr[0],cr[1],cr[2],cr[3]) up to OHn-1L  terms, since we can ignore the linear term in u as explained
later. The change of variable is given in "rulevinuw" for v expressed in terms of u and w. The Jacobian is given in
logjvw=log ∑ vÅÅÅÅÅÅÅÅÅ∑ w . The joint density of (u,w) is obtained by f(u,w|v0)=f(u,v(w,u)|v0)J  , and log f(u,w|v0) is stored in
"logdensityuw".  We then calculate  log f Hw » v0L = log Ÿ f Hu, w » v0L „ u  as an application of "logeexppoly" to logden-
sityuw, and stored in "logdensityw". In fact, the linear term in u , namely ua' ⁄r=0

¶ br@a ', rD wr  does not contribute to the
argument for deriving the distribution function of w as seen in logdensityw. By using "logeexppoly" again, we obtain
the cumulants of w  as shown in "cumulantw".

ü define the modified signed distance as a series of v.

Define w = foo45 as a function of v below.

foo44 = 8o, o2, o, o2<;
foo45 = v + Sum@foo44@@i + 1DD cbr@iD vi , 8i, 0, 3< D
v + o cbr@0D + o2 v cbr@1D + o v2 cbr@2D + o2 v3 cbr@3D

Then consider the inversion v=foo46 as a function of w  below.
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foo46 = w − Sum@foo44@@i + 1DD cr@iD wi , 8i, 0, 3< D
w − o cr@0D − o2 w cr@1D − o w2 cr@2D − o2 w3 cr@3D

The relations between the two sets of the coefficients are given below.

func47@cbs_D :=

Table@gets2@cbs@@i + 1DD − Sum@Hi − j + 1L cbs@@i − j + 1 + 1DD cbs@@j + 1DD, 8j, 0, i<DD,8i, 0, Length@cbsD − 2<D
foo47 = func47@8 o cbr@0D , o2 cbr@1D , o cbr@2D, o2 cbr@3D, 0<Dêfoo448cbr@0D, cbr@1D − 2 cbr@0D cbr@2D, cbr@2D, −2 cbr@2D2 + cbr@3D<
rule47 = Table@cr@iD → foo47@@i + 1DD, 8i, 0, 3<D8cr@0D → cbr@0D, cr@1D → cbr@1D − 2 cbr@0D cbr@2D,
cr@2D → cbr@2D, cr@3D → −2 cbr@2D2 + cbr@3D<

The relation is actually obtained by solving the following coefficients==0.

Simplify@CoefficientList@gets2@foo45 ê. 8v → foo46<D, wDD8o Hcbr@0D − cr@0DL, 1 + o2 Hcbr@1D − 2 cbr@2D cr@0D − cr@1DL,
o Hcbr@2D − cr@2DL, o2 Hcbr@3D − 2 cbr@2D cr@2D − cr@3DL<

Checking if the relation is correct by seeing the identity.

gets2@foo45 ê. 8v → foo46< ê. rule47D
w

Consider the following OHn-1L term.

func48@v_D = ru@alaD o2 ‚
r=0

∞

br@aua, rD vr

o2 Hua'L ‚
r=0

∞

 br@a', rD vr
Since v = w + OHn-1ê2L,  func48[v] = func48[w] + OHn-3ê2L , and we can ignore the difference between func48[v] and
func48[w]. So, if we redefine w = foo45+func48[v], and v=foo46-func48[w], the inversion relation still holds.  We call
"v" as the signed distance, and "w" as a modified signed distance characterized by the coefficients cr[r] and br[r].

Jacobian J = ∑ vÅÅÅÅÅÅÅÅÅ∑ w  of the transformation from v to w is given below. Here D[func48[w],w] is denoted as o2 ua' dbra'.

DefineTensor@tdbr, "dbr", 881<, 1<D
PermWeight::def :  Object dbr defined

foo49 = D@foo46, wD − o2 ru@alaD tdbr@auaD
1 − o2 cr@1D − 2 o w cr@2D − 3 o2 w2 cr@3D − o2 Hua'L Hdbra'L

We need the log of the Jacobian for later use. logjvw=log ∑ vÅÅÅÅÅÅÅÅÅ∑ w .
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logjvw = geto2AHfoo49 − 1L −
1

2
 Hfoo49 − 1L2E

−2 o w cr@2D + o2 H−cr@1D − 2 w2 cr@2D2 − 3 w2 cr@3D − Hua'L Hdbra'LL
Similarly, we write func48[w] as o2 ua' bra', and vinuw is v expressed by u and w.

DefineTensor@tbr, "br", 881<, 1<D
PermWeight::def :  Object br defined

vinuw = CanAll@foo46 − o2 ru@alaD tbr@auaDD
w − o cr@0D − o2 w cr@1D − o w2 cr@2D − o2 w3 cr@3D − o2 Hup'L Hbrp'L
RuleUnique@rulevinuw, v, vinuwD

ü density function of w

First, we obtain the joint density of (u,w) i.e., f(u,w|v0)=f(u,v(w,u)|v0)J from the joint density of (u,v), the transforma-
tion v=v(w,u), and the Jacobian.

foo50 = tsimpp@tgeto2@ApplyRules@logdensityuv, rulevinuwD + logjvwDD;
This is the log of the density. logdensityuw = log f(u,w|v0).
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logdensityuw = Collect@foo50, 8ru@al1D ru@al2D ru@al3D ru@al4D,
ru@al1D ru@al2D ru@al3D, ru@al1D ru@al2D, ru@al1D, o, w, v0<D

−
v02

2
+ v0 w −

w2

2
−
1
2
dim Log@2 πD +

o J−v0 cr@0D − v0 w2 cr@2D + w3 Jcr@2D −
1
6
Hφ3999LN −

1
3
v03 Hφ3999L +

w Jcr@0D − 2 cr@2D + 2 Hdp'p'L +
1
2
Hφ3999L +

1
2
v02 Hφ3999L −

1
2
Hφ39p'p'LNN +Hup'L J−

1
2
Hup'L + o J 1

2
v02 Hφ399p'L −

1
2
v0 w Hφ399p'L +

1
2
Hφ3q'p'q'LN +

o2 J−Hdbrp'L +
1
2
v0 w2 cr@2D Hφ399p'L + v0 J−Hbrp'L +

1
2
cr@0D Hφ399p'LN +

w3 J−Hdp'q'L Hφ399q'L +
1
4
Hφ3999L Hφ399p'L +

1
2
Hφ399q'L Hφ39q'p'L −

1
6
Hφ4999p'LN +

1
6
v03 Hφ4999p'L + w Jbrp' + 6 Heq'p'q'L + 5 Hdp'q'L Hφ399q'L +Hdq'q'L Hφ399p'L −

3
4
Hφ3999L Hφ399p'L −

3
2
Hφ399q'L Hφ39q'p'L +

v02 JHdp'q'L Hφ399q'L −
1
4
Hφ3999L Hφ399p'L −

1
2
Hφ399q'L Hφ39q'p'LN +

1
4
Hφ399p'L Hφ39q'q'L − 2 Hdq'r'L Hφ3r'p'q'L +

1
2
Hφ39q'r'L Hφ3r'p'q'L −Hdq'p'L Hφ3r'q'r'L +

1
2
Hφ39q'p'L Hφ3r'q'r'L +

1
2
Hφ4999p'L −

1
2
Hφ49q'p'q'LNNN +Hup'L Huq'L Hur'L J−

1
6
o Hφ3p'q'r'L + o2 J−v0 Hep'q'r'L + w J−2 Hep'q'r'L −

3
2
Hdq'r'L Hφ399p'L −

1
4Hφ399r'L Hφ39p'q'L + Hds'r'L Hφ3p'q's'L −

1
2
Hφ39s'r'L Hφ3p'q's'L +

1
3
Hφ49p'q'r'LNNN +

o2 J−
1
2
cr@0D2 − cr@1D − v0 w3 cr@3D − 2 cr@0D Hdp'p'L −

1
2
cr@0D Hφ3999L −

1
2
v02 cr@0D Hφ3999L +

1
6
Hφ3999L2 +

1
2
Hφ399p'L Hφ399p'L +

1
2
cr@0D Hφ39p'p'L +

1
2
Hφ39p'q'L Hφ39q'p'L +

1
6
Hφ3p'q'r'L Hφ3p'q'r'L +

w4 J−
1
2
cr@2D2 + cr@3D +

1
2
cr@2D Hφ3999L −

1
24

Hφ49999LN −

1
8
Hφ49999L −

1
8
v04 Hφ49999L + w J−v0 cr@1D +

1
6
v03 Hφ49999LN +

w2 Jcr@1D − cr@0D cr@2D − 2 cr@2D2 − 3 cr@3D − 2 cr@2D Hdp'p'L − 2 Hdp'q'L Hdq'p'L +

1
2
cr@0D Hφ3999L −

1
2
cr@2D Hφ3999L −

1
2
v02 cr@2D Hφ3999L −

1
4
Hφ3999L2 −

1
2
Hφ399p'L Hφ399p'L +

1
2
cr@2D Hφ39p'p'L + 2 Hdp'q'L Hφ39q'p'L −

3
4
Hφ39p'q'L Hφ39q'p'L +

1
4
Hφ49999L +

1
4
Hφ499p'p'LN −

1
4
Hφ499p'p'L −

1
8
Hφ4p'q'p'q'LN +Hup'L Huq'L Jo J−v0 Hdp'q'L + w J−Hdp'q'L +

1
2
Hφ39p'q'LNN +

o2 Jcr@0D Hdp'q'L + 2 Hdr'q'L Hdp'r'L −
1
2
v02 Hdp'q'L Hφ3999L − 2 Hdq'r'L Hφ39r'p'L −

1
2
Hdp'q'L Hφ39r'r'L −

1
2
cr@0D Hφ39p'q'L + w2 Jcr@2D Hdp'q'L −

1
2
cr@2D Hφ39p'q'LN −

1
4
Hφ3r's'p'L Hφ3q'r's'L + v0 w J−2 Hdr'q'L Hdp'r'L +

1
2
Hdp'q'L Hφ3999L +

3
8
Hφ399p'L Hφ399q'L +

1
2
Hφ39r'q'L Hφ39p'r'L −

1
4
Hφ499p'q'LN +

1
4
Hφ4r'p'q'r'LNN +

o2 Hup'L Huq'L Hur'L Hus'L J−
1
2
Hdp'q'L Hdr's'L +

1
2
Hdr's'L Hφ39p'q'L −

1
24

Hφ4p'q'r's'LN
This is the log of the standard multivariate normal density in dim-1 dimension.
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foo51 = −
dim − 1

2
 Log@2 PiD −

1

2
 ru@alaD ru@auaD

1
2
H1 − dimL Log@2 πD −

1
2
Hua'L Hua'L

Get the coefficients of the polynomials of ua'  from log f Hu, w » v0L - foo51.

foo52 = Collect@CoefficientList@Hlogdensityuw − foo51L ê. 8ru@al_D → u<, uD, o,

tsimpp@CanAll@# ê. 8au1 → aua, au2 → aub, au3 → auc, au4 → aud, au5 → aue,

al1 → ala, al2 → alb, al3 → alc, al4 → ald, al5 → ale<DD &D;
Dimensions@foo52D85<

constant term in terms of u

foo52@@1DD
−
v02

2
+ v0 w −

w2

2
−
1
2
Log@2 πD +

o J−v0 cr@0D + w cr@0D − 2 w cr@2D − v0 w2 cr@2D + w3 cr@2D + 2 w Hdp'p'L −

1
3
v03 Hφ3999L +

1
2
w Hφ3999L +

1
2
v02 w Hφ3999L −

1
6
w3 Hφ3999L −

1
2
w Hφ39p'p'LN +

o2 J−
1
2
cr@0D2 − cr@1D − v0 w cr@1D + w2 cr@1D − w2 cr@0D cr@2D − 2 w2 cr@2D2 −

1
2
w4 cr@2D2 −

3 w2 cr@3D − v0 w3 cr@3D + w4 cr@3D + H−2 cr@0D − 2 w2 cr@2DL Hdp'p'L − 2 w2 Hdp'q'L Hdq'p'L −
1
2
cr@0D Hφ3999L −

1
2
v02 cr@0D Hφ3999L +

1
2
w2 cr@0D Hφ3999L −

1
2
w2 cr@2D Hφ3999L −

1
2
v02 w2 cr@2D Hφ3999L +

1
2
w4 cr@2D Hφ3999L +

1
6
Hφ3999L2 −

1
4
w2 Hφ3999L2 +J 1

2
−
w2

2
N Hφ399p'L Hφ399p'L + J cr@0D

2
+
1
2
w2 cr@2DN Hφ39p'p'L + 2 w2 Hdp'q'L Hφ39q'p'L +J 1

2
−
3 w2

4
N Hφ39p'q'L Hφ39q'p'L +

1
6
Hφ3p'q'r'L Hφ3p'q'r'L −

1
8
Hφ49999L −

1
8
v04 Hφ49999L +

1
6
v03 w Hφ49999L +

1
4
w2 Hφ49999L −

1
24

w4 Hφ49999L + J−
1
4

+
w2

4
N Hφ499p'p'L −

1
8
Hφ4p'q'p'q'LN

coefficient of ua'

foo52@@2DD
o ikjjjikjjj v022 −

v0 w
2

y{zzz Hφ399a'L +
1
2
Hφ3p'p'a'Ly{zzz + o2ikjjjH−v0 + wL Hbra'L − dbra' + 6 w Hep'p'a'L + H5 w + v02 w − w3L Hdp'a'L Hφ399p'L + w Hdp'p'L Hφ399a'L +J 1

2
v0 cr@0D +

1
2
v0 w2 cr@2D −

3
4
w Hφ3999L −

1
4
v02 w Hφ3999L +

1
4
w3 Hφ3999LN Hφ399a'L +

1
4
w Hφ399a'L Hφ39p'p'L + ikjjj−

3 w
2

−
v02 w
2

+
w3

2
y{zzz Hφ399p'L Hφ39p'a'L −

w Hdp'a'L Hφ3q'p'q'L +
1
2
w Hφ39p'a'L Hφ3q'p'q'L − 2 w Hdp'q'L Hφ3q'p'a'L +

1
2
w Hφ39p'q'L Hφ3q'p'a'L + ikjjj v036 +

w
2

−
w3

6
y{zzz Hφ4999a'L −

1
2
w Hφ49p'p'a'Ly{zzz

coefficient of ua' ub'
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foo52@@3DD
o JH−v0 − wL Hda'b'L +

1
2
w Hφ39a'b'LN +

o2 JH2 − 2 v0 wL Hdp'b'L Hdp'a'L + Hda'b'L Jcr@0D + w2 cr@2D −
1
2
v02 Hφ3999L +

1
2
v0 w Hφ3999LN +

3
8
v0 w Hφ399a'L Hφ399b'L −

1
2
Hda'b'L Hφ39p'p'L − 2 Hdp'b'L Hφ39p'a'L +

1
2
v0 w Hφ39p'b'L Hφ39p'a'L + J−

cr@0D
2

−
1
2
w2 cr@2DN Hφ39a'b'L −

1
4
Hφ3p'q'a'L Hφ3p'q'b'L −

1
4
v0 w Hφ499a'b'L +

1
4
Hφ4p'p'a'b'LN

coefficient of ua' ub' uc'

foo52@@4DD
−
1
6
o Hφ3a'b'c'L +

o2 JH−v0 − 2 wL Hea'b'c'L −
3
2
w Hdb'c'L Hφ399a'L −

1
4
w Hφ399c'L Hφ39a'b'L + w Hdp'c'L Hφ3p'a'b'L −

1
2
w Hφ39p'c'L Hφ3p'a'b'L +

1
3
w Hφ49a'b'c'LN

coefficient of ua' ub' uc' ud '

foo52@@5DD
o2 J−

1
2
Hda'b'L Hdc'd'L +

1
2
Hdc'd'L Hφ39a'b'L −

1
24

Hφ4a'b'c'd'LN
We now calculate log f Hw » v0L = log Ÿ f Hu, w » v0L „ u  as an application of "logeexppoly" to foo52. It is denoted by
logdensityw.

foo53 = Collect@foo52ê81, o, o, o, o2<, oD;
RuleUnique@rule53u0, ta0, foo53@@1DDD
RuleUnique@rule53u1, ta1@aua_D, foo53@@2DDD
RuleUnique@rule53u2, ta2@aua_, aub_D, tsimp@Symmetrize@foo53@@3DD, 8aua, aub<DDD
RuleUnique@rule53u3, ta3@aua_, aub_, auc_D,
tsimp@Symmetrize@foo53@@4DD, 8aua, aub, auc<DDD
RuleUnique@rule53u4, ta4@aua_, aub_, auc_, aud_D,
tsimp@Symmetrize@foo53@@5DD, 8aua, aub, auc, aud<DDD
foo54 = tgeto2@ApplyRules@logeexppoly ê.8l1 → al1, u1 → au1, l2 → al2, u2 → au2, l3 → al3, u3 → au3, l4 → al4, u4 → au4< ê.8sb@la_D → 0<, 8rule53u0, rule53u1, rule53u2, rule53u3, rule53u4<DD;

This is log f Hw » v0L.
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logdensityw = Collect@foo54, 8w, o, v0<, tsimppD
−
v02

2
−
1
2
Log@2 πD + w3 J−o2 v0 cr@3D + o Jcr@2D −

1
6
Hφ3999LNN +

o Jv0 H−cr@0D − dp'p'L −
1
3
v03 Hφ3999LN +

o2 w4 J−
1
2
cr@2D2 + cr@3D +

1
2
cr@2D Hφ3999L −

1
24

Hφ49999LN +

w Jv0 + o Jcr@0D − 2 cr@2D + dp'p' +
1
2
Hφ3999L +

1
2
v02 Hφ3999LN +

o2 Jv03 J−
1
4
Hφ399p'L Hφ399p'L +

1
6
Hφ49999LN + v0 J−cr@1D +

1
2
Hdp'p'L Hφ3999L +

3
8
Hφ399p'L Hφ399p'L − Hdp'q'L Hφ39p'q'L +

1
2
Hφ39p'q'L Hφ39q'p'L −

1
4
Hφ499p'p'LNNN +

w2 J−
1
2

− o v0 cr@2D + o2 Jcr@1D − cr@0D cr@2D − 2 cr@2D2 − 3 cr@3D − cr@2D Hdp'p'L −Hdp'q'L Hdq'p'L +
1
2
cr@0D Hφ3999L −

1
2
cr@2D Hφ3999L −

1
4
Hφ3999L2 −

1
2
Hφ399p'L Hφ399p'L + v02 J−

1
2
cr@2D Hφ3999L +

1
8
Hφ399p'L Hφ399p'LN +Hdp'q'L Hφ39p'q'L −

1
2
Hφ39p'q'L Hφ39q'p'L +

1
4
Hφ49999L +

1
4
Hφ499p'p'LNN +

o2 J−
1
2
cr@0D2 − cr@1D − cr@0D Hdp'p'L + Hdp'q'L Hdq'p'L −

1
2
Hdp'p'L Hdq'q'L −

1
2
cr@0D Hφ3999L +

1
6
Hφ3999L2 + v02 JHdp'q'L Hdp'q'L −

1
2
cr@0D Hφ3999L −

1
2
Hdp'p'L Hφ3999LN +

1
2
Hφ399p'L Hφ399p'L − Hdp'q'L Hφ39p'q'L +

1
2
Hφ39p'q'L Hφ39q'p'L −

1
8
Hφ3p'q'q'L Hφ3r'p'r'L +

1
8
Hφ3p'q'p'L Hφ3r'q'r'L +

v04 J 1
8
Hφ399p'L Hφ399p'L −

1
8
Hφ49999LN −

1
8
Hφ49999L −

1
4
Hφ499p'p'LN
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logdensityw êê InputForm
-v0^2/2 - Log[2*Pi]/2 + w^3*(-(o^2*v0*cr[3]) + 
   o*(cr[2] - tp3[9, 9, 9]/6)) + 
 o*(v0*(-cr[0] - td[al1, au1]) - (v0^3*tp3[9, 9, 9])/3) + 
 o^2*w^4*(-cr[2]^2/2 + cr[3] + (cr[2]*tp3[9, 9, 9])/2 - 
   tp4[9, 9, 9, 9]/24) + 
 w*(v0 + o*(cr[0] - 2*cr[2] + td[al1, au1] + tp3[9, 9, 9]/2 + 
     (v0^2*tp3[9, 9, 9])/2) + 
   o^2*(v0^3*(-(tp3[9, 9, al1]*tp3[9, 9, au1])/4 + 
       tp4[9, 9, 9, 9]/6) + 
     v0*(-cr[1] + (td[al1, au1]*tp3[9, 9, 9])/2 + 
       (3*tp3[9, 9, al1]*tp3[9, 9, au1])/8 - 
       td[au1, au2]*tp3[9, al1, al2] + 
       (tp3[9, al1, au2]*tp3[9, al2, au1])/2 - tp4[9, 9, al1, au1]/
        4))) + w^2*(-1/2 - o*v0*cr[2] + 
   o^2*(cr[1] - cr[0]*cr[2] - 2*cr[2]^2 - 3*cr[3] - 
     cr[2]*td[al1, au1] - td[al1, au2]*td[al2, au1] + 
     (cr[0]*tp3[9, 9, 9])/2 - (cr[2]*tp3[9, 9, 9])/2 - 
     tp3[9, 9, 9]^2/4 - (tp3[9, 9, al1]*tp3[9, 9, au1])/2 + 
     v0^2*(-(cr[2]*tp3[9, 9, 9])/2 + 
       (tp3[9, 9, al1]*tp3[9, 9, au1])/8) + 
     td[au1, au2]*tp3[9, al1, al2] - 
     (tp3[9, al1, au2]*tp3[9, al2, au1])/2 + tp4[9, 9, 9, 9]/4 + 
     tp4[9, 9, al1, au1]/4)) + 
 o^2*(-cr[0]^2/2 - cr[1] - cr[0]*td[al1, au1] + 
   td[al1, au2]*td[al2, au1] - (td[al1, au1]*td[al2, au2])/2 - 
   (cr[0]*tp3[9, 9, 9])/2 + tp3[9, 9, 9]^2/6 + 
   v0^2*(td[al1, al2]*td[au1, au2] - (cr[0]*tp3[9, 9, 9])/2 - 
     (td[al1, au1]*tp3[9, 9, 9])/2) + 
   (tp3[9, 9, al1]*tp3[9, 9, au1])/2 - 
   td[au1, au2]*tp3[9, al1, al2] + 
   (tp3[9, al1, au2]*tp3[9, al2, au1])/2 - 
   (tp3[al1, al2, au2]*tp3[al3, au1, au3])/8 + 
   (tp3[al1, al2, au1]*tp3[al3, au2, au3])/8 + 
   v0^4*((tp3[9, 9, al1]*tp3[9, 9, au1])/8 - tp4[9, 9, 9, 9]/8) - 
   tp4[9, 9, 9, 9]/8 - tp4[9, 9, al1, au1]/4)

The coefficients of wi in log f Hw » v0Lare shown below.

foo55 = Collect@CoefficientList@logdensityw, wD, 8o, v0<, tsimppD;
Coefficient of w0.

foo55@@1DD
−
v02

2
−
1
2
Log@2 πD + o Jv0 H−cr@0D − dp'p'L −

1
3
v03 Hφ3999LN +

o2 J−
1
2
cr@0D2 − cr@1D − cr@0D Hdp'p'L + Hdp'q'L Hdq'p'L −

1
2
Hdp'p'L Hdq'q'L −

1
2
cr@0D Hφ3999L +

1
6
Hφ3999L2 + v02 JHdp'q'L Hdp'q'L −

1
2
cr@0D Hφ3999L −

1
2
Hdp'p'L Hφ3999LN +

1
2
Hφ399p'L Hφ399p'L − Hdp'q'L Hφ39p'q'L +

1
2
Hφ39p'q'L Hφ39q'p'L −

1
8
Hφ3p'q'q'L Hφ3r'p'r'L +

1
8Hφ3p'q'p'L Hφ3r'q'r'L + v04 J 1

8
Hφ399p'L Hφ399p'L −

1
8
Hφ49999LN −

1
8
Hφ49999L −

1
4
Hφ499p'p'LN

Coefficient of w1.
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foo55@@2DD
v0 + o Jcr@0D − 2 cr@2D + dp'p' +

1
2
Hφ3999L +

1
2
v02 Hφ3999LN +

o2 Jv03 J−
1
4
Hφ399p'L Hφ399p'L +

1
6
Hφ49999LN + v0 J−cr@1D +

1
2
Hdp'p'L Hφ3999L +

3
8
Hφ399p'L Hφ399p'L − Hdp'q'L Hφ39p'q'L +

1
2
Hφ39p'q'L Hφ39q'p'L −

1
4
Hφ499p'p'LNN

Coefficient of w2.

foo55@@3DD
−
1
2

− o v0 cr@2D + o2 Jcr@1D − cr@0D cr@2D − 2 cr@2D2 − 3 cr@3D −

cr@2D Hdp'p'L − Hdp'q'L Hdq'p'L +
1
2
cr@0D Hφ3999L −

1
2
cr@2D Hφ3999L −

1
4
Hφ3999L2 −

1
2
Hφ399p'L Hφ399p'L + v02 J−

1
2
cr@2D Hφ3999L +

1
8
Hφ399p'L Hφ399p'LN +Hdp'q'L Hφ39p'q'L −

1
2
Hφ39p'q'L Hφ39q'p'L +

1
4
Hφ49999L +

1
4
Hφ499p'p'LN

Coefficient of w3.

foo55@@4DD
−o2 v0 cr@3D + o Jcr@2D −

1
6
Hφ3999LN

Coefficient of w4.

foo55@@5DD
o2 J−

1
2
cr@2D2 + cr@3D +

1
2
cr@2D Hφ3999L −

1
24

Hφ49999LN
ü cumulants of w

Consider the normal density with mean v0+t and variance 1 for w. The log of the density is foo60.

foo60 =
−1

2
 Log@2 PiD −

1

2
 Hw − Hv0 + tLL2;

Then,we define foo61 by  ew t f Hw » v0L = efoo60 expH foo61L.  This foo61 is a polynomial function of w.
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foo61 = Collect@w t + logdensityw − foo60, 8w, o<, SimplifyD
1
2
t Ht + 2 v0L + w3 J−o2 v0 cr@3D + o Jcr@2D −

1
6
Hφ3999LNN −

1
3
o v0 H3 cr@0D + 3 Hdp'p'L + v02 Hφ3999LL +

o2 w4 J−
1
2
cr@2D2 + cr@3D +

1
2
cr@2D Hφ3999L −

1
24

Hφ49999LN +

1
24

o2 I−12 cr@0D2 − 24 cr@1D + 24 Hdp'q'L Hdq'p'L + 24 v02 Hdp'q'L Hdp'q'L − 12 cr@0D Hφ3999L −

12 v02 cr@0D Hφ3999L + 4 Hφ3999L2 − 12 Hdp'p'L H2 cr@0D + dq'q' + v02 Hφ3999LL +

12 Hφ399p'L Hφ399p'L + 3 v04 Hφ399p'L Hφ399p'L − 24 Hdp'q'L Hφ39p'q'L + 12 Hφ39p'q'L Hφ39q'p'L −

3 Hφ3p'q'q'L Hφ3r'p'r'L + 3 Hφ3p'q'p'L Hφ3r'q'r'L − 3 Hφ49999L − 3 v04 Hφ49999L − 6 Hφ499p'p'LM +

w2 J−o v0 cr@2D +
1
8
o2 I8 cr@1D − 8 cr@0D cr@2D − 16 cr@2D2 − 24 cr@3D −

8 cr@2D Hdp'p'L − 8 Hdp'q'L Hdq'p'L + 4 cr@0D Hφ3999L − 4 cr@2D Hφ3999L −

4 v02 cr@2D Hφ3999L − 2 Hφ3999L2 − 4 Hφ399p'L Hφ399p'L + v02 Hφ399p'L Hφ399p'L +

8 Hdp'q'L Hφ39p'q'L − 4 Hφ39p'q'L Hφ39q'p'L + 2 Hφ49999L + 2 Hφ499p'p'LMN +

w Jo Jdp'p' +
1
2
H2 cr@0D − 4 cr@2D + H1 + v02L Hφ3999LLN −

1
24

o2 v0 H24 cr@1D − 12 Hdp'p'L Hφ3999L + 3 H−3 + 2 v02L Hφ399p'L Hφ399p'L +

24 Hdp'q'L Hφ39p'q'L − 12 Hφ39p'q'L Hφ39q'p'L − 4 v02 Hφ49999L + 6 Hφ499p'p'LLN
Get the coefficients of wi 's for foo61, and store them in foo62 below.

foo62 = Collect@CoefficientList@foo61, wD, 8o, v0<, tsimppD;
Length@foo62D
5

foo62@@1DD
t2

2
+ t v0 + o Jv0 H−cr@0D − dp'p'L −

1
3
v03 Hφ3999LN +

o2 J−
1
2
cr@0D2 − cr@1D − cr@0D Hdp'p'L + Hdp'q'L Hdq'p'L −

1
2
Hdp'p'L Hdq'q'L −

1
2
cr@0D Hφ3999L +

1
6
Hφ3999L2 + v02 JHdp'q'L Hdp'q'L −

1
2
cr@0D Hφ3999L −

1
2
Hdp'p'L Hφ3999LN +

1
2
Hφ399p'L Hφ399p'L − Hdp'q'L Hφ39p'q'L +

1
2
Hφ39p'q'L Hφ39q'p'L −

1
8
Hφ3p'q'q'L Hφ3r'p'r'L +

1
8Hφ3p'q'p'L Hφ3r'q'r'L + v04 J 1

8
Hφ399p'L Hφ399p'L −

1
8
Hφ49999LN −

1
8
Hφ49999L −

1
4
Hφ499p'p'LN

foo62@@2DD
o Jcr@0D − 2 cr@2D + dp'p' +

1
2
Hφ3999L +

1
2
v02 Hφ3999LN +

o2 Jv03 J−
1
4
Hφ399p'L Hφ399p'L +

1
6
Hφ49999LN + v0 J−cr@1D +

1
2
Hdp'p'L Hφ3999L +

3
8
Hφ399p'L Hφ399p'L − Hdp'q'L Hφ39p'q'L +

1
2
Hφ39p'q'L Hφ39q'p'L −

1
4
Hφ499p'p'LNN
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foo62@@3DD
−o v0 cr@2D + o2 Jcr@1D − cr@0D cr@2D − 2 cr@2D2 − 3 cr@3D − cr@2D Hdp'p'L −Hdp'q'L Hdq'p'L +

1
2
cr@0D Hφ3999L −

1
2
cr@2D Hφ3999L −

1
4
Hφ3999L2 −

1
2
Hφ399p'L Hφ399p'L + v02 J−

1
2
cr@2D Hφ3999L +

1
8
Hφ399p'L Hφ399p'LN +Hdp'q'L Hφ39p'q'L −

1
2
Hφ39p'q'L Hφ39q'p'L +

1
4
Hφ49999L +

1
4
Hφ499p'p'LN

foo62@@4DD
−o2 v0 cr@3D + o Jcr@2D −

1
6
Hφ3999LN

foo62@@5DD
o2 J−

1
2
cr@2D2 + cr@3D +

1
2
cr@2D Hφ3999L −

1
24

Hφ49999LN
Apply "logeexppoly" to foo62.  We get foo64= log Ÿ-¶

¶ ew t f Hw » v0L „ w = log Ÿ-¶

¶ efoo60 expH foo61L „ w.

foo63 = Simplify@foo62ê81, o, o, o, o2<D;
RuleUnique@rule63u0, ta0, foo63@@1DDD
RuleUnique@rule63u1, ta1@aua_D, foo63@@2DDD
RuleUnique@rule63u2, ta2@aua_, aub_D, foo63@@3DDD
RuleUnique@rule63u3, ta3@aua_, aub_, auc_D, foo63@@4DDD
RuleUnique@rule63u4, ta4@aua_, aub_, auc_, aud_D, foo63@@5DDD
foo64 = tgeto2@ApplyRules@logeexppoly ê. 8sb@la_D → v0 + t<,8rule63u0, rule63u1, rule63u2, rule63u3, rule63u4<DD;

Get the coefficients of ti , i = 0, 1, 2, 3, 4,  and multiply i !  so that we get ki .

foo65 = Collect@CoefficientList@foo64, tD∗ 81, 1, 2, 6, 24<, 8o, v0<, tsimppD;
Length@foo65D
5

k0  should be zero.

foo65@@1DD
o2 J−

1
8
Hφ3p'q'q'L Hφ3r'p'r'L +

1
8
Hφ3p'q'p'L Hφ3r'q'r'LN

foo65@@1DD = CanAll@% ê. 8al1 → alc, au1 → auc, al2 → alb, au2 → aub<D
0

k1
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foo65@@2DD
v0 + o Hcr@0D + cr@2D + v02 cr@2D + dp'p'L +

o2 Jv03 H2 cr@2D2 + cr@3DL + v0 Jcr@1D + 2 cr@0D cr@2D + 6 cr@2D2 +

3 cr@3D − 2 Hdp'q'L Hdq'p'L + Hdp'p'L J2 cr@2D −
1
2
Hφ3999LN − cr@2D Hφ3999L −

5
8
Hφ399p'L Hφ399p'L + Hdp'q'L Hφ39p'q'L −

1
2
Hφ39p'q'L Hφ39q'p'L +

1
4
Hφ499p'p'LNN

k2

foo65@@3DD
1 + o v0 H4 cr@2D − φ3999L +

o2 J2 cr@1D + 4 cr@0D cr@2D + 14 cr@2D2 + 6 cr@3D − 2 Hdp'q'L Hdq'p'L + Hdp'p'L H4 cr@2D − φ3999L −

2 cr@2D Hφ3999L − Hφ399p'L Hφ399p'L + 2 Hdp'q'L Hφ39p'q'L − Hφ39p'q'L Hφ39q'p'L +

v02 J16 cr@2D2 + 6 cr@3D − 4 cr@2D Hφ3999L + Hφ3999L2 +
1
4
Hφ399p'L Hφ399p'L −

1
2
Hφ49999LN +

1
2
Hφ499p'p'LN

k3

foo65@@4DD
o H6 cr@2D − φ3999L + o2 v0 I60 cr@2D2 + 18 cr@3D − 18 cr@2D Hφ3999L + 3 Hφ3999L2 − φ49999M

k4

foo65@@5DD
o2 I96 cr@2D2 + 24 cr@3D − 24 cr@2D Hφ3999L + 3 Hφ3999L2 − φ49999M
cumulantw = Drop@foo65, 1D;
cumulantw êê InputForm
{v0 + o*(cr[0] + cr[2] + v0^2*cr[2] + td[al1, au1]) + 
  o^2*(v0^3*(2*cr[2]^2 + cr[3]) + v0*(cr[1] + 2*cr[0]*cr[2] + 
      6*cr[2]^2 + 3*cr[3] - 2*td[al1, au2]*td[al2, au1] + 
      td[al1, au1]*(2*cr[2] - tp3[9, 9, 9]/2) - 
      cr[2]*tp3[9, 9, 9] - (5*tp3[9, 9, al1]*tp3[9, 9, au1])/8 + 
      td[au1, au2]*tp3[9, al1, al2] - 
      (tp3[9, al1, au2]*tp3[9, al2, au1])/2 + tp4[9, 9, al1, au1]/
       4)), 1 + o*v0*(4*cr[2] - tp3[9, 9, 9]) + 
  o^2*(2*cr[1] + 4*cr[0]*cr[2] + 14*cr[2]^2 + 6*cr[3] - 
    2*td[al1, au2]*td[al2, au1] + td[al1, au1]*
     (4*cr[2] - tp3[9, 9, 9]) - 2*cr[2]*tp3[9, 9, 9] - 
    tp3[9, 9, al1]*tp3[9, 9, au1] + 2*td[au1, au2]*
     tp3[9, al1, al2] - tp3[9, al1, au2]*tp3[9, al2, au1] + 
    v0^2*(16*cr[2]^2 + 6*cr[3] - 4*cr[2]*tp3[9, 9, 9] + 
      tp3[9, 9, 9]^2 + (tp3[9, 9, al1]*tp3[9, 9, au1])/4 - 
      tp4[9, 9, 9, 9]/2) + tp4[9, 9, al1, au1]/2), 
 o*(6*cr[2] - tp3[9, 9, 9]) + o^2*v0*(60*cr[2]^2 + 18*cr[3] - 
    18*cr[2]*tp3[9, 9, 9] + 3*tp3[9, 9, 9]^2 - tp4[9, 9, 9, 9]), 
 o^2*(96*cr[2]^2 + 24*cr[3] - 24*cr[2]*tp3[9, 9, 9] + 
   3*tp3[9, 9, 9]^2 - tp4[9, 9, 9, 9])}
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ü distribution function of w

The Cornish-Fisher expansion for the standardized random variable is taken from Johnson and Kotz (1994) as shown
in "cfexpx" below. We first obtain the same expansion for nonstandardized variable as shown in "cfexpw", and apply it
to the cumulants of w. This gives the distribution function of w, and we obtain zformula = F-1HPr 8W § w » v0<L , where
F-1  is the quantile function of the standard normal distribution. The same expression, but without MathTensor nota-
tion, is also given in "zform". Finally, the scaling by the factor "tau" is applied to these results, and zc-formula is stored
in "zformulatau" as well as in "zformtau".

ü Cornish-Fisher expansion  (p.66 of Johnson and Kotz 1994).

cfexpx = UHXaL  in  p.66  of  JK94  is  for  the  standardized  distribution.  We  assume  the  cumulants  are
kx1 = 0, kx2 = 1, kx3 = OHn-1ê2L, kx4 = OHn-1L, kx5, kx6, ... = OHn-3ê2L.   The  following  expression  is  defined  by
Pr 8X § x< = FHcfexpxL , or cfexpx = F-1HPr 8X § x<L .

cfexpx = x −
1

6
 Hx2 − 1L kx@3D −

1

24
 Hx3 − 3 xL kx@4D +

1

36
 H4 x3 − 7 xL kx@3D2;

For w,  the cumulants are kw1 = OH1L, kw2 = 1 + OHn-1ê2L, kw3 = OHn-1ê2L, kw4 = OHn-1L.  We first standardize w and
apply cfexpx to the standardized w to get cfexpw = F-1HPr 8W § w<L .

rule70 = 9x →
w − kw@1D

Sqrt@kw@2DD =;
rule71 = 9kx@1D → 0, kx@2D → 1, kx@3D →

kw@3D
kw@2D3ê2 , kx@4D →

kw@4D
kw@2D2 =;

rule72 = 8kw@1D → aw1, kw@2D → 1 + o aw2, kw@3D → o aw3, kw@4D → o2 aw4<;
rule73 = Simplify@Solve@Hx ê. rule70L x, wD@@1DDD9w → kw@1D + x è!!!!!!!!!!!!!!kw@2D =
cfexpw = gets2@cfexpx ê. Join@rule70, rule71D ê. rule72D
−aw1 +

1
6
o Haw3 H1 − Haw1 − wL2L + 3 aw2 Haw1 − wLL + w +

1
72

o2 H27 aw22 H−aw1 + wL + 6 aw2 aw3 H−3 + 5 aw12 − 10 aw1 w + 5 w2L +

3 aw4 HHaw1 − wL3 + 3 H−aw1 + wLL + 2 aw32 H7 Haw1 − wL + 4 H−aw1 + wL3LL
ü Cornish-Fisher expansion of w

We apply cfexpw to cumulantw.

aw = Simplify@Hcumulantw − 80, 1, 0, 0<Lê81, o, o, o2<D;
RuleUnique@rulecumaw1, aw1, aw@@1DDD
RuleUnique@rulecumaw2, aw2, aw@@2DDD
RuleUnique@rulecumaw3, aw3, aw@@3DDD
RuleUnique@rulecumaw4, aw4, aw@@4DDD
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func75@exp_, rule_D := tgeto2@ApplyRules@exp, ruleDD
foo75 = func75@

func75@func75@func75@cfexpw, rulecumaw1D, rulecumaw2D, rulecumaw3D, rulecumaw4D;
The following zformula is defined as zformula = F-1HPr 8W § w<L .

zformula = Collect@foo75, 8o, w, v0<, tsimppD
−v0 + w +

o J−cr@0D − dp'p' + w2 J−cr@2D +
1
6
Hφ3999LN −

1
6
Hφ3999L −

1
3
v02 Hφ3999L +

1
6
v0 w Hφ3999LN +

o2 Jv03 J 1
18

Hφ3999L2 +
1
8
Hφ399p'L Hφ399p'L −

1
8
Hφ49999LN +

v0 JHdp'q'L Hdq'p'L −
1
6
cr@0D Hφ3999L −

1
6
Hdp'p'L Hφ3999L +

5
72

Hφ3999L2 +
1
8
Hφ399p'LHφ399p'L −

1
24

Hφ49999LN + v0 w2 J−
1
6
cr@2D Hφ3999L −

1
24

Hφ3999L2 +
1
24

Hφ49999LN +

w3 J−cr@3D −
1
3
cr@2D Hφ3999L −

1
72

Hφ3999L2 +
1
24

Hφ49999LN +

w J−cr@1D + Hdp'q'L Hdq'p'L −
1
3
cr@0D Hφ3999L +

1
6
Hdp'p'L Hφ3999L +

13
72

Hφ3999L2 +
1
2
Hφ399p'L Hφ399p'L − Hdp'q'L Hφ39p'q'L +

1
2
Hφ39p'q'L Hφ39q'p'L +

v02 J−
1
8
Hφ399p'L Hφ399p'L +

1
24

Hφ49999LN −
1
8
Hφ49999L −

1
4
Hφ499p'p'LNN

zformula êê InputForm
-v0 + w + o*(-cr[0] - td[al1, au1] + 
   w^2*(-cr[2] + tp3[9, 9, 9]/6) - tp3[9, 9, 9]/6 - 
   (v0^2*tp3[9, 9, 9])/3 + (v0*w*tp3[9, 9, 9])/6) + 
 o^2*(v0^3*(tp3[9, 9, 9]^2/18 + (tp3[9, 9, al1]*tp3[9, 9, au1])/8 - 
     tp4[9, 9, 9, 9]/8) + v0*(td[al1, au2]*td[al2, au1] - 
     (cr[0]*tp3[9, 9, 9])/6 - (td[al1, au1]*tp3[9, 9, 9])/6 + 
     (5*tp3[9, 9, 9]^2)/72 + (tp3[9, 9, al1]*tp3[9, 9, au1])/8 - 
     tp4[9, 9, 9, 9]/24) + v0*w^2*(-(cr[2]*tp3[9, 9, 9])/6 - 
     tp3[9, 9, 9]^2/24 + tp4[9, 9, 9, 9]/24) + 
   w^3*(-cr[3] - (cr[2]*tp3[9, 9, 9])/3 - tp3[9, 9, 9]^2/72 + 
     tp4[9, 9, 9, 9]/24) + w*(-cr[1] + td[al1, au2]*td[al2, au1] - 
     (cr[0]*tp3[9, 9, 9])/3 + (td[al1, au1]*tp3[9, 9, 9])/6 + 
     (13*tp3[9, 9, 9]^2)/72 + (tp3[9, 9, al1]*tp3[9, 9, au1])/2 - 
     td[au1, au2]*tp3[9, al1, al2] + 
     (tp3[9, al1, au2]*tp3[9, al2, au1])/2 + 
     v0^2*(-(tp3[9, 9, al1]*tp3[9, 9, au1])/8 + 
       tp4[9, 9, 9, 9]/24) - tp4[9, 9, 9, 9]/8 - 
     tp4[9, 9, al1, au1]/4))

Get the coefficients of wi v0 j  for zformula.

foo76 = Collect@CoefficientList@zformula, 8w, v0<D, o, tsimppD;
Dimensions@foo76D84, 4<

w0 v00

foo76@@1, 1DD
o J−cr@0D − dp'p' −

1
6
Hφ3999LN
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w0 v01

foo76@@1, 2DD
−1 + o2 JHdp'q'L Hdq'p'L −

1
6
cr@0D Hφ3999L −

1
6
Hdp'p'L Hφ3999L +

5
72

Hφ3999L2 +
1
8
Hφ399p'L Hφ399p'L −

1
24

Hφ49999LN
w0 v02

foo76@@1, 3DD
−
1
3
o Hφ3999L

w0 v03

foo76@@1, 4DD
o2 J 1

18
Hφ3999L2 +

1
8
Hφ399p'L Hφ399p'L −

1
8
Hφ49999LN

w1 v00

foo76@@2, 1DD
1 + o2 J−cr@1D + Hdp'q'L Hdq'p'L −

1
3
cr@0D Hφ3999L +

1
6
Hdp'p'L Hφ3999L +

13
72

Hφ3999L2 +

1
2
Hφ399p'L Hφ399p'L − Hdp'q'L Hφ39p'q'L +

1
2
Hφ39p'q'L Hφ39q'p'L −

1
8
Hφ49999L −

1
4
Hφ499p'p'LN

w1 v01

foo76@@2, 2DD
1
6
o Hφ3999L

w1 v02

foo76@@2, 3DD
o2 J−

1
8
Hφ399p'L Hφ399p'L +

1
24

Hφ49999LN
w1 v03

foo76@@2, 4DD
0

w2 v00

foo76@@3, 1DD
o J−cr@2D +

1
6
Hφ3999LN

w2 v01
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foo76@@3, 2DD
o2 J−

1
6
cr@2D Hφ3999L −

1
24

Hφ3999L2 +
1
24

Hφ49999LN
w2 v02

foo76@@3, 3DD
0

w2 v03

foo76@@3, 4DD
0

w3 v00

foo76@@4, 1DD
o2 J−cr@3D −

1
3
cr@2D Hφ3999L −

1
72

Hφ3999L2 +
1
24

Hφ49999LN
w3 v01

foo76@@4, 2DD
0

w3 v02

foo76@@4, 3DD
0

w3 v03

foo76@@4, 4DD
0

ü zc-formula using a simplified notation

In the below, the tensor symbols are replaced by regular symbols.

RuleUnique@rule80a, td@al1_, au1_D, Daa, PairaQ@al1, au1DD
RuleUnique@rule80b, td@al1_, au2_D td@al2_, au1_D,
Dab2, PairaQ@8al1, al2<, 8au1, au2<DD
RuleUnique@rule80c, tp3@9, 9, 9D, P999D
RuleUnique@rule80d, tp4@9, 9, 9, 9D, P9999D
RuleUnique@rule80e, tp3@9, 9, al1_D tp3@9, 9, au1_D, P99a2, PairaQ@al1, au1DD
RuleUnique@rule80f, td@au1_, au2_D tp3@9, al1_, al2_D,
DabP9ab, PairaQ@8al1, al2<, 8au1, au2<DD
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RuleUnique@rule80g, tp3@9, al1_, au2_D tp3@9, al2_, au1_D,
P9ab2, PairaQ@8al1, al2<, 8au1, au2<DD
RuleUnique@rule80h, tp4@9, 9, al1_, au1_D, P99aa, PairaQ@al1, au1DD
rule81 = 8cr@0D → c0, cr@1D → c1, cr@2D → c2, cr@3D → c3<;

The following expression of "zform" is equivalent to "zformula", but without the tensor symbols so that we can use it
without MathTensor.

zform = Collect@ApplyRules@zformula, 8rule80a, rule80b, rule80c,

rule80d, rule80e, rule80f, rule80g, rule80h<D ê. rule81, 8o, w, v0<D
−v0 + w + o ikjjj−c0 − Daa −

P999
6

−
P999 v02

3
+
P999 v0 w

6
+ J−c2 +

P999
6

N w2y{zzz +

o2 ikjjjikjjjDab2 −
c0 P999

6
−
Daa P999

6
+
5 P9992

72
−
P9999
24

+
P99a2
8

y{zzz v0 +ikjjj P999218
−
P9999
8

+
P99a2
8

y{zzz v03 + ikjjj−c1 + Dab2 − DabP9ab −
c0 P999

3
+
Daa P999

6
+

13 P9992

72
−
P9999
8

+
P99a2
2

−
P99aa
4

+
P9ab2
2

+ J P9999
24

−
P99a2
8

N v02y{zzz w +ikjjj−
c2 P999

6
−
P9992

24
+
P9999
24

y{zzz v0 w2 + ikjjj−c3 −
c2 P999

3
−
P9992

72
+
P9999
24

y{zzz w3y{zzz
zform êê InputForm
-v0 + w + o*(-c0 - Daa - P999/6 - (P999*v0^2)/3 + (P999*v0*w)/6 + 
   (-c2 + P999/6)*w^2) + 
 o^2*((Dab2 - (c0*P999)/6 - (Daa*P999)/6 + (5*P999^2)/72 - 
     P9999/24 + P99a2/8)*v0 + (P999^2/18 - P9999/8 + P99a2/8)*
    v0^3 + (-c1 + Dab2 - DabP9ab - (c0*P999)/3 + (Daa*P999)/6 + 
     (13*P999^2)/72 - P9999/8 + P99a2/2 - P99aa/4 + P9ab2/2 + 
     (P9999/24 - P99a2/8)*v0^2)*w + 
   (-(c2*P999)/6 - P999^2/24 + P9999/24)*v0*w^2 + 
   (-c3 - (c2*P999)/3 - P999^2/72 + P9999/24)*w^3)

ü scaling by the factor "tau".

When scaling the problem by the factor t, the expression of the z-formula changes. First, the OH1L  term such as w and
v0 are multiplied by t-1.  On the other hand, OHn-1ê2L  terms such as fijk and dab are multiplied by t, OHn-1L terms such
as fijkl and eabc are by t2   The cr[r] coefficient for modified signed distance is multiplied by tr-1 .

rule85a = 8w → w êtau, v0 → v0ê tau<;
rule85b =8tp3@ala_, alb_, alc_D → tau tp3@ala, alb, alcD, td@ala_, alb_D → tau td@ala, albD<;
rule85c = 8tp4@ala_, alb_, alc_, ald_D → tau2 tp4@ala, alb, alc, aldD,

te@ala_, alb_, alc_D → tau2 te@ala, alb, alcD<;
rule85d = 8cr@r_D → cr@rD taur−1<;
rule85 = Join@rule85a, rule85b, rule85c, rule85dD;
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zformulatau = Collect@zformula ê. rule85, 8tau, o, w, v0<D
1
tau

 J−v0 + w + o J−cr@0D + w2 J−cr@2D +
1
6
Hφ3999LN −

1
3
v02 Hφ3999L +

1
6
v0 w Hφ3999LN +

o2 J−
1
6
v0 cr@0D Hφ3999L +

w J−cr@1D −
1
3
cr@0D Hφ3999L + v02 J−

1
8
Hφ399p'L Hφ399p'L +

1
24

Hφ49999LNN +

v03 J 1
18

Hφ3999L2 +
1
8
Hφ399p'L Hφ399p'L −

1
8
Hφ49999LN +

v0 w2 J−
1
6
cr@2D Hφ3999L −

1
24

Hφ3999L2 +
1
24

Hφ49999LN +

w3 J−cr@3D −
1
3
cr@2D Hφ3999L −

1
72

Hφ3999L2 +
1
24

Hφ49999LNNN +

tau Jo J−Hdp'p'L −
1
6
Hφ3999LN + o2 Jv0 JHdp'q'L Hdq'p'L −

1
6
Hdp'p'L Hφ3999L +

5
72

Hφ3999L2 +
1
8
Hφ399p'L Hφ399p'L −

1
24

Hφ49999LN +

w JHdp'q'L Hdq'p'L +
1
6
Hdp'p'L Hφ3999L +

13
72

Hφ3999L2 +
1
2
Hφ399p'L Hφ399p'L −Hdp'q'L Hφ39p'q'L +

1
2
Hφ39p'q'L Hφ39q'p'L −

1
8
Hφ49999L −

1
4
Hφ499p'p'LNNN

zformulatau êê InputForm
(-v0 + w + o*(-cr[0] + w^2*(-cr[2] + tp3[9, 9, 9]/6) - 
     (v0^2*tp3[9, 9, 9])/3 + (v0*w*tp3[9, 9, 9])/6) + 
   o^2*(-(v0*cr[0]*tp3[9, 9, 9])/6 + 
     w*(-cr[1] - (cr[0]*tp3[9, 9, 9])/3 + 
       v0^2*(-(tp3[9, 9, al1]*tp3[9, 9, au1])/8 + 
         tp4[9, 9, 9, 9]/24)) + v0^3*(tp3[9, 9, 9]^2/18 + 
       (tp3[9, 9, al1]*tp3[9, 9, au1])/8 - tp4[9, 9, 9, 9]/8) + 
     v0*w^2*(-(cr[2]*tp3[9, 9, 9])/6 - tp3[9, 9, 9]^2/24 + 
       tp4[9, 9, 9, 9]/24) + w^3*(-cr[3] - (cr[2]*tp3[9, 9, 9])/3 - 
       tp3[9, 9, 9]^2/72 + tp4[9, 9, 9, 9]/24)))/tau + 
 tau*(o*(-td[al1, au1] - tp3[9, 9, 9]/6) + 
   o^2*(v0*(td[al1, au2]*td[al2, au1] - (td[al1, au1]*tp3[9, 9, 9])/
        6 + (5*tp3[9, 9, 9]^2)/72 + (tp3[9, 9, al1]*tp3[9, 9, au1])/
        8 - tp4[9, 9, 9, 9]/24) + w*(td[al1, au2]*td[al2, au1] + 
       (td[al1, au1]*tp3[9, 9, 9])/6 + (13*tp3[9, 9, 9]^2)/72 + 
       (tp3[9, 9, al1]*tp3[9, 9, au1])/2 - td[au1, au2]*
        tp3[9, al1, al2] + (tp3[9, al1, au2]*tp3[9, al2, au1])/2 - 
       tp4[9, 9, 9, 9]/8 - tp4[9, 9, al1, au1]/4)))

zformtau =

Collect@ApplyRules@zformulatau, 8rule80a, rule80b, rule80c, rule80d, rule80e,

rule80f, rule80g, rule80h<D ê. rule81, 8tau, o, w, v0<D
tau ikjjjo J−Daa −

P999
6

N + o2 ikjjjikjjjDab2 −
Daa P999

6
+
5 P9992

72
−
P9999
24

+
P99a2
8

y{zzz v0 +ikjjjDab2 − DabP9ab +
Daa P999

6
+
13 P9992

72
−
P9999
8

+
P99a2
2

−
P99aa
4

+
P9ab2
2

y{zzz wy{zzzy{zzz +

1
tau

 ikjjj−v0 + w + o ikjjj−c0 −
P999 v02

3
+
P999 v0 w

6
+ J−c2 +

P999
6

N w2y{zzz + o2 ikjjj−
1
6
c0 P999 v0 +ikjjj P999218

−
P9999
8

+
P99a2
8

y{zzz v03 + J−c1 −
c0 P999

3
+ J P9999

24
−
P99a2
8

N v02N w +ikjjj−
c2 P999

6
−
P9992

24
+
P9999
24

y{zzz v0 w2 + ikjjj−c3 −
c2 P999

3
−
P9992

72
+
P9999
24

y{zzz w3y{zzzy{zzz
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zformtau êê InputForm
tau*(o*(-Daa - P999/6) + 
   o^2*((Dab2 - (Daa*P999)/6 + (5*P999^2)/72 - P9999/24 + P99a2/8)*
      v0 + (Dab2 - DabP9ab + (Daa*P999)/6 + (13*P999^2)/72 - 
       P9999/8 + P99a2/2 - P99aa/4 + P9ab2/2)*w)) + 
 (-v0 + w + o*(-c0 - (P999*v0^2)/3 + (P999*v0*w)/6 + 
     (-c2 + P999/6)*w^2) + o^2*(-(c0*P999*v0)/6 + 
     (P999^2/18 - P9999/8 + P99a2/8)*v0^3 + 
     (-c1 - (c0*P999)/3 + (P9999/24 - P99a2/8)*v0^2)*w + 
     (-(c2*P999)/6 - P999^2/24 + P9999/24)*v0*w^2 + 
     (-c3 - (c2*P999)/3 - P999^2/72 + P9999/24)*w^3))/tau

ü local coordinates at the projection

We consider a local coordinate Dh around a point h(u0,0) on the surface, where u0 indicates any specified value of u.
This will be used for u0 specifying the projection of y onto the surface. The change of variable h¨Dh  is specified by
ha = haHu0, 0L + Ba

bHu0L Dhb  for each u0.  The expression for ha'  is given in "rule93", and that for h9  is in "rule94".
The surface is expressed as Dhdim = - d

` a' b'
 Dha' Dhb' - èa' b' c' Dha' Dhb' Dhc' , where the coefficients are shown in foo101

and foo102. Next,  the expression for ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ hp  ∑ hq
…h=hHu0L+BDh Bp

aHu0L Bq
bHu0L  is obtained and stored in foo114[ua,ub]. This

is equated with f
` ab

+ f
` abc

 Dhc + 1ÅÅÅÅ2  f
` abcd

 Dhc Dhd , and the coefficients  f
` ab

, f
` abc

, and f
` abcd

 are obtained in foo121. The

inverse of the metric=f
`

a' b' = Hf` a' b'L-1
is in rule131, which is used for foo132 = f

`
a' b' d

` a' b'
 . These conversion rules are

summarized in "rulesproj".  zc-formula evaluated at  h(u0,0)  is  shown in zformulau0,  and that  for  scaling tau is in
zformulatauu0.

ü the expression for the surface in the local coordinates

We use u0a' for the ua' -coordinate of the projection. 

DefineTensor@ru0, "u0", 881<, 1<D
PermWeight::def :  Object u0 defined

Define local coordinates at the projection, and denote Dha . The local coordinate Dha  is in the Ba direction. 

DefineTensor@re, "∆η", 881<, 1<D
PermWeight::def :  Object ∆η defined

First, separate the type-a and 9 indices in the local parametrization at the projection. ha  in foo90 indicates the projec-
tion point, whereas foo90 itself indicates the ha -coordinates for a general point.

se@laD + tB@la, ubD re@lbD
ηa + H∆ηbL HBabL
foo90 = CanAll@sepa@se@laD + tB@la, ubD re@lbD, lbDD
ηa + H∆η9L HBa9L + H∆ηp'L HBap'L

foo91 is foo90 for a=a'.

asymptotic analysis of the bootstrap methods 20030721.nb 68



foo91 = ApplyRules@foo90 ê. 8la → ala<, rule1DHKdeltaa'p'L Hup'L + H∆η9L HBa'9L + H∆ηp'L HBa'p'L
foo92 is foo90 for a=9.

foo92 = ApplyRules@foo90 ê. 8la → −9<, rule2DH∆η9L HB99L + H∆ηp'L HB9p'L − o Hup'L Huq'L Hdp'q'L − o2 Hup'L Huq'L Hur'L Hep'q'r'L
Then, Ba  is expanded by its expression. ua' is now substituted by u0a'  to change the origin to the projection. Here we
obtain foo93 = ha'  and foo94 = h9 .

foo93 = ApplyRules@foo91, 8rule3, rule4, rule15, rule16<D ê. ru → ru0HKdeltaa'p'L H∆ηp'L + HKdeltaa'p'L Hu0p'L + 2 o H∆η9L Hu0p'L Hda'p'L +

3 o2 H∆η9L Hu0p'L Hu0q'L Hea'p'q'L + o2 H∆η9L Hu0p'L Hu0q'L Hdp'q'L Hφ399a'L +

o2 H∆η9L Hu0p'L Hu0q'L Hda'q'L Hφ399p'L − o H∆η9L Hu0p'L Hφ39a'p'L +
1
2
o2 H∆η9L Hu0p'L Hu0q'L Hφ399q'L Hφ39a'p'L − 2 o2 H∆η9L Hu0p'L Hu0q'L Hdr'q'L Hφ3a'p'r'L +

o2 H∆η9L Hu0p'L Hu0q'L Hφ39r'q'L Hφ3a'p'r'L −
1
2
o2 H∆η9L Hu0p'L Hu0q'L Hφ49a'p'q'L

RuleUnique@rule93, se@ala_D, foo93, IndexaQ@alaDD
foo94 = ApplyRules@foo92, 8rule3, rule4, rule15, rule16<D ê. ru → ru0

∆η9 − 2 o H∆ηp'L Hu0q'L Hdp'q'L − o Hu0p'L Hu0q'L Hdp'q'L −

2 o2 H∆η9L Hu0p'L Hu0q'L Hdr'q'L Hdp'r'L − 3 o2 H∆ηp'L Hu0q'L Hu0r'L Hep'q'r'L −

o2 Hu0p'L Hu0q'L Hu0r'L Hep'q'r'L +
1
2
o2 H∆η9L Hu0p'L Hu0q'L Hdp'q'L Hφ3999L −

1
2
o H∆η9L Hu0p'L Hφ399p'L +

3
8
o2 H∆η9L Hu0p'L Hu0q'L Hφ399p'L Hφ399q'L +

1
2
o2 H∆η9L Hu0p'L Hu0q'L Hφ39r'q'L Hφ39p'r'L −

1
4
o2 H∆η9L Hu0p'L Hu0q'L Hφ499p'q'L

RuleUnique@rule94, se@−9D, foo94D
We will equate foo93 with foo95, and foo94 with foo96 below to derive the expression of the surface in the local
coordinates. foo95 and foo96 define the surface with the origin at 0. First we consider ha' direction.

foo95 = tsimpp@ApplyRules@se@alaD, rule1DD
ua'

Thus, ua' = foo93 as a function of Dha . We make it rule95.

RuleUnique@rule95, ru@ala_D, foo93D
Consider h9 direction.

foo96 = ApplyRules@se@−9D, rule2D
−o Hup'L Huq'L Hdp'q'L − o2 Hup'L Huq'L Hur'L Hep'q'r'L

Using the rule95, we get an expression of foo96 in terms of Dha 's.
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foo97 = tgeto2@ApplyRules@foo96, rule95DD
o H−H∆ηp'L H∆ηq'L Hdp'q'L − 2 H∆ηp'L Hu0q'L Hdp'q'L − Hu0p'L Hu0q'L Hdp'q'LL +

o2 H−4 H∆η9L H∆ηp'L Hu0q'L Hdr'q'L Hdp'r'L − 4 H∆η9L Hu0p'L Hu0q'L Hdr'q'L Hdp'r'L −H∆ηp'L H∆ηq'L H∆ηr'L Hep'q'r'L − 3 H∆ηp'L H∆ηq'L Hu0r'L Hep'q'r'L −

3 H∆ηp'L Hu0q'L Hu0r'L Hep'q'r'L − Hu0p'L Hu0q'L Hu0r'L Hep'q'r'L +

2 H∆η9L H∆ηp'L Hu0q'L Hdp'r'L Hφ39r'q'L + 2 H∆η9L Hu0p'L Hu0q'L Hdp'r'L Hφ39r'q'LL
Equate foo94ãfoo97 to solve the expression of Dh9  in terms of Dha' .

foo98 = CoefficientList@tsimpp@foo94 − foo97D, re@−9DD;
Length@foo98D
2

foo98@@1DD
o H∆ηp'L H∆ηq'L Hdp'q'L + o2 H∆ηp'L H∆ηq'L H∆ηr'L Hep'q'r'L + 3 o2 H∆ηp'L H∆ηq'L Hu0r'L Hep'q'r'L
foo98@@2DD
1 + 4 o2 H∆ηp'L Hu0q'L Hdr'q'L Hdp'r'L + 2 o2 Hu0p'L Hu0q'L Hdr'q'L Hdp'r'L +
1
2
o2 Hu0p'L Hu0q'L Hdp'q'L Hφ3999L −

1
2
o Hu0p'L Hφ399p'L +

3
8
o2 Hu0p'L Hu0q'L Hφ399p'L Hφ399q'L −

2 o2 H∆ηp'L Hu0q'L Hdp'r'L Hφ39r'q'L − 2 o2 Hu0p'L Hu0q'L Hdp'r'L Hφ39r'q'L +
1
2
o2 Hu0p'L Hu0q'L Hφ39r'q'L Hφ39p'r'L −

1
4
o2 Hu0p'L Hu0q'L Hφ499p'q'L

The following foo99 gives an expression of Dh9 in terms of Dha' .

foo99 = Collect@tgets2@−xê y, x, foo98@@1DD, y, foo98@@2DDD,8re@al1D re@al2D re@al3D, re@al1D re@al2D, ru0@al3D<D
−o2 H∆ηp'L H∆ηq'L H∆ηr'L Hep'q'r'L +H∆ηp'L H∆ηq'L J−o Hdp'q'L + Hu0r'L J−3 o2 Hep'q'r'L −

1
2
o2 Hdp'q'L Hφ399r'LNN

get the coefficients of Dha' Dhb'  and  Dha' Dhb' Dhc'   for Dh9 .

foo100 = Collect@CoefficientList@foo99 ê. re@ala_D → x, xD ê. 8au1 → aua, au2 → aub,

au3 → auc, au4 → aud, al1 → ala, al2 → alb, al3 → alc, al4 → ald<, o, tsimppD90, 0, −o Hda'b'L + o2 J−3 Hu0p'L Hep'a'b'L −
1
2
Hu0p'L Hda'b'L Hφ399p'LN, −o2 Hea'b'c'L=

This is da' b'  at the projection. We denote it  d
` a' b'

=foo101.

foo101 = Collect@Simplify@−foo100@@3DDêoD, 8ru0@al1D, o<, tsimpD
da'b' + o Hu0p'L J3 Hep'a'b'L +

1
2
Hda'b'L Hφ399p'LN

RuleUnique@rule101, td@aua, aubD, foo101D
This is ea' b' c'  at the projection. We denote it èa' b' c'  = foo102.

foo102 = Simplify@−foo100@@4DDêo2D
ea'b'c'
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Now the surface is expressed in the local coordinates as Dh9 = - d
` a' b'

 Dha' Dhb' - èa' b' c' Dha' Dhb' Dhc' .

ü the expressions for the potential derivatives

the metric

DefineTensor@tp2, "φ2", 882, 1<, 1<D
PermWeight::sym :  Symmetries of φ2 assigned

PermWeight::def :  Object φ2 defined

the inverse of the metric

DefineTensor@tr2, "iφ2", 882, 1<, 1<D
PermWeight::sym :  Symmetries of iφ2 assigned

PermWeight::def :  Object iφ2 defined

phi2eta= ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ ha  ∑ hb
 is derived earlier.

phi2eta

Kdeltaab + o HηpL Hφ3pabL +
1
2
o2 HηpL HηqL Hφ4pqabL

foo110=phi2eta but hp is separated into hp'  and h9  in the summation.

foo110 = CanAll@sepa@sepa@phi2eta, l1D, l2DD
Kdeltaab + o Hη9L Hφ39abL + o Hηp'L Hφ3p'abL +
1
2
o2 Hη9L2 Hφ499abL + o2 Hη9L Hηp'L Hφ49p'abL +

1
2
o2 Hηp'L Hηq'L Hφ4p'q'abL

foo111=foo110 but hp'  and h9  are substituted by their expressions in the local coordinates.

foo111 = tgeto2@ApplyRules@foo110, 8rule93, rule94<DD
Kdeltaab + o HH∆η9L Hφ39abL + H∆ηp'L Hφ3p'abL + Hu0p'L Hφ3p'abLL +

o2 J−2 H∆ηp'L Hu0q'L Hdp'q'L Hφ39abL − Hu0p'L Hu0q'L Hdp'q'L Hφ39abL −

1
2
H∆η9L Hu0p'L Hφ399p'L Hφ39abL + 2 H∆η9L Hu0p'L Hdq'p'L Hφ3q'abL − H∆η9L Hu0p'L Hφ39q'p'LHφ3q'abL +

1
2
H∆η9L2 Hφ499abL + H∆η9L H∆ηp'L Hφ49p'abL + H∆η9L Hu0p'L Hφ49p'abL +

1
2
H∆ηp'L H∆ηq'L Hφ4p'q'abL + H∆ηp'L Hu0q'L Hφ4p'q'abL +

1
2
Hu0p'L Hu0q'L Hφ4p'q'abLN

foo112= ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ ha  ∑ hb
…h=hHu0L+BDh Ba

cHu0L Bb
dHu0L
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foo112 = foo111 tB@la, ucD tB@lb, udDHBacL HBbdL JKdeltaab + o HH∆η9L Hφ39abL + H∆ηp'L Hφ3p'abL + Hu0p'L Hφ3p'abLL +

o2 J−2 H∆ηp'L Hu0q'L Hdp'q'L Hφ39abL − Hu0p'L Hu0q'L Hdp'q'L Hφ39abL −
1
2
H∆η9L Hu0p'LHφ399p'L Hφ39abL + 2 H∆η9L Hu0p'L Hdq'p'L Hφ3q'abL − H∆η9L Hu0p'L Hφ39q'p'L Hφ3q'abL +

1
2
H∆η9L2 Hφ499abL + H∆η9L H∆ηp'L Hφ49p'abL + H∆η9L Hu0p'L Hφ49p'abL +

1
2
H∆ηp'L H∆ηq'L Hφ4p'q'abL + H∆ηp'L Hu0q'L Hφ4p'q'abL +

1
2
Hu0p'L Hu0q'L Hφ4p'q'abLNN

Separate the regular indices a and b for the summation into type-a indexes and 9's.

foo113 = CanAll@sepa@sepa@foo112, laD, lbDD;
foo114[ua,ub]= ∑2fHhLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ hp  ∑ hq

…h=hHu0L+BDh Bp
aHu0L Bq

bHu0L  is the same as foo112, but the subscripts are changed. In the below,
we substitute Ba 's by their expressions at the projection.
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foo114@ua_, ub_D = foo113 ê. 8uc → ua, ud → ub<HB9aL HB9bL + HKdelta9p'L HB9bL HBp'aL + HKdelta9p'L HB9aL HBp'bL + HKdeltap'q'L HBp'aL HBq'bL +

o H∆η9L HB9aL HB9bL Hφ3999L − 2 o2 H∆ηp'L Hu0q'L HB9aL HB9bL Hdp'q'L Hφ3999L −

o2 Hu0p'L Hu0q'L HB9aL HB9bL Hdp'q'L Hφ3999L + o H∆ηp'L HB9aL HB9bL Hφ399p'L +

o Hu0p'L HB9aL HB9bL Hφ399p'L + o H∆η9L HB9bL HBp'aL Hφ399p'L + o H∆η9L HB9aL HBp'bL Hφ399p'L −
1
2
o2 H∆η9L Hu0p'L HB9aL HB9bL Hφ3999L Hφ399p'L + 2 o2 H∆η9L Hu0p'L HB9aL HB9bL Hdq'p'L Hφ399q'L −

1
2
o2 H∆η9L Hu0p'L HB9bL HBq'aL Hφ399p'L Hφ399q'L −

1
2
o2 H∆η9L Hu0p'L HB9aL HBq'bL Hφ399p'L Hφ399q'L −

2 o2 H∆ηp'L Hu0q'L HB9bL HBr'aL Hdp'q'L Hφ399r'L −

o2 Hu0p'L Hu0q'L HB9bL HBr'aL Hdp'q'L Hφ399r'L − 2 o2 H∆ηp'L Hu0q'L HB9aL HBr'bL Hdp'q'L Hφ399r'L −

o2 Hu0p'L Hu0q'L HB9aL HBr'bL Hdp'q'L Hφ399r'L − o2 H∆η9L Hu0p'L HB9aL HB9bL Hφ399q'L Hφ39q'p'L +

o H∆ηp'L HB9bL HBq'aL Hφ39p'q'L + o Hu0p'L HB9bL HBq'aL Hφ39p'q'L +

o H∆ηp'L HB9aL HBq'bL Hφ39p'q'L + o Hu0p'L HB9aL HBq'bL Hφ39p'q'L +

o H∆η9L HBp'aL HBq'bL Hφ39p'q'L + 2 o2 H∆η9L Hu0p'L HB9bL HBq'aL Hdr'p'L Hφ39q'r'L +

2 o2 H∆η9L Hu0p'L HB9aL HBq'bL Hdr'p'L Hφ39q'r'L −
1
2
o2 H∆η9L Hu0p'L HBq'aL HBr'bL Hφ399p'L Hφ39q'r'L −

o2 H∆η9L Hu0p'L HB9bL HBq'aL Hφ39r'p'L Hφ39q'r'L −

o2 H∆η9L Hu0p'L HB9aL HBq'bL Hφ39r'p'L Hφ39q'r'L −

2 o2 H∆ηp'L Hu0q'L HBr'aL HBs'bL Hdp'q'L Hφ39r's'L −

o2 Hu0p'L Hu0q'L HBr'aL HBs'bL Hdp'q'L Hφ39r's'L + o H∆ηp'L HBq'aL HBr'bL Hφ3p'q'r'L +

o Hu0p'L HBq'aL HBr'bL Hφ3p'q'r'L + 2 o2 H∆η9L Hu0p'L HBq'aL HBr'bL Hds'p'L Hφ3q'r's'L −

o2 H∆η9L Hu0p'L HBq'aL HBr'bL Hφ39s'p'L Hφ3q'r's'L +
1
2
o2 H∆η9L2 HB9aL HB9bL Hφ49999L + o2 H∆η9L H∆ηp'L HB9aL HB9bL Hφ4999p'L +

o2 H∆η9L Hu0p'L HB9aL HB9bL Hφ4999p'L +
1
2
o2 H∆η9L2 HB9bL HBp'aL Hφ4999p'L +

1
2
o2 H∆η9L2 HB9aL HBp'bL Hφ4999p'L +

1
2
o2 H∆ηp'L H∆ηq'L HB9aL HB9bL Hφ499p'q'L +

o2 H∆ηp'L Hu0q'L HB9aL HB9bL Hφ499p'q'L +
1
2
o2 Hu0p'L Hu0q'L HB9aL HB9bL Hφ499p'q'L +

o2 H∆η9L H∆ηp'L HB9bL HBq'aL Hφ499p'q'L + o2 H∆η9L Hu0p'L HB9bL HBq'aL Hφ499p'q'L +

o2 H∆η9L H∆ηp'L HB9aL HBq'bL Hφ499p'q'L + o2 H∆η9L Hu0p'L HB9aL HBq'bL Hφ499p'q'L +
1
2
o2 H∆η9L2 HBp'aL HBq'bL Hφ499p'q'L +

1
2
o2 H∆ηp'L H∆ηq'L HB9bL HBr'aL Hφ49p'q'r'L +

o2 H∆ηp'L Hu0q'L HB9bL HBr'aL Hφ49p'q'r'L +
1
2
o2 Hu0p'L Hu0q'L HB9bL HBr'aL Hφ49p'q'r'L +

1
2
o2 H∆ηp'L H∆ηq'L HB9aL HBr'bL Hφ49p'q'r'L + o2 H∆ηp'L Hu0q'L HB9aL HBr'bL Hφ49p'q'r'L +

1
2
o2 Hu0p'L Hu0q'L HB9aL HBr'bL Hφ49p'q'r'L + o2 H∆η9L H∆ηp'L HBq'aL HBr'bL Hφ49p'q'r'L +

o2 H∆η9L Hu0p'L HBq'aL HBr'bL Hφ49p'q'r'L +
1
2
o2 H∆ηp'L H∆ηq'L HBr'aL HBs'bL Hφ4p'q'r's'L +

o2 H∆ηp'L Hu0q'L HBr'aL HBs'bL Hφ4p'q'r's'L +
1
2
o2 Hu0p'L Hu0q'L HBr'aL HBs'bL Hφ4p'q'r's'L

foo115=foo114[aua,aub]
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foo115 =

tgeto2@ApplyRules@foo114@aua, aubD, 8rule3, rule4, rule15, rule16<D ê. ru → ru0D
Kdeltaa'b' + o HH∆η9L Hφ39a'b'L + H∆ηp'L Hφ3p'a'b'L + Hu0p'L Hφ3p'a'b'LL +

o2 J4 Hu0p'L Hu0q'L Hdp'a'L Hdq'b'L − 2 H∆η9L Hu0p'L Hdp'b'L Hφ399a'L −

2 H∆η9L Hu0p'L Hdp'a'L Hφ399b'L − 2 H∆ηp'L Hu0q'L Hdq'b'L Hφ39p'a'L −

2 H∆ηp'L Hu0q'L Hdq'a'L Hφ39p'b'L − 2 Hu0p'L Hu0q'L Hdp'b'L Hφ39q'a'L −

2 Hu0p'L Hu0q'L Hdp'a'L Hφ39q'b'L − 2 H∆ηp'L Hu0q'L Hdp'q'L Hφ39a'b'L −Hu0p'L Hu0q'L Hdp'q'L Hφ39a'b'L −
1
2
H∆η9L Hu0p'L Hφ399p'L Hφ39a'b'L +

2 H∆η9L Hu0p'L Hdq'p'L Hφ3q'a'b'L − H∆η9L Hu0p'L Hφ39q'p'L Hφ3q'a'b'L +
1
2
H∆η9L2 Hφ499a'b'L + H∆η9L H∆ηp'L Hφ49p'a'b'L + H∆η9L Hu0p'L Hφ49p'a'b'L +

1
2
H∆ηp'L H∆ηq'L Hφ4p'q'a'b'L + H∆ηp'L Hu0q'L Hφ4p'q'a'b'L +

1
2
Hu0p'L Hu0q'L Hφ4p'q'a'b'LN

check if foo115 is consistent with ph2bu obtained earlier.

tsimpp@tsimp@foo115 ê. 8re@la_D → 0, ru0 → ru<D − phi2buD
0

foo116=foo114[9,aua]

foo116 = tgeto2@ApplyRules@foo114@9, auaD, 8rule3, rule4, rule15, rule16<D ê. ru → ru0D
o HH∆η9L Hφ399a'L + H∆ηp'L Hφ39p'a'LL +

o2 J−2 H∆η9L Hu0p'L Hdp'a'L Hφ3999L − 2 H∆ηp'L Hu0q'L Hdq'a'L Hφ399p'L +

2 Hu0p'L Hu0q'L Hdq'a'L Hφ399p'L − 2 Hu0p'L Hu0q'L Hdp'a'L Hφ399q'L −

2 H∆ηp'L Hu0q'L Hdp'q'L Hφ399a'L − H∆η9L Hu0p'L Hφ399p'L Hφ399a'L −
1
2
H∆ηp'L Hu0q'L Hφ399q'L Hφ39p'a'L +

1
2
Hu0p'L Hu0q'L Hφ399q'L Hφ39p'a'L +

4 H∆η9L Hu0p'L Hdq'p'L Hφ39q'a'L −
1
2
Hu0p'L Hu0q'L Hφ399p'L Hφ39q'a'L −

2 H∆η9L Hu0p'L Hφ39q'p'L Hφ39q'a'L + 2 H∆ηp'L Hu0q'L Hdr'q'L Hφ3p'r'a'L −

2 Hu0p'L Hu0q'L Hdr'q'L Hφ3p'r'a'L − H∆ηp'L Hu0q'L Hφ39r'q'L Hφ3p'r'a'L +Hu0p'L Hu0q'L Hφ39r'q'L Hφ3p'r'a'L + 2 Hu0p'L Hu0q'L Hdr'p'L Hφ3q'r'a'L −Hu0p'L Hu0q'L Hφ39r'p'L Hφ3q'r'a'L +
1
2
H∆η9L2 Hφ4999a'L + H∆η9L H∆ηp'L Hφ499p'a'L +H∆η9L Hu0p'L Hφ499p'a'L +

1
2
H∆ηp'L H∆ηq'L Hφ49p'q'a'L + H∆ηp'L Hu0q'L Hφ49p'q'a'LN

foo117=foo114[9,9]

foo117 = tgeto2@ApplyRules@foo114@9, 9D, 8rule3, rule4, rule15, rule16<D ê. ru → ru0D
1 + o HH∆η9L Hφ3999L + H∆ηp'L Hφ399p'LL +

o2 J−2 H∆ηp'L Hu0q'L Hdp'q'L Hφ3999L −
3
2
H∆η9L Hu0p'L Hφ3999L Hφ399p'L +

6 H∆η9L Hu0p'L Hdq'p'L Hφ399q'L − H∆ηp'L Hu0q'L Hφ399p'L Hφ399q'L −

3 H∆η9L Hu0p'L Hφ399q'L Hφ39q'p'L − 2 Hu0p'L Hu0q'L Hdp'r'L Hφ39r'q'L +

4 H∆ηp'L Hu0q'L Hdr'q'L Hφ39p'r'L − 2 Hu0p'L Hu0q'L Hdr'q'L Hφ39p'r'L −

2 H∆ηp'L Hu0q'L Hφ39r'q'L Hφ39p'r'L + 2 Hu0p'L Hu0q'L Hφ39r'q'L Hφ39p'r'L +

4 Hu0p'L Hu0q'L Hdr'p'L Hφ39q'r'L − 2 Hu0p'L Hu0q'L Hφ39r'p'L Hφ39q'r'L +
1
2
H∆η9L2 Hφ49999L + H∆η9L H∆ηp'L Hφ4999p'L + H∆η9L Hu0p'L Hφ4999p'L +

1
2
H∆ηp'L H∆ηq'L Hφ499p'q'L + H∆ηp'L Hu0q'L Hφ499p'q'LN
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Now obtain the coefficients in terms of Dha  for foo115,foo116,foo117.

goo118 = 881, 1 êo, 2êo2<, 81êo, 1êo2, 2 êo3<, 82êo2, 2 êo3, 4 êo4<<;
goo118 êê MatrixFormi
kjjjjjjjjjjj

1 1
o

2
o2

1
o

1
o2

2
o3

2
o2

2
o3

4
o4

y
{zzzzzzzzzzz

foo118 =

Collect@CoefficientList@foo115 ê. 8re@−9D → D9, re@ala_D → DA<, 8DA, D9<D ∗ goo118,

o, tsimpp@CanAll@# ê. 8au1 → auc, au2 → aud, au3 → aue, au4 → auf,

au5 → aug, al1 → alc, al2 → ald, al3 → ale, al4 → alf, al5 → alg<DD &D;
Symmetries may be inconsistent.

foo119 =

Collect@CoefficientList@foo116 ê. 8re@−9D → D9, re@ala_D → DA<, 8DA, D9<D∗goo118,

o, tsimpp@CanAll@# ê. 8au1 → auc, au2 → aud, au3 → aue, au4 → auf,

au5 → aug, al1 → alc, al2 → ald, al3 → ale, al4 → alf, al5 → alg<DD &D;
foo120 =

Collect@CoefficientList@foo117 ê. 8re@−9D → D9, re@ala_D → DA<, 8DA, D9<D∗goo118,

o, tsimpp@CanAll@# ê. 8au1 → auc, au2 → aud, au3 → aue, au4 → auf,

au5 → aug, al1 → alc, al2 → ald, al3 → ale, al4 → alf, al5 → alg<DD &D;
Dimensions@foo118D83, 3<
Dimensions@foo119D83, 3<
Dimensions@foo120D83, 3<
foo121 = 8foo118, foo119, foo120<;

ü Geometric quantities at the projection

f
` a' b'

foo121@@1, 1, 1DD
Kdeltaa'b' + o Hu0p'L Hφ3p'a'b'L +

o2 J4 Hu0p'L Hu0q'L Hdp'a'L Hdq'b'L − 2 Hu0p'L Hu0q'L Hdp'b'L Hφ39q'a'L − 2 Hu0p'L Hu0q'LHdp'a'L Hφ39q'b'L − Hu0p'L Hu0q'L Hdp'q'L Hφ39a'b'L +
1
2
Hu0p'L Hu0q'L Hφ4p'q'a'b'LN

RuleUnique@rule121Pab, tp2@aua_, aub_D, foo121@@1, 1, 1DDD
f
` 9 a'
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foo121@@2, 1, 1DD
0

RuleUnique@rule121P9a, tp2@9, aua_D, foo121@@2, 1, 1DDD
f
` 99

foo121@@3, 1, 1DD
1

RuleUnique@rule121P99, tp2@9, 9D, foo121@@3, 1, 1DDD
f
` a' b' c'

foo121@@1, 2, 1DD
φ3a'b'c' + o H−2 Hu0p'L Hdp'c'L Hφ39a'b'L −

2 Hu0p'L Hdp'b'L Hφ39a'c'L − 2 Hu0p'L Hdp'a'L Hφ39b'c'L + Hu0p'L Hφ4p'a'b'c'LL
RuleUnique@rule121Pabc, tp3@aua_, aub_, auc_D, foo121@@1, 2, 1DDD

f
` 9 a' b'

foo121@@1, 1, 2DD
φ39a'b' + o J−2 Hu0p'L Hdp'b'L Hφ399a'L − 2 Hu0p'L Hdp'a'L Hφ399b'L −

1
2
Hu0p'L Hφ399p'L Hφ39a'b'L +

2 Hu0p'L Hdq'p'L Hφ3q'a'b'L − Hu0p'L Hφ39q'p'L Hφ3q'a'b'L + Hu0p'L Hφ49p'a'b'LNHfoo121@@2, 2, 1DD ê. auc → aubL − foo121@@1, 1, 2DD
0

RuleUnique@rule121P9ab, tp3@9, aua_, aub_D, foo121@@1, 1, 2DDD
f
` 99 a'

foo121@@2, 1, 2DD
φ399a' + o H−2 Hu0p'L Hdp'a'L Hφ3999L − Hu0p'L Hφ399p'L Hφ399a'L +

4 Hu0p'L Hdq'p'L Hφ39q'a'L − 2 Hu0p'L Hφ39q'p'L Hφ39q'a'L + Hu0p'L Hφ499p'a'LLHfoo121@@3, 2, 1DD ê. auc → auaL − foo121@@2, 1, 2DD
0

RuleUnique@rule121P99a, tp3@9, 9, aua_D, foo121@@2, 1, 2DDD
f
` 999

foo121@@3, 1, 2DD
φ3999 + o J−

3
2
Hu0p'L Hφ3999L Hφ399p'L +

6 Hu0p'L Hdq'p'L Hφ399q'L − 3 Hu0p'L Hφ399q'L Hφ39q'p'L + Hu0p'L Hφ4999p'LN
RuleUnique@rule121P999, tp3@9, 9, 9D, foo121@@3, 1, 2DDD
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f
` a' b' c' d '

foo121@@1, 3, 1DD
φ4a'b'c'd'

RuleUnique@rule121Pabcd, tp4@aua_, aub_, auc_, aud_D, foo121@@1, 3, 1DDD
f
` 9 a' b' c'

foo121@@1, 2, 2DD
φ49a'b'c'

foo121@@2, 3, 1DD ê. 8auc → aub, aud → auc<
φ49a'b'c'

RuleUnique@rule121P9abc, tp4@9, aua_, aub_, auc_D, foo121@@1, 2, 2DDD
f
` 99 a' b'

foo121@@1, 1, 3DD
φ499a'b'

foo121@@2, 2, 2DD ê. 8auc → aub<
φ499a'b'

foo121@@3, 3, 1DD ê. 8auc → aua, aud → aub<
φ499a'b'

RuleUnique@rule121Pabcd, tp4@9, 9, aua_, aub_D, foo121@@1, 1, 3DDD
f
` 999 a'

foo121@@2, 1, 3DD
φ4999a'

foo121@@3, 2, 2DD ê. auc → aua

φ4999a'

RuleUnique@rule121P999a, tp4@9, 9, 9, aua_D, foo121@@2, 1, 3DDD
f
` 9999

foo121@@3, 1, 3DD
φ49999

RuleUnique@rule121P9999, tp4@9, 9, 9, 9D, foo121@@3, 1, 3DDD
zero terms
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8foo121@@1, 3, 2DD, foo121@@1, 2, 3DD, foo121@@1, 3, 3DD<80, 0, 0<8foo121@@2, 3, 2DD, foo121@@2, 2, 3DD, foo121@@2, 3, 3DD<80, 0, 0<8foo121@@3, 3, 2DD, foo121@@3, 2, 3DD, foo121@@3, 3, 3DD<80, 0, 0<
A=f

` a' b'
- da' b'

DefineTensor@t125, "A", 882, 1<, 1<D
PermWeight::sym :  Symmetries of A assigned

PermWeight::def :  Object A defined

foo125 = ApplyRules@tp2@aua, aubD, rule121PabD − Kdelta@aua, aubD
4 o2 Hu0p'L Hu0q'L Hdp'a'L Hdq'b'L − 2 o2 Hu0p'L Hu0q'L Hdp'b'L Hφ39q'a'L −

2 o2 Hu0p'L Hu0q'L Hdp'a'L Hφ39q'b'L − o2 Hu0p'L Hu0q'L Hdp'q'L Hφ39a'b'L +

o Hu0p'L Hφ3p'a'b'L +
1
2
o2 Hu0p'L Hu0q'L Hφ4p'q'a'b'L

RuleUnique@rule125, t125@aua_, aub_D, foo125D
foo130=A2

foo130 = tgeto2@ApplyRules@t125@aua, aucD Kdelta@alc, aldD t125@aud, aubD, rule125DD ê.8aua → ala, aub → alb<
o2 Hu0p'L Hu0q'L Hφ3r'a'p'L Hφ3b'q'r'L

foo131=HI + AL-1 = I - A + A2 =the inverse of the metric=f
`

a' b' = Hf` a' b'L-1
.

foo131 =

Collect@Kdelta@ala, albD − ApplyRules@t125@ala, albD, rule125D + foo130, o, tsimppD
Symmetries may be inconsistent.

Kdeltaa'b' − o Hu0p'L Hφ3a'b'p'L +

o2 J−4 Hu0p'L Hu0q'L Hda'p'L Hdb'q'L + Hu0p'L Hu0q'L Hdp'q'L Hφ39a'b'L +

2 Hu0p'L Hu0q'L Hdb'p'L Hφ39a'q'L + 2 Hu0p'L Hu0q'L Hda'p'L Hφ39b'q'L +Hu0p'L Hu0q'L Hφ3r'a'p'L Hφ3b'q'r'L −
1
2
Hu0p'L Hu0q'L Hφ4a'b'p'q'LN

RuleUnique@rule131, tr2@ala_, alb_D, foo131D
foo132 = if2a' b' d

` a' b'
 substitutes da' b' da' b' at the projection.

tr2@ala, albD td@aua, aubDHda'b'L Hiφ2a'b'L
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foo132 =

tsimpp@tgeto2@ApplyRules@o tr2@ala, albD td@aua, aubD, 8rule101, rule131<DDêoD
dp'p' + 3 o Hu0p'L Heq'p'q'L +

1
2
o Hu0p'L Hdq'q'L Hφ399p'L − o Hu0p'L Hdq'r'L Hφ3q'r'p'L

RuleUnique@rule132, td@ala_, aua_D, foo132, PairaQ@ala, auaDD
Here we summarize the substitution rules for the projection for the derivatives. Here only discuss OHn-1ê2L terms. This
includes f999, da' a' .

rulesproj = 8rule121P999, rule132<;
ü zc-formula

zformulau0 = Collect@tgeto2@ApplyRules@zformula, rulesprojDD, 8o, ru0@al1D, w, v0<D
−v0 + w +

o J−cr@0D − dp'p' + w2 J−cr@2D +
1
6
Hφ3999LN −

1
6
Hφ3999L −

1
3
v02 Hφ3999L +

1
6
v0 w Hφ3999LN +

o2 Jv03 J 1
18

Hφ3999L2 +
1
8
Hφ399p'L Hφ399p'L −

1
8
Hφ49999LN +

v0 JHdp'q'L Hdq'p'L −
1
6
cr@0D Hφ3999L −

1
6
Hdp'p'L Hφ3999L +

5
72

Hφ3999L2 +
1
8
Hφ399p'LHφ399p'L −

1
24

Hφ49999LN + v0 w2 J−
1
6
cr@2D Hφ3999L −

1
24

Hφ3999L2 +
1
24

Hφ49999LN +

w3 J−cr@3D −
1
3
cr@2D Hφ3999L −

1
72

Hφ3999L2 +
1
24

Hφ49999LN +Hu0p'L J−3 Heq'p'q'L −
1
2
Hdq'q'L Hφ399p'L +

1
4
Hφ3999L Hφ399p'L −Hdq'p'L Hφ399q'L +

1
2
Hφ399q'L Hφ39q'p'L + Hdq'r'L Hφ3q'r'p'L +

v02 J 1
2
Hφ3999L Hφ399p'L − 2 Hdq'p'L Hφ399q'L + Hφ399q'L Hφ39q'p'L −

1
3
Hφ4999p'LN +

v0 w J−
1
4
Hφ3999L Hφ399p'L + Hdq'p'L Hφ399q'L −

1
2
Hφ399q'L Hφ39q'p'L +

1
6
Hφ4999p'LN +

w2 J−
1
4
Hφ3999L Hφ399p'L + Hdq'p'L Hφ399q'L −

1
2
Hφ399q'L Hφ39q'p'L +

1
6
Hφ4999p'LN −

1
6
Hφ4999p'LN + w J−cr@1D + Hdp'q'L Hdq'p'L −

1
3
cr@0D Hφ3999L +

1
6
Hdp'p'L Hφ3999L +

13
72

Hφ3999L2 +
1
2
Hφ399p'L Hφ399p'L − Hdp'q'L Hφ39p'q'L +

1
2
Hφ39p'q'L Hφ39q'p'L +

v02 J−
1
8
Hφ399p'L Hφ399p'L +

1
24

Hφ49999LN −
1
8
Hφ49999L −

1
4
Hφ499p'p'LNN
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zformulatauu0 =

Collect@tgeto2@ApplyRules@zformulatau, rulesprojDD, 8tau, o, ru0@al1D, w, v0<D
1
tau

 J−v0 + w + o J−cr@0D + w2 J−cr@2D +
1
6
Hφ3999LN −

1
3
v02 Hφ3999L +

1
6
v0 w Hφ3999LN +

o2 J−
1
6
v0 cr@0D Hφ3999L +

w J−cr@1D −
1
3
cr@0D Hφ3999L + v02 J−

1
8
Hφ399p'L Hφ399p'L +

1
24

Hφ49999LNN +

v03 J 1
18

Hφ3999L2 +
1
8
Hφ399p'L Hφ399p'L −

1
8
Hφ49999LN +

v0 w2 J−
1
6
cr@2D Hφ3999L −

1
24

Hφ3999L2 +
1
24

Hφ49999LN +

w3 J−cr@3D −
1
3
cr@2D Hφ3999L −

1
72

Hφ3999L2 +
1
24

Hφ49999LN +Hu0p'L Jv02 J 12 Hφ3999L Hφ399p'L − 2 Hdq'p'L Hφ399q'L + Hφ399q'L Hφ39q'p'L −
1
3
Hφ4999p'LN +

v0 w J−
1
4
Hφ3999L Hφ399p'L + Hdq'p'L Hφ399q'L −

1
2
Hφ399q'L Hφ39q'p'L +

1
6
Hφ4999p'LN +

w2 J−
1
4
Hφ3999L Hφ399p'L + Hdq'p'L Hφ399q'L −

1
2
Hφ399q'L Hφ39q'p'L +

1
6
Hφ4999p'LNNNN +

tau Jo J−Hdp'p'L −
1
6
Hφ3999LN + o2 Jv0 JHdp'q'L Hdq'p'L −

1
6
Hdp'p'L Hφ3999L +

5
72

Hφ3999L2 +
1
8
Hφ399p'L Hφ399p'L −

1
24

Hφ49999LN +Hu0p'L J−3 Heq'p'q'L −
1
2
Hdq'q'L Hφ399p'L +

1
4
Hφ3999L Hφ399p'L − Hdq'p'L Hφ399q'L +

1
2
Hφ399q'L Hφ39q'p'L + Hdq'r'L Hφ3q'r'p'L −

1
6
Hφ4999p'LN +

w JHdp'q'L Hdq'p'L +
1
6
Hdp'p'L Hφ3999L +

13
72

Hφ3999L2 +
1
2
Hφ399p'L Hφ399p'L −Hdp'q'L Hφ39p'q'L +

1
2
Hφ39p'q'L Hφ39q'p'L −

1
8
Hφ49999L −

1
4
Hφ499p'p'LNNN
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InputForm@zformulatauu0D
(-v0 + w + o*(-cr[0] + w^2*(-cr[2] + tp3[9, 9, 9]/6) - 
     (v0^2*tp3[9, 9, 9])/3 + (v0*w*tp3[9, 9, 9])/6) + 
   o^2*(-(v0*cr[0]*tp3[9, 9, 9])/6 + 
     w*(-cr[1] - (cr[0]*tp3[9, 9, 9])/3 + 
       v0^2*(-(tp3[9, 9, al1]*tp3[9, 9, au1])/8 + 
         tp4[9, 9, 9, 9]/24)) + v0^3*(tp3[9, 9, 9]^2/18 + 
       (tp3[9, 9, al1]*tp3[9, 9, au1])/8 - tp4[9, 9, 9, 9]/8) + 
     v0*w^2*(-(cr[2]*tp3[9, 9, 9])/6 - tp3[9, 9, 9]^2/24 + 
       tp4[9, 9, 9, 9]/24) + w^3*(-cr[3] - (cr[2]*tp3[9, 9, 9])/3 - 
       tp3[9, 9, 9]^2/72 + tp4[9, 9, 9, 9]/24) + 
     ru0[al1]*(v0^2*((tp3[9, 9, 9]*tp3[9, 9, au1])/2 - 
         2*td[al2, au1]*tp3[9, 9, au2] + tp3[9, 9, au2]*
          tp3[9, al2, au1] - tp4[9, 9, 9, au1]/3) + 
       v0*w*(-(tp3[9, 9, 9]*tp3[9, 9, au1])/4 + 
         td[al2, au1]*tp3[9, 9, au2] - 
         (tp3[9, 9, au2]*tp3[9, al2, au1])/2 + tp4[9, 9, 9, au1]/
          6) + w^2*(-(tp3[9, 9, 9]*tp3[9, 9, au1])/4 + 
         td[al2, au1]*tp3[9, 9, au2] - 
         (tp3[9, 9, au2]*tp3[9, al2, au1])/2 + tp4[9, 9, 9, au1]/
          6))))/tau + tau*(o*(-td[al1, au1] - tp3[9, 9, 9]/6) + 
   o^2*(v0*(td[al1, au2]*td[al2, au1] - (td[al1, au1]*tp3[9, 9, 9])/
        6 + (5*tp3[9, 9, 9]^2)/72 + (tp3[9, 9, al1]*tp3[9, 9, au1])/
        8 - tp4[9, 9, 9, 9]/24) + ru0[al1]*(-3*te[al2, au1, au2] - 
       (td[al2, au2]*tp3[9, 9, au1])/2 + 
       (tp3[9, 9, 9]*tp3[9, 9, au1])/4 - td[al2, au1]*
        tp3[9, 9, au2] + (tp3[9, 9, au2]*tp3[9, al2, au1])/2 + 
       td[au2, au3]*tp3[al2, al3, au1] - tp4[9, 9, 9, au1]/6) + 
     w*(td[al1, au2]*td[al2, au1] + (td[al1, au1]*tp3[9, 9, 9])/6 + 
       (13*tp3[9, 9, 9]^2)/72 + (tp3[9, 9, al1]*tp3[9, 9, au1])/2 - 
       td[au1, au2]*tp3[9, al1, al2] + 
       (tp3[9, al1, au2]*tp3[9, al2, au1])/2 - tp4[9, 9, 9, 9]/8 - 
       tp4[9, 9, al1, au1]/4)))

We confirm that zformula depends on u0a' only linearly, and the term is only OHn-1L.
Collect@Coefficient@zformulatauu0, ru0@al1DD, 8o, tau<D
o2 Jtau J−3 Heq'p'q'L −

1
2
Hdq'q'L Hφ399p'L +

1
4
Hφ3999L Hφ399p'L −Hdq'p'L Hφ399q'L +

1
2
Hφ399q'L Hφ39q'p'L + Hdq'r'L Hφ3q'r'p'L −

1
6
Hφ4999p'LN +

1
tau

 J 1
2
v02 Hφ3999L Hφ399p'L −

1
4
v0 w Hφ3999L Hφ399p'L −

1
4
w2 Hφ3999L Hφ399p'L −

2 v02 Hdq'p'L Hφ399q'L + v0 w Hdq'p'L Hφ399q'L + w2 Hdq'p'L Hφ399q'L +

v02 Hφ399q'L Hφ39q'p'L −
1
2
v0 w Hφ399q'L Hφ39q'p'L −

1
2
w2 Hφ399q'L Hφ39q'p'L −

1
3
v02 Hφ4999p'L +

1
6
v0 w Hφ4999p'L +

1
6
w2 Hφ4999p'LNN

Bootstrap Methods

In this part, the asymptotic accuracies of several bootstrap methods are discussed. We use the zc-formula obtained in
the previous part.

à Startup

This section initializes the Mathematica session.
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ü packages

<< Statistics`ContinuousDistributions`

ü error messages

Off@General::spell1D
ü distribution functions

gammadist@x_, m_, α_D := PDF@GammaDistribution@m, αD, xD
Gammadist@x_, m_, α_D := CDF@GammaDistribution@m, αD, xD
f@x_D := PDF@NormalDistribution@0, 1D, xD
F@x_D := CDF@NormalDistribution@0, 1D, xD
Q@x_D := Quantile@NormalDistribution@0, 1D, xD
Chidist@x_, 8di_, nc_<D := CDF@NoncentralChiSquareDistribution@di, ncD, xD

à Asymptotic Analysis of Bootstrap Methods

This section calculates the distribution functions of several bootstrap methods for showing their asymptotic accuracies
in  terms of  the unbiasedness  of  hypothesis  testing of  the region R.  The calculations are  based on  the zc-formula
obtained in the previous part. We first define a pivot statistic and shows its third-order accuracy. The bootstrap probabil-
ity is first-order accurate, the double bootstrap is second-order accurate, and the two-level bootstrap is second-order
accurate.

ü preliminary

The  zc-formula  is  given  in  zc[w,cc,v0,tau]=zformtau=zcHw; v0, tauL = F-1@Pr 8W § w; v0, tau<D ,  where
cc={c0,c1,c2,c3}  specifies  the  modified  signed  distance  w.  The  signed distance v  is  expressed  in  terms of  w by
v = w - ⁄r=0

3 cr wr ,  or  in  the  inverse  series  w = v - ⁄r=0
3 cbr vr .  We write  the  coefficients  cb0 = cb0, cb1 = cb1,  or

c0 = c0, c1 = c1, etc. The rule to calculate {c0,c1,c2,c3} in terms of {cb0,cb1,cb2,cb3} is given in "rulecc2cb" or in
cb2cc function. The function zq2cc[exp] calculates the {c0,c1,c2,c3} from the polynomial of w in terms of v.

ü simplification functions

Ignore OHn-3ê2L  terms for scalar

geto2@exp_D := Sum@Simplify@Coefficient@exp, o, iDD oi, 8i, −1, 2<D
Series expansion for scalar ignoring OHn-3ê2L terms.

gets2@exp_D := geto2@Series@exp, 8o, 0, 2<DD
geto@exp_, n_D := Sum@Simplify@Coefficient@exp, o, iDD oi, 8i, −1, n<D
gets@exp_, n_D := geto@Series@exp, 8o, 0, n<D, nD
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ü zc-formula

zc[w,cc,v0,tau]=zformtau  is  zcHw; v0, tauL = F-1@Pr 8W § w; v0, tau<D ,  where  u0a' is  assumed  zero.  The  coefficients
cc={c0,c1,c2,c3} specify the modified signed distance w. We do not need to use the more general zformulatauu0 in
which u0a' ∫ 0, because the u0 terms contribute only OHn-3ê2L  in our calculation below.

zc@w_, 8c0_, c1_, c2_, c3_<, v0_, tau_D =

tau∗Ho∗ H−Daa − P999ê 6L + o^2∗HHDab2 − HDaa∗P999Lê 6 + H5∗P999^2Lê72 −

P9999ê24 + P99a2ê8L∗v0 + HDab2 − DabP9ab + HDaa∗P999Lê6 +H13∗P999^2Lê 72 − P9999ê8 + P99a2ê2 − P99aaê4 + P9ab2ê2L∗wLL +H−v0 + w + o∗ H−c0 − HP999∗ v0^2Lê3 + HP999∗v0∗wLê 6 + H−c2 + P999ê6L∗w^2L +

o^2∗H−Hc0∗P999∗ v0Lê6 + HP999^2 ê18 − P9999ê8 + P99a2ê8L∗v0^3 +H−c1 − Hc0∗P999Lê3 + HP9999ê24 − P99a2ê8L∗v0^2L∗w +H−Hc2∗P999Lê6 − P999^2ê24 + P9999ê24L∗v0∗w^2 +H−c3 − Hc2∗P999Lê3 − P999^2ê72 + P9999ê24L∗w^3LLêtau
tau ikjjjo J−Daa −

P999
6

N + o2 ikjjjikjjjDab2 −
Daa P999

6
+
5 P9992

72
−
P9999
24

+
P99a2
8

y{zzz v0 +ikjjjDab2 − DabP9ab +
Daa P999

6
+
13 P9992

72
−
P9999
8

+
P99a2
2

−
P99aa
4

+
P9ab2
2

y{zzz wy{zzzy{zzz +

1
tau

 ikjjj−v0 + w + o ikjjj−c0 −
P999 v02

3
+
P999 v0 w

6
+ J−c2 +

P999
6

N w2y{zzz + o2 ikjjj−
1
6
c0 P999 v0 +ikjjj P999218

−
P9999
8

+
P99a2
8

y{zzz v03 + J−c1 −
c0 P999

3
+ J P9999

24
−
P99a2
8

N v02N w +ikjjj−
c2 P999

6
−
P9992

24
+
P9999
24

y{zzz v0 w2 + ikjjj−c3 −
c2 P999

3
−
P9992

72
+
P9999
24

y{zzz w3y{zzzy{zzz
ü modified signed distance

{c0,c1,c2,c3} are represented by {cb0,cb1,cb2,cb3}

rulecc2cb = 8c0 → cb0, c1 → cb1 − 2 cb0 cb2, c2 → cb2, c3 → −2 cb22 + cb3<;
coef2cb@coef_D := Expand@Simplify@Hcoef − 80, 1, 0, 0<Lê8o, o2, o, o2<DD
cb2cc@8cb0_, cb1_, cb2_, cb3_<D :=

Expand@Simplify@8cb0, cb1 − 2 cb0 cb2, cb2, −2 cb22 + cb3<DD;
zq2cc@exp_D := cb2cc@coef2cb@PadRight@CoefficientList@exp, vD, 4DDD

ü the pivot and some existing bootstrap methods

The pivot is defined as z8[v]=z̀¶H0, vL = -F-1HPr 8V ¥ v; v0 = 0LL=zc[v,{0,0,0,0},0,1].  cbr 's and cr 's are in cbz8 and
ccz8 respectively for z8[v].   We define zq[v]=z̀qH0, vL=z8[v] + q0 + q1 v + q2 v2 + q3 v3 ,  where the coefficients
qq={q0,q1,q2,q3} specify the zq[v]. zq2qq calculates qq from any z-value. cbr 's and cr 's are in cbzq and cczq respec-
tively  for  zq[v].  The  distribution  function  of  zq  is  obtained  as
Pr 8zq@V D § w; v0, tau<=F{zfzq[w,{q0,q1,q2,q3},v0,tau]}.  We  observe  that  zfzq[w,{0,0,0,0},0,1]=w,  and  thus  the
distribution function of z8 under v0=0 is Pr{Z8§w;0,1)=F(w).

The bootstrap probability is aè 1H0, v, tau1L = Pr 8V § 0; v0 = v, tau1<  for  y=h(0,v),  and the corresponding z-value is
z1[v,tau1]=zè1H0, v, tau1L = -F-1Haè 1H0, v, tau1LL=-zc[0,{0,0,0,0},v,tau1].  For  tau1=1,  we  define  z̀0 =z0[v]=z1[v,1],
which can be regarded as another w. For general tau1, w1=tau1 z1[v,tau1] is regarded as another w with cbr 's being
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cbw1 and cr 's being ccw1, and the distribution function is expressed as Pr 8W1 § w; v0, tau< = FHzfw1L . For tau=1 and
tau1=1,  we  have  Pr 9Z` 0 § w; v0, tau = 1= = F 8zfz0@w, v0D< ,  which  becomes  zfz0@w, 0D = w + OHn-1ê2L  under  v0=0,
showing the first-order accuracy of z0[v].

The  z-value  of  the  double  bootstrap  probability  is  zd@vD = -F-1APr 9Z` 0 § z̀0HvL; v0 = 0=E ,  and  we  observe  that
z8[v]=zd[v], showing the double bootstrap asymptotically equivalent to the third-order accurate pivot statistic up to
OHn-1L  terms.

The ABC formula is given in abcformula[v,ac]. The z-value of the two-level bootstrap method is calculated in za[v]. Its
qi 's  are  in  qqza.  The distribution function  of  za[v]   under  tau=1 is  Pr{za[V]§w;v0,1}=F[zfzq[w,qqza,v0,1]].  This
becomes w + OHn-1L  for v0=0, showing the second-order accuracy of the two-level bootstrap.

ü pivot statistic

We define à¶H0, vL = Pr 8V ¥ v; v0 = 0L , and the corresponding z-value z̀¶H0, vL = -F-1Hà¶H0, vLL.  We denote this z-
value as z8[v]=zc[v,{0,0,0,0},0,1].

z8@v_D = Collect@zc@v, 80, 0, 0, 0<, 0, 1D, 8o, v<D
v + o J−Daa −

P999
6

+
P999 v2

6
N +

o2 ikjjjikjjjDab2 − DabP9ab +
Daa P999

6
+
13 P9992

72
−
P9999
8

+
P99a2
2

−
P99aa
4

+
P9ab2
2

y{zzz v +ikjjj−
P9992

72
+
P9999
24

y{zzz v3y{zzz
cbz8 = coef2cb@CoefficientList@z8@vD, vDD9−Daa −

P999
6

, Dab2 − DabP9ab +
Daa P999

6
+
13 P9992

72
−
P9999
8

+
P99a2
2

−
P99aa
4

+
P9ab2
2

,

P999
6

, −
P9992

72
+
P9999
24

=
ccz8 = cb2cc@cbz8D9−Daa −

P999
6

, Dab2 − DabP9ab +
Daa P999

2
+
17 P9992

72
−
P9999
8

+
P99a2
2

−
P99aa
4

+
P9ab2
2

,

P999
6

, −
5 P9992

72
+
P9999
24

=
We slightly alter z8[v] and denoted zq[v]=z̀qH0, vL  below. 

zq@v_, 8q0_, q1_, q2_, q3_<D = z8@vD + o q0 + o2 q1 v + o q2 v2 + o2 q3 v3;

Here we define a function to collect qi 's for later use

zq2qq@zz_D :=

Expand@Simplify@PadRight@CoefficientList@zz − z8@vD, vD, 4Dê8o, o2, o, o2<DD
check if this is correct.

zq2qq@zq@v, 8q0, q1, q2, q3<DD8q0, q1, q2, q3<
Now we continue to calculate the distribution function of zq[v]
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cbzq = coef2cb@CoefficientList@zq@v, 8q0, q1, q2, q3<D, vDD9−Daa −
P999
6

+ q0,

Dab2 − DabP9ab +
Daa P999

6
+
13 P9992

72
−
P9999
8

+
P99a2
2

−
P99aa
4

+
P9ab2
2

+ q1,

P999
6

+ q2, −
P9992

72
+
P9999
24

+ q3=
cczq = cb2cc@cbzqD9−Daa −

P999
6

+ q0, Dab2 − DabP9ab +
Daa P999

2
+
17 P9992

72
−
P9999
8

+

P99a2
2

−
P99aa
4

+
P9ab2
2

−
P999 q0

3
+ q1 + 2 Daa q2 +

P999 q2
3

− 2 q0 q2,

P999
6

+ q2, −
5 P9992

72
+
P9999
24

−
2 P999 q2

3
− 2 q22 + q3=

The distribution function of zq is obtained here. Pr 8zq@V D § w; v0, tau<=F{zfzq[w,{q0,q1,q2,q3},v0,tau]}.

zfzq@w_, 8q0_, q1_, q2_, q3_<, v0_, tau_D =

Collect@zc@w, cczq, v0, tauD, 8o, w, v0<, ExpandD
−

v0
tau

+
w
tau

+ o ikjjj Daatau
+

P999
6 tau

−
q0
tau

− Daa tau −
P999 tau

6
−
P999 v02

3 tau
+
P999 v0 w
6 tau

−
q2 w2

tau
y{zzz +

o2 ikjjjikjjj Daa P9996 tau
+

P9992

36 tau
−
P999 q0
6 tau

+ Dab2 tau −
Daa P999 tau

6
+

5 P9992 tau
72

−
P9999 tau

24
+
P99a2 tau

8
y{zzz v0 + ikjjj P9992

18 tau
−
P9999
8 tau

+
P99a2
8 tau

y{zzz v03 +ikjjj−
Dab2
tau

+
DabP9ab
tau

−
Daa P999
6 tau

−
13 P9992

72 tau
+
P9999
8 tau

−
P99a2
2 tau

+
P99aa
4 tau

−
P9ab2
2 tau

−
q1
tau

−

2 Daa q2
tau

−
P999 q2
3 tau

+
2 q0 q2
tau

+ Dab2 tau − DabP9ab tau +
Daa P999 tau

6
+
13 P9992 tau

72
−

P9999 tau
8

+
P99a2 tau

2
−
P99aa tau

4
+
P9ab2 tau

2
+ J P9999

24 tau
−
P99a2
8 tau

N v02y{zzz w +ikjjj−
5 P9992

72 tau
+

P9999
24 tau

−
P999 q2
6 tau

y{zzz v0 w2 + ikjjj P999 q23 tau
+
2 q22

tau
−

q3
tau

y{zzz w3y{zzz
For tau=1, zfzq becomes

zfzq@w, 8q0, q1, q2, q3<, v0, 1D
−v0 + w + o ikjjj−q0 −

P999 v02

3
+
P999 v0 w

6
− q2 w2y{zzz +

o2 ikjjjikjjjDab2 +
7 P9992

72
−
P9999
24

+
P99a2
8

−
P999 q0

6
y{zzz v0 + ikjjj P999218

−
P9999
8

+
P99a2
8

y{zzz v03 +J−q1 − 2 Daa q2 −
P999 q2

3
+ 2 q0 q2 + J P9999

24
−
P99a2
8

N v02N w +ikjjj−
5 P9992

72
+
P9999
24

−
P999 q2

6
y{zzz v0 w2 + J P999 q2

3
+ 2 q22 − q3N w3y{zzz

When v0=0, tau=1,  zfzq becomes

zfzq@w, 8q0, q1, q2, q3<, 0, 1D
w + o H−q0 − q2 w2L + o2 JJ−q1 − 2 Daa q2 −

P999 q2
3

+ 2 q0 q2N w + J P999 q2
3

+ 2 q22 − q3N w3N
In particular, the distribution function of z8 under v0=0 is Pr{Z8§w;0,1)=F(w).
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zfzq@w, 80, 0, 0, 0<, 0, 1D
w

ü bootstrap probability

We define  aè 1H0, v, tau1L = Pr 8V § 0; v0 = v, tau1<.  This  is  the  bootstrap  probability  for  y=h(0,v).   The z-value  is
zè1H0, v, tau1L = -F-1Haè 1H0, v, tau1LL .  This  becomes  z1[v,tau1]=-zc[0,{0,0,0,0},v,tau1].  For  a  general  y=h(u,v)  with
u∫0, the expression changes only by the linear term in u and the difference is only OHn-1L.  

z1@v_, tau1_D = Collect@−zc@0, 80, 0, 0, 0<, v, tau1D, 8tau1, o, v<, ExpandD
tau1 ikjjjo JDaa +

P999
6

N + o2 ikjjj−Dab2 +
Daa P999

6
−
5 P9992

72
+
P9999
24

−
P99a2
8

y{zzz vy{zzz +

v + 1
3 o P999 v2 + o2 I− P9992

18 + P9999
8 − P99a2

8 M v3
tau1

The following w1=tau1 z1[v,tau1] is regarded as another w.

w1@v_, tau1_D = Collect@tau1 z1@v, tau1D, 8o, v, tau1<D
v + o JJDaa +

P999
6

N tau12 +
P999 v2

3
N +

o2 ikjjjikjjj−Dab2 +
Daa P999

6
−
5 P9992

72
+
P9999
24

−
P99a2
8

y{zzz tau12 v + ikjjj−
P9992

18
+
P9999
8

−
P99a2
8

y{zzz v3y{zzz
Here we obtain the coefficients cc for w1. The scale tau1 is specified instead of tau.

cbw1 = coef2cb@CoefficientList@w1@v, tau1D, vDD9Daa tau12 +
P999 tau12

6
,

−Dab2 tau12 +
1
6
Daa P999 tau12 −

5 P9992 tau12

72
+
P9999 tau12

24
−
P99a2 tau12

8
,

P999
3

, −
P9992

18
+
P9999
8

−
P99a2
8

=
ccw1 = cb2cc@cbw1D9Daa tau12 +

P999 tau12

6
,

−Dab2 tau12 −
1
2
Daa P999 tau12 −

13 P9992 tau12

72
+
P9999 tau12

24
−
P99a2 tau12

8
,

P999
3

, −
5 P9992

18
+
P9999
8

−
P99a2
8

=
The distribution function of w1 under v0 and scale tau is  Pr 8W1 § w; v0, tau< = FHzfw1L .
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zfw1@w_, tau1_, v0_, tau_D = Collect@zc@w, ccw1, v0, tauD, 8o, w, tau1, v0, tau<, ExpandD
−

v0
tau

+
w
tau

+ o
ikjjjjJ−Daa −

P999
6

N tau +
H−Daa − P999

6 L tau12
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−
P999 v02
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+
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−
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6 tau
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6

+
5 P9992

72
−
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24
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8

y{zzz tau v0 +I− Daa P999
6 − P9992
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+
I P9992

18 − P9999
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8 M v03
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+
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72
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+
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8 L v02
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72 + P9999
24 M v0 w2
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I 11 P9992

72 − P9999
12 + P99a2

8 M w3
tau

y{zzzzz
We can use the function zq2cc to obtain ccw1 directly from w1[v].

zq2cc@w1@v, tau1DD − ccw180, 0, 0, 0<
We can do the same as above in another way though zq.

qqw1 = zq2qq@w1@v, tau1DD9Daa +
P999
6

+ Daa tau12 +
P999 tau12

6
, −Dab2 + DabP9ab −

Daa P999
6

−

13 P9992

72
+
P9999
8

−
P99a2
2

+
P99aa
4

−
P9ab2
2

− Dab2 tau12 +
1
6
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5 P9992 tau12

72
+
P9999 tau12

24
−
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8
,

P999
6

, −
P9992

24
+
P9999
12

−
P99a2
8

=
Collect@zfzq@w, qqw1, v0, tauD, 8o, w, tau1, v0, tau<, ExpandD − zfw1@w, tau1, v0, tauD
0

The usual bootstrap probability is defined from  aè 1H0, v, tauL  with tau=1. We denote it as à0H0, vL = aè 1H0, v, 1L . The
corresponding z-value is denoted by z̀0H0, vL.

z0@v_D = z1@v, 1D
o JDaa +

P999
6

N + v + o2 ikjjj−Dab2 +
Daa P999

6
−
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+
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8
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3
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18
+
P9999
8

−
P99a2
8

y{zzz v3
The distribution function of z̀0Hu, vL  is denoted by Pr 9Z` 0 § w; v0, tau = 1= = F 8zfz0@w, v0D< .
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zfz0@w_, v0_D = Collect@zfw1@w, 1, v0, 1D, 8o, w, v0<D
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Under v0=0, zfz0 becomes

zfz0@w, 0D
w + o J−2 Daa −
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−
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ü double bootstrap

The z-value of the double bootstrap probability is zd@vD = -F-1APr 9Z` 0 § z̀0HvL; v0 = 0=E.
zd@v_D = Collect@geto2@zfz0@z0@vD, 0DD, 8o, v<D
v + o J−Daa −

P999
6

+
P999 v2

6
N +

o2 ikjjjikjjjDab2 − DabP9ab +
Daa P999

6
+
13 P9992

72
−
P9999
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+
P99a2
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−
P99aa
4

+
P9ab2
2

y{zzz v +ikjjj−
P9992

72
+
P9999
24

y{zzz v3y{zzz
This is equivalent to the pivot z8[v]

z8@vD − zd@vD
0

ü two-level bootstrap

The ABC conversion formula of Efron (1987) and DiCiccio and Efron (1992) is

abcformula@v_, ac_D =
z0@vD − z0@0D

1 − ac Hz0@vD − z0@0DL − z0@0D;
The acceleration constant "ac" is

ac = −
1

6
 o P999;

The z-value of the bootstrap probability around the projection is
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z0@0D
o JDaa +

P999
6

N
Thus the ABC formula, denoted za[v] here, becomes

za@v_D = gets2@abcformula@v, acDD
v −

1
72

o2 vH72 Dab2 − 12 Daa P999 + 5 P9992 − 3 P9999 + 9 P99a2 + 10 P9992 v2 − 9 P9999 v2 + 9 P99a2 v2L +
1
6
o H−6 Daa + P999 H−1 + v2LL

The coefficients qi 's are obtained by

qqza = zq2qq@za@vDD90, −2 Dab2 + DabP9ab −
P9992

4
+
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6

−
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+
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+
P9999
12

−
P99a2
8

=
The distribution function of za[v]  under tau=1 is Pr{za[V]§w;v0,1}=F[zfzq[w,qqza,v0,1]]

Collect@zfzq@w, qqza, v0, 1D, 8o, w, v0<, ExpandD
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3
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8
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−
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8
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6

+
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4

+
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2

+ J P9999
24
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P99a2
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N v02y{zzz
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−
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12

+
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Under v0=0, tau=1, it becomes

Collect@zfzq@w, qqza, 0, 1D, 8o, w<, ExpandD
w + o2 ikjjjikjjj2 Dab2 − DabP9ab +

P9992

4
−
P9999
6

+
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−
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+
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ü multistep-multiscale bootstrap method

Here we calculate the asymptotic accuracy of the three-step multiscale bootstrap method.

The pivot z8[v] is generalized to define  z̀¶H0, v, v0, tauL = z8@v, v0, tauD = zc@v, 80, 0, 0, 0<, v0, tauD , which reduces to
z8[v,0,1]=z8[v].  We  standardize  z8[v,v0,tau]  by  w8[v,v0,tau]=z8[v,v0,tau]*isz8  +  v0,  where
isz8 = tau - 1ÅÅÅÅ6  P999 tau v0 + 1ÅÅÅÅÅÅÅ36  P9992 tau v02 ,  so  that  w8@v, v0, tauD = v + OHn-1ê2L .   The  distribution  function  is
Pr 8W8 § w; v0, tau< = F 8zfz8@w, v0, tauD<.  We  show
Pr 8z8@V , v0, tauD § w; v0, tau< = Pr 8W8 § w isz8 + v0; v0, tau< = F 8zfw8@w isz8 + v0D< = FHwL . 
We obtain the inverse function of z8[v,v0,tau]=z in terms of v so that v8[z,v0,tau]=v is defined.
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Let  func[z]=(az+b)  +  rem[z],  where  rem[z]=⁄i=0
m c@@i + 1DD zi is  of  order  OHn-1ê2L .  We  would  like  to  calculate

intfz=Q@Ÿ-¶

¶ F@func@zDD f @zD „ zD , where f, F, and Q are, respectively, the density, the distribution, and quantile functions
of  the  standard  normal  distribution.  Let  us  define  intxfg@a, b, nD =

è!!!!!!!!!!!
1+a2

fA bè!!!!!!!!!!!!!
1+a2

E  Ÿ−∞

∞
xn f@a x + bD f@xD x .

Then  we  will  show  that

intfz=ddint[a,b,d,z]= bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2
+ ‚

i=0

2 m+1
d@@i + 1DD intxfg@a,b,iDÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2

+ 1ÅÅÅÅ2  bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2
 J‚

i=0

2 m+1
d@@i + 1DD intxfg@a,b,iDÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2

N2
,  where

d=func2dd[a,b,rem,z] calculates the coefficients of the expansion rem@zD - 1ÅÅÅÅ2  Ha z + bL rem@zD2 = ⁄i=0
2 m+1 d@@i + 1DD zi .

Using  ddint  function  defined  above,  we  will  calculate  z2@v0, tau1, tau2D = F-1@Ÿ-¶

¶
FHz1@v, tau2DL f @v, v0, tau1D „ vD

=F-1@Ÿ-¶

¶
FHz1@v8@z, v0, tau1D, tau2DL f @zD „ zD . This is the z-value of the twostep-multiscale bootstrap probability. 

Similarly we will calculate the z-value of the threestep-multiscale bootstrap probability defined by 
z3@v0, tau1, tau2, tau3D = F-1@Ÿ-¶

¶
FHz2@v, tau2, tau3DL f @v, v0, tau1D „ vD

=F-1@Ÿ-¶

¶
FHz2@v8@z, v0, tau1D, tau2, tau3DL f @zD „ zD .

The six geometric quantities g1, ..., g6  are denoted by G1,...,G6 here. The scaling parameter s1, ..., s4  are denoted by
S1,...,S4 here. We define Z3G and Z8G in terms of G1,...,G6, S1,...,S4, and will show that Z3G=z3[v,tau1,tau2,tau3]
and Z8G=z8[v].

ü a generalization of the pivot

We define a generalization of the pivot by z̀¶H0, v, v0, tauL = z8@v, v0, tauD = zc@v, 80, 0, 0, 0<, v0, tauD . We use z8 in
the analysis of the multistep bootstrap.

z8@v_, v0_, tau_D = Collect@zc@v, 80, 0, 0, 0<, v0, tauD, 8tau, v, o, v0<D
tau ikjjjo J−Daa −

P999
6

N +

o2 ikjjjDab2 − DabP9ab +
Daa P999

6
+
13 P9992

72
−
P9999
8

+
P99a2
2

−
P99aa
4

+
P9ab2
2

y{zzz v +

o2 ikjjjDab2 −
Daa P999

6
+
5 P9992

72
−
P9999
24

+
P99a2
8

y{zzz v0y{zzz +

1
tau

 ikjjjo2 ikjjj−
P9992

72
+
P9999
24

y{zzz v3 − v0 −
1
3
o P999 v02 + o2 ikjjj P999218

−
P9999
8

+
P99a2
8

y{zzz v03 +

v2 ikjjj o P9996
+ o2 ikjjj−

P9992

24
+
P9999
24

y{zzz v0y{zzz + v J1 +
o P999 v0

6
+ o2 J P9999

24
−
P99a2
8

N v02Ny{zzz
This reduces to the pivot when v0=0, tau=1.

Simplify@z8@v, 0, 1D − z8@vDD
0

We standardize z8[v,v0,tau] so that it can be regarded as w with proper coefficients. First, we find the rescaling factor.

scz8 =
1

tau
 ikjj1 + o

P999

6
v0y{zz

1 + o P999 v0
6

tau
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isz8 = gets2@1 êscz8D
tau −

1
6
o P999 tau v0 +

1
36

o2 P9992 tau v02

The standardization of z8[v,v0,tau] up to OHn-1ê2L  term is denoted w8[v,v0,tau]=z8[v,v0,tau]*isz8 + v0.

w8@v_, v0_, tau_D = Collect@geto2@z8@v, v0, tauD isz8 + v0D, 8o, v, tau, v0<D
v + o ikjjjJ−Daa −

P999
6

N tau2 +
P999 v2

6
−
P999 v02

6
y{zzz +

o2 ikjjjikjjj−
P9992

72
+
P9999
24

y{zzz v3 + ikjjjDab2 +
7 P9992

72
−
P9999
24

+
P99a2
8

y{zzz tau2 v0 +ikjjj−
5 P9992

72
+
P9999
24

y{zzz v2 v0 + ikjjj P999212
−
P9999
8

+
P99a2
8

y{zzz v03 +

v ikjjjikjjjDab2 − DabP9ab +
Daa P999

6
+
13 P9992

72
−
P9999
8

+
P99a2
2

−
P99aa
4

+
P9ab2
2

y{zzz tau2 +J P9999
24

−
P99a2
8

N v02y{zzzy{zzz
qqw8 = Collect@zq2qq@w8@v, v0, tauDD, o, SimplifyD9 1
6
H−6 Daa H−1 + tau2L − P999 H−1 + tau2 + v02LL +

1
72

o v0 H72 Dab2 tau2 − 3 P9999 tau2 + 9 P99a2 tau2 −

9 P9999 v02 + 9 P99a2 v02 + P9992 H7 tau2 + 6 v02LL,
1
72

H−12 Daa P999 − 13 P9992 + 9 P9999 − 36 P99a2 + 18 P99aa − 36 P9ab2 + 12 Daa P999 tau2 +

13 P9992 tau2 − 9 P9999 tau2 + 36 P99a2 tau2 − 18 P99aa tau2 + 36 P9ab2 tau2 +

72 Dab2 H−1 + tau2L − 72 DabP9ab H−1 + tau2L + 3 P9999 v02 − 9 P99a2 v02L,
1
72

o H−5 P9992 v0 + 3 P9999 v0L, 0=
Then the distribution function of W8=w8[V,v0,tau] is Pr 8W8 § w; v0, tau< = F 8zfz8@w, v0, tauD<.

zfw8@w_, v0_, tau_D = Simplify@geto2@zfzq@w, qqw8, v0, tauDDD
−
H6 + o P999 v0L Hv0 − wL

6 tau

Then,  Pr 8z8@V , v0, tauD § w; v0, tau< = Pr 8W8 § w isz8 + v0; v0, tau< = F 8zfw8@w isz8 + v0D< .  The  following
equation implies that  Pr 8z8@V , v0, tauD § w; v0, tau< = FHwL .

geto2@zfw8@w isz8 + v0, v0, tauDD
w

We obtain the inverse function of z8[v,v0,tau]=z in terms of v so that v8[z,v0,tau]=v by applying the inversion formula
of the modified signed distance to w8. We use v8-function in the following section.

ccw8 = Collect@zq2cc@w8@v, v0, tauDD, o, SimplifyD;
ccw8o = ccw8 ∗ 8o, o2, o, o2<;
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v8@z_, v0_, tau_D = geto2@Hw − geto2@Sum@ccw8o@@iDD wi−1, 8i, 4<DDL ê. w → z isz8 + v0D
v0 + tau z −

1
72

o2 tauH36 Daa P999 tau v0 + 24 P9992 tau v0 − 12 P9999 tau v0 + 45 P99a2 tau v0 − 18 P99aa tau v0 +

36 P9ab2 tau v0 + 36 Daa P999 tau2 z + 17 P9992 tau2 z − 9 P9999 tau2 z + 36 P99a2 tau2 z −

18 P99aa tau2 z + 36 P9ab2 tau2 z − 27 P9992 v02 z + 18 P9999 v02 z −

9 P99a2 v02 z − 24 P9992 tau v0 z2 + 12 P9999 tau v0 z2 − 5 P9992 tau2 z3 +

3 P9999 tau2 z3 − 72 DabP9ab tau Hv0 + tau zL + 72 Dab2 tau H2 v0 + tau zLL +
1
6
o tau H6 Daa tau + P999 Htau − 3 v0 z − tau z2LL

Check if z8[v8[z]]=z and v8[z8[v]]=v

geto2@z8@v8@z, v0, tauD, v0, tauDD
z

geto2@v8@z8@v, v0, tauD, v0, tauDD
v

ü some useful formula for normal integration

The normal distribution function F[x], the quantile function F-1@pD ,  and the normal density function f[x].8F@xD, Q@pD, f@xD<9 1
2
ikjjj1 + ErfA xè!!!2 Ey{zzz, è!!!2 InverseErf@0, −1 + 2 pD, − x2

2è!!!!!!!2 π
=

First, we will calculate the following intxfp[a,b]

intxfp@a_, b_D = FullSimplifyA‡
−∞

∞

F@a x + bD f@xD x, aεReals fl b ∈ RealsE
Ÿ−∞

∞ − x2
2 I1 + ErfA b+a xè!!!!2 EM x

2 è!!!!!!!2 π

Mathematica does not calculate intxfp, so we consider change of variables. First rewrite intxfp as follows.

FullSimplifyA‡
−∞

∞‡
−∞

a x1+b

f@x1D f@x2D x2 x1, aεReals fl b ∈ RealsE
Ÿ−∞

∞ − x12
2 I1 + ErfA b+a x1è!!!!2 EM x1

2 è!!!!!!!2 π

Then, {x1,x2} is transformed to {y1,y2}.

foo1 = 9x1 → −
−y1 + a y2è!!!!!!!!!!!!!

1 + a2
, x2 → −

−a y1 − y2è!!!!!!!!!!!!!
1 + a2

=;
The range of the integration is now expressed as

foo2 = FullSimplify@x2 ≤ a x1 + b ê. foo1, aεReals fl b ∈ RealsDè!!!!!!!!!!!!!
1 + a2 y2 ≤ b
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Now we get the integration intxfp@a, bD = ‡
−∞

∞

F@a x + bD f@xD x

intxfp@a_, b_D = FA bè!!!!!!!!!!!!!
1 + a2

E;
The following intx2f@nD = ‡

−∞

∞

x2 n f@xD x gives
H2 nL!H2n n!L .

intx2f@n_D = FullSimplifyA‡
−∞

∞

x2 n f@xD x, n ≥ 0 fl n ∈ IntegersE
2n Gamma@ 1

2 + nDè!!!π
Table@intxf@nD, 8n, 10<D8intxf@1D, intxf@2D, intxf@3D, intxf@4D,
intxf@5D, intxf@6D, intxf@7D, intxf@8D, intxf@9D, intxf@10D<

The following intxfg@a, b, nD =è!!!!!!!!!!!!!
1 + a2

fA bè!!!!!!!!!!!
1+a2

E  ‡
−∞

∞

xn f@a x + bD f@xD x will be used repeatedly. This

may be obtained by using the integration by parts and intx2f@nD,
but Mathematica does it automatically.

foo5 =

è!!!!!!!!!!!!!
1 + a2

fA bè!!!!!!!!!!!!
1+a2

E  ‡
−∞

∞

xn f@a x + bD f@xD x;

intxfg@a_, b_, n_D = Simplify@foo5, n ≥ 0 fl n ∈ Integersfl a ∈ Reals fl b ∈ RealsD
1è!!!π  J2 1

2 H−3+nL H1 + a2L 1
2 H−1−nL

J2 H−1 + H−1LnL a b GammaA1 +
n
2
E Hypergeometric1F1A 1

2
−
n
2
,

3
2
,

a2 b2

−2 − 2 a2
E +è!!!2 H1 + H−1LnL è!!!!!!!!!!!!!1 + a2 GammaA 1 + n

2
E Hypergeometric1F1A−

n
2
,

1
2
,

a2 b2

−2 − 2 a2
ENN
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Simplify@Table@intxfg@a, b, nD, 8n, 0, 10<DD91, −
a b

1 + a2
,

1 + a2 H1 + b2LH1 + a2L2 , −
a b H3 + a2 H3 + b2LLH1 + a2L3 ,

3 + 6 a2 H1 + b2L + a4 H3 + 6 b2 + b4LH1 + a2L4 , −
a b H15 + 10 a2 H3 + b2L + a4 H15 + 10 b2 + b4LLH1 + a2L5 ,

15 + 45 a2 H1 + b2L + 15 a4 H3 + 6 b2 + b4L + a6 H15 + 45 b2 + 15 b4 + b6LH1 + a2L6 ,

−
1H1 + a2L7 Ha b H105 + 105 a2 H3 + b2L + 21 a4 H15 + 10 b2 + b4L + a6 H105 + 105 b2 + 21 b4 + b6LLL,

1H1 + a2L8  H105 + 420 a2 H1 + b2L + 210 a4 H3 + 6 b2 + b4L +

28 a6 H15 + 45 b2 + 15 b4 + b6L + a8 H105 + 420 b2 + 210 b4 + 28 b6 + b8LL,
−

1H1 + a2L9  Ha b H945 + 1260 a2 H3 + b2L + 378 a4 H15 + 10 b2 + b4L +

36 a6 H105 + 105 b2 + 21 b4 + b6L + a8 H945 + 1260 b2 + 378 b4 + 36 b6 + b8LLL,
1H1 + a2L10  I945 H1 + a2L5 + 4725 a2 H1 + a2L4 b2 + 3150 a4 H1 + a2L3 b4 +

630 a6 H1 + a2L2 b6 + 45 a8 H1 + a2L b8 + a10 b10M=
Finally we consider some asymptotic expansions.

foo7 = gets2A F@x + o yD − F@xD
f@xD E

o y −
1
2
o2 x y2

Thus, F[x+oy] = F[x] + f[x] (o y − 1
2 o2 x y2 )=F[x] + f[x] * expandF[x+oy,x], where x=Coefficient[x+oy,o,0].

expandF@exp_, x_D := gets2AHexp − xL −
1

2
Hexp − xL2 xE

Next, note that 

SimplifyAgets2AFAx + o y +
1

2
 o2 x y2EE − HF@xD + f@xD o yLE

0

Thus,  Q[F[x]+f[x] o y] = x + o y + 1
2  o2 x y2=expandQ[x,y].

expandQ@x_, y_D := gets2Ax + y +
1

2
x y2E

Combining these  asymptotic expansions,  we obtain  the following integration.  Let  func[z]=(az+b)  + rem[z],  where
rem[z]=⁄i=0

m c@@i + 1DD zi is of order OHn-1ê2L .  We would like to calculate intfz=Q[Ÿ-¶

¶ F@func@zDD f @zD „ z .

The  integrand  F[func[z]]f[z]  is   expandF[func[z],az+b]f[z]  =
F@a z + bD f @zD + f @a z + bD f @zD Hrem@zD - 1ÅÅÅÅ2  Ha z + bL rem@zD2L  .  We  denote
rem@zD - 1ÅÅÅÅ2  Ha z + bL rem@zD2 = ⁄i=0

2 m+1 d@@i + 1DD zi . The coefficients d's are obtained from a,b, and c's.

func2dd@a_, b_, rem_, z_D :=

CollectACoefficientListAgets2Arem −
1

2
 Ha z + bL rem2E, zE, o, SimplifyE
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Now  the  integration  is  intfz=Q[Ÿ-¶

¶ HF@a z + bD + f @a z + bD ⁄i=0
2 m+1 d@@i + 1DD ziL f @zD „ z .  SinceŸ-¶

¶ F@a z + bD f @zD „ z = FA bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2
E , and Ÿ-¶

¶ zn f @a z + bD f @zD „ z = f A bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2
E intxfg@a,b,nDÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2

, we obtain 

intfz = QAFA bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2
E + f A bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2

E ‚
i=0

2 m+1
d@@i + 1DD intxfg@a,b,iDÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2

E .  Using  expandQ,  this  becomes

intfz= bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2
+ ‚

i=0

2 m+1
d@@i + 1DD intxfg@a,b,iDÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2

+ 1ÅÅÅÅ2  bÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2
 J‚

i=0

2 m+1
d@@i + 1DD intxfg@a,b,iDÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!1+a2

N2
.

dd2int@a_, b_, dd_, z_D := ModuleA8intg<,
intg = „

i=1

Length@ddD
dd@@iDD 

intxfg@a, b, i − 1Dè!!!!!!!!!!!!!
1 + a2

; gets2A bè!!!!!!!!!!!!!
1 + a2

 ikjj1 +
1

2
 intg2y{zz + intgEE

Now, the integration function may be written as intfz=dd2int[a,b,func2dd[a,b,rem,z],z];

ü two-step multiscale bootstrap

In  the  below,  we  will  calculate  z2@v0, tau1, tau2D = F-1@Ÿ-¶

¶
FHz1@v, tau2DL f @v, v0, tau1D „ vD

=F-1@Ÿ-¶

¶
FHz1@v8@z, v0, tau1D, tau2DL f @zD „ zD .

z1v8=z1[v8[z,v0,tau1],tau2]. This is regarded as a polynomial of z, and then intfz will be applied to z1v8.

z1v8 = geto2@z1@v8@z, v0, tau1D, tau2DD
v0 + tau1 z

tau2
+
o H6 Daa Htau12 + tau22L + P999 Htau22 + 2 v02 + tau1 v0 z + tau12 H1 + z2LLL

6 tau2
+

o2 J−
1
72

H72 Dab2 − 12 Daa P999 + 5 P9992 − 3 P9999 + 9 P99a2L tau2 Hv0 + tau1 zL −

1
72 tau2

 HH4 P9992 − 9 P9999 + 9 P99a2L Hv0 + tau1 zL3 +

tau1 H36 Daa P999 tau1 v0 + 24 P9992 tau1 v0 − 12 P9999 tau1 v0 +

45 P99a2 tau1 v0 − 18 P99aa tau1 v0 + 36 P9ab2 tau1 v0 + 36 Daa P999 tau12 z +

17 P9992 tau12 z − 9 P9999 tau12 z + 36 P99a2 tau12 z − 18 P99aa tau12 z +

36 P9ab2 tau12 z − 27 P9992 v02 z + 18 P9999 v02 z − 9 P99a2 v02 z −

24 P9992 tau1 v0 z2 + 12 P9999 tau1 v0 z2 − 5 P9992 tau12 z3 + 3 P9999 tau12 z3 −

72 DabP9ab tau1 Hv0 + tau1 zL + 72 Dab2 tau1 H2 v0 + tau1 zLL +

8 P999 tau1 Hv0 + tau1 zL H−6 Daa tau1 + P999 H3 v0 z + tau1 H−1 + z2LLLLN
foo11 is the O(1) term 

z1v8o0 = Coefficient@z1v8, o, 0D
v0 + tau1 z

tau2

z1v8ab = CoefficientList@z1v8o0, zD9 v0
tau2

,
tau1
tau2

=
We may make replacements bØz1v8ab[[1]],  aØz1v8ab[[2]]  later for the normal integration with intfxg[a,b,n], i.e.,
z1v8o0=az+b.

Get the dd coefficients and store them in z1v8dd
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z1v8dd = Collect@func2dd@z1v8ab@@2DD, z1v8ab@@1DD, z1v8 − z1v8o0, zD,
o, Simplify@#, tau1 > 0 fl tau2 > 0D &D9 o H6 Daa Htau12 + tau22L + P999 Htau12 + tau22 + 2 v02LL

6 tau2
−

1
72 tau23

 Io2 v0 I36 Daa2 Htau12 + tau22L2 + 12 Daa P999 Htau12 + tau22L Htau12 + 2 v02L + 3 tau22H−24 DabP9ab tau12 − 4 P9999 tau12 + 15 P99a2 tau12 − 6 P99aa tau12 + 12 P9ab2 tau12 −

P9999 tau22 + 3 P99a2 tau22 + 24 Dab2 H2 tau12 + tau22L − 3 P9999 v02 + 3 P99a2 v02L +

P9992 Htau14 + 6 tau24 + 8 tau22 v02 + 4 v04 + 2 tau12 H9 tau22 + 2 v02LLMM,
o P999 tau1 v0

6 tau2
−

1
72 tau23

 Io2 tau1 I36 Daa2 Htau12 + tau22L2 +

12 Daa P999 Htau12 + tau22L Htau12 + 3 v02L + 3 tau22H−24 DabP9ab tau12 − 3 P9999 tau12 + 12 P99a2 tau12 − 6 P99aa tau12 + 12 P9ab2 tau12 −

P9999 tau22 + 3 P99a2 tau22 + 24 Dab2 Htau12 + tau22L − 3 P9999 v02 + 6 P99a2 v02L +

P9992 Htau14 + 6 tau24 + 15 tau22 v02 + 8 v04 + tau12 H11 tau22 + 6 v02LLMM,
o P999 tau12

6 tau2
−

1
72 tau23

 Ho2 tau12 v0 H3 H−5 P9999 + 9 P99a2L tau22 +

24 Daa P999 Htau12 + tau22L + P9992 H4 tau12 + 24 tau22 + 9 v02LLL,
−

1
72 tau23

 Ho2 tau13 H3 H−2 P9999 + 3 P99a2L tau22 + 12 Daa P999 Htau12 + tau22L +

P9992 H2 tau12 + 9 tau22 + 7 v02LLL, −
o2 P9992 tau14 v0

24 tau23
, −

o2 P9992 tau15

72 tau23
=

Length@z1v8ddD
6

Now the integration is z2@v0, tau1, tau2D= F-1@Ÿ-¶

¶
FHz1v8L f @zD „ zD . .

z2@v0_, tau1_, tau2_D = Collect@
dd2int@z1v8ab@@2DD, z1v8ab@@1DD, z1v8dd, zD, o, FullSimplify@#, tau1 > 0 fl tau2 > 0D &D

v0è!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
tau12 + tau22

+
1

72 Htau12 + tau22L9ê2  Io2I−72 Dab2 Htau12 + tau22L5 v0 + Htau12 + tau22L HH12 Daa P999 − 5 P9992 + 3 P9999 − 9 P99a2L
tau18 + 3 H24 DabP9ab + 8 Daa P999 − 7 P9992 + 5 P9999 − 21 P99a2 + 6 P99aa − 12 P9ab2L
tau16 tau22 + H144 DabP9ab + 24 Daa P999 − 73 P9992 +

42 P9999 − 135 P99a2 + 36 P99aa − 72 P9ab2L tau14 tau24 +

3 H24 DabP9ab + 8 HDaa − 2 P999L P999 + 11 P9999 + 6 H−5 P99a2 + P99aa − 2 P9ab2LL
tau12 tau26 + H12 Daa P999 − 5 P9992 + 3 P9999 − 9 P99a2L tau28L v0 −HH4 P9992 − 9 P9999 + 9 P99a2L tau18 + 3 H7 P9992 − 11 P9999 + 9 P99a2L tau16 tau22 +H17 P9992 − 42 P9999 + 27 P99a2L tau14 tau24 + 3 H4 P9992 − 9 P9999 + 6 P99a2L
tau12 tau26 + H4 P9992 − 9 P9999 + 9 P99a2L tau28L v03MM +

1

6 Htau12 + tau22L5ê2  Io I6 Daa Htau12 + tau22L3 + P999Htau16 + 4 tau14 tau22 + 4 tau12 tau24 + tau26 + H2 tau14 + 3 tau12 tau22 + 2 tau24L v02LMM
Check if z2 reduces to z1 when one of the scales is zero

Simplify@Limit@z2@v, tau1, tau2D, tau2 → 0D − z1@v, tau1D, tau1 > 0D
0

Simplify@Limit@z2@v, tau1, tau2D, tau1 → 0D − z1@v, tau2D, tau2 > 0D
0
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ü three-step multiscale bootstrap

In  the  below,  we  will  calculate  z3@v0, tau1, tau2, tau3D = F-1@Ÿ-¶

¶
FHz2@v, tau2, tau3DL f @v, v0, tau1D „ vD

=F-1@Ÿ-¶

¶
FHz2@v8@z, v0, tau1D, tau2, tau3DL f @zD „ zD .

z2v8=z2[v8[z,v0,tau1],tau2,tau3]. This is regarded as a polynomial of z, and then intfz will be applied to z2v8.

z2v8 = geto2@z2@v8@z, v0, tau1D, tau2, tau3DD
v0 + tau1 zè!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
tau22 + tau32

+

1

6 Htau22 + tau32L5ê2  Io I6 Daa Htau22 + tau32L3 + P999 Htau26 + 4 tau24 tau32 +

4 tau22 tau34 + tau36 + H2 tau24 + 3 tau22 tau32 + 2 tau34L Hv0 + tau1 zL2L +

tau1 Htau22 + tau32L2 H6 Daa tau1 + P999 Htau1 − 3 v0 z − tau1 z2LLMM +

1

72 Htau22 + tau32L9ê2  Io2 I−72 Dab2 Htau22 + tau32L5 Hv0 + tau1 zL +Htau22 + tau32L I12 Daa P999 Htau22 + tau32L2 Htau24 + tau34L −

P9992 H5 tau28 + 21 tau26 tau32 + 73 tau24 tau34 + 48 tau22 tau36 + 5 tau38L +

3 Htau22 + tau32L HP9999 Htau26 + 4 tau24 tau32 + 10 tau22 tau34 + tau36L −

3 H−2 H4 DabP9ab + P99aa − 2 P9ab2L tau22 tau32 Htau22 + tau32L + P99a2Htau26 + 6 tau24 tau32 + 9 tau22 tau34 + tau36LLLM Hv0 + tau1 zL −HH4 P9992 − 9 P9999 + 9 P99a2L tau28 + 3 H7 P9992 − 11 P9999 + 9 P99a2L tau26 tau32 +H17 P9992 − 42 P9999 + 27 P99a2L tau24 tau34 + 3 H4 P9992 − 9 P9999 + 6 P99a2L
tau22 tau36 + H4 P9992 − 9 P9999 + 9 P99a2L tau38L Hv0 + tau1 zL3 −

tau1 Htau22 + tau32L4 H36 Daa P999 tau1 v0 + 24 P9992 tau1 v0 − 12 P9999 tau1 v0 +

45 P99a2 tau1 v0 − 18 P99aa tau1 v0 + 36 P9ab2 tau1 v0 + 36 Daa P999 tau12 z +

17 P9992 tau12 z − 9 P9999 tau12 z + 36 P99a2 tau12 z − 18 P99aa tau12 z +

36 P9ab2 tau12 z − 27 P9992 v02 z + 18 P9999 v02 z − 9 P99a2 v02 z −

24 P9992 tau1 v0 z2 + 12 P9999 tau1 v0 z2 − 5 P9992 tau12 z3 + 3 P9999 tau12 z3 −

72 DabP9ab tau1 Hv0 + tau1 zL + 72 Dab2 tau1 H2 v0 + tau1 zLL +

4 P999 tau1 Htau22 + tau32L2 H2 tau24 + 3 tau22 tau32 + 2 tau34LHv0 + tau1 zL H6 Daa tau1 + P999 Htau1 − 3 v0 z − tau1 z2LLMM
foo11 is the O(1) term 

z2v8o0 = Coefficient@z2v8, o, 0D
v0 + tau1 zè!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
tau22 + tau32

z2v8ab = CoefficientList@z2v8o0, zD9 v0è!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
tau22 + tau32

,
tau1è!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

tau22 + tau32
=

We may make replacements bØz2v8ab[[1]],  aØz2v8ab[[2]]  later for the normal integration with intfxg[a,b,n], i.e.,
z2v8o0=az+b.

Get the dd coefficients and store them in z2v8dd

z2v8dd = Collect@func2dd@z2v8ab@@2DD, z2v8ab@@1DD, z2v8 − z2v8o0, zD,
o, FullSimplify@#, tau1 > 0 fl tau2 > 0 fl tau3 > 0D &D
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9 1

6 Htau22 + tau32L5ê2  Io I6 Daa Htau22 + tau32L2 Htau12 + tau22 + tau32L +

P999 Htau22 + tau32L Htau24 + 3 tau22 tau32 + tau34 + tau12 Htau22 + tau32LL +

P999 H2 tau24 + 3 tau22 tau32 + 2 tau34L v02MM −Io2 v0 I36 Daa2 Htau22 + tau32L4 Htau12 + tau22 + tau32L2 + 3 Htau22 + tau32L2I24 Dab2 Htau22 + tau32L3 H2 tau12 + tau22 + tau32L − Htau22 + tau32L HH24 DabP9ab +

4 P9999 − 15 P99a2 + 6 P99aa − 12 P9ab2L tau12 tau24 + HP9999 − 3 P99a2L
tau26 + 2 tau22 HH24 DabP9ab + 4 P9999 − 15 P99a2 + 6 P99aa − 12 P9ab2L tau12 +H12 DabP9ab + 2 P9999 − 9 P99a2 + 3 P99aa − 6 P9ab2L tau22L tau32 +HH24 DabP9ab + 4 P9999 − 15 P99a2 + 6 P99aa − 12 P9ab2L tau12 +H24 DabP9ab + 10 P9999 − 27 P99a2 + 6 P99aa − 12 P9ab2L tau22L tau34 +HP9999 − 3 P99a2L tau36L − H3 HP9999 − P99a2L tau26 + 2 H4 P9999 − 3 P99a2L
tau24 tau32 + 3 H2 P9999 − P99a2L tau22 tau34 + 3 HP9999 − P99a2L tau36L v02M +

P9992 IHtau22 + tau32L2 I6 tau28 + 27 tau26 tau32 + 84 tau24 tau34 +

54 tau22 tau36 + 6 tau38 + tau14 Htau22 + tau32L2 +

6 tau12 Htau22 + tau32L H3 tau24 + 7 tau22 tau32 + 3 tau34LM +Htau22 + tau32L H8 tau28 + 39 tau26 tau32 + 43 tau24 tau34 + 30 tau22 tau36 +

8 tau38 + 2 tau12 Htau22 + tau32L H2 tau24 + 3 tau22 tau32 + 2 tau34LL v02 +H2 tau24 + 3 tau22 tau32 + 2 tau34L2 v04M + 12 Daa P999 Htau22 + tau32L2Htau12 + tau22 + tau32L Itau12 Htau22 + tau32L2 + 2 tau34 v02 +

3 tau22 tau32 Htau32 + v02L + tau24 H3 tau32 + 2 v02LMMMëI72 Htau22 + tau32L11ê2M, o P999 tau1 Htau24 + tau34L v0
6 Htau22 + tau32L5ê2 −Io2

tau1I36 Daa2 Htau22 + tau32L4 Htau12 + tau22 + tau32L2 +

12 Daa P999 Htau22 + tau32L2 Htau12 + tau22 + tau32L I3 tau22 tau32 Htau22 + tau32L +

tau12 Htau22 + tau32L2 + 3 Htau24 + tau22 tau32 + tau34L v02M +

3 Htau22 + tau32L2 I24 Dab2 Htau22 + tau32L3 Htau12 + tau22 + tau32L − Htau22 + tau32LH3 H8 DabP9ab + P9999 − 4 P99a2 + 2 P99aa − 4 P9ab2L tau12 tau24 + HP9999 − 3 P99a2L
tau26 + 2 tau22 H3 H8 DabP9ab + P9999 − 4 P99a2 + 2 P99aa − 4 P9ab2L tau12 +H12 DabP9ab + 2 P9999 − 9 P99a2 + 3 P99aa − 6 P9ab2L tau22L tau32 +H3 H8 DabP9ab + P9999 − 4 P99a2 + 2 P99aa − 4 P9ab2L tau12 +H24 DabP9ab + 10 P9999 − 27 P99a2 + 6 P99aa − 12 P9ab2L tau22L tau34 +HP9999 − 3 P99a2L tau36L − 3 HHP9999 − 2 P99a2L tau26 +H2 P9999 − 3 P99a2L tau24 tau32 + HP9999 − 2 P99a2L tau36L v02M +

P9992 IHtau22 + tau32L2 I6 tau28 + 27 tau26 tau32 + 84 tau24 tau34 +

54 tau22 tau36 + 6 tau38 + tau14 Htau22 + tau32L2 +

tau12 Htau22 + tau32L H11 tau24 + 28 tau22 tau32 + 11 tau34LM +

3 Htau22 + tau32L H5 tau28 + 21 tau26 tau32 + 13 tau24 tau34 + 12 tau22 tau36 +

5 tau38 + 2 tau12 Htau26 + 2 tau24 tau32 + 2 tau22 tau34 + tau36LL v02 +H8 tau28 + 18 tau26 tau32 + 25 tau24 tau34 + 18 tau22 tau36 + 8 tau38L v04MMMëI72 Htau22 + tau32L11ê2M, o P999 tau12 Htau24 + tau22 tau32 + tau34L
6 Htau22 + tau32L5ê2 +Ho2

tau12

v0H−Htau22 + tau32L H4 P999 H6 Daa + P999L tau12 tau26 +

3 H8 P999 HDaa + P999L − 5 P9999 + 9 P99a2L tau28 + 3 tau24H2 P999 H6 Daa + P999L tau12 + H20 Daa P999 + 31 P9992 − 17 P9999 + 27 P99a2L tau22L
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tau32 + 3 tau22 H2 P999 H6 Daa + P999L tau12 +

3 H8 Daa P999 + 9 P9992 − 6 P9999 + 9 P99a2L tau22L tau34 +H4 P999 H6 Daa + P999L tau12 + 3 H20 Daa P999 + 22 P9992 − 11 P9999 + 18 P99a2L tau22L
tau36 + 3 H8 P999 HDaa + P999L − 5 P9999 + 9 P99a2L tau38L −

P9992 H9 tau28 + 16 tau26 tau32 + 24 tau24 tau34 + 16 tau22 tau36 + 9 tau38L v02LLëI72 Htau22 + tau32L11ê2M, Ho2
tau13H−Htau22 + tau32LH12 Daa P999 Htau22 + tau32L Htau12 + tau22 + tau32LHtau22 − tau2 tau3 + tau32L Htau22 + tau2 tau3 + tau32L −

3 Htau22 + tau32L HP9999 Htau22 + 2 tau32L H2 tau24 + tau22 tau32 + tau34L −

3 P99a2 Htau26 + 2 tau24 tau32 + tau22 tau34 + tau36LL +

P9992 H9 tau28 + 37 tau26 tau32 + 37 tau24 tau34 + 28 tau22 tau36 +

9 tau38 + 2 tau12 Htau26 + 2 tau24 tau32 + 2 tau22 tau34 + tau36LLL −

P9992 H7 tau28 + 12 tau26 tau32 + 20 tau24 tau34 + 12 tau22 tau36 + 7 tau38L v02LLëI72 Htau22 + tau32L11ê2M, −Ho2
P9992

tau14H3 tau28 + 4 tau26 tau32 + 7 tau24 tau34 +

4 tau22 tau36 + 3 tau38L v0L ëI72 Htau22 + tau32L11ê2M,
−
o2 P9992 tau15 Htau24 + tau22 tau32 + tau34L2

72 Htau22 + tau32L11ê2 =
Length@z2v8ddD
6

Now the integration is z3@v0, tau1, tau2, tau3D= F-1@Ÿ-¶

¶
FHz2v8L f @zD „ zD . .
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z3@v0_, tau1_, tau2_, tau3_D = Collect@dd2int@z2v8ab@@2DD, z2v8ab@@1DD, z2v8dd, zD,
o, FullSimplify@#, tau1 > 0 fl tau2 > 0 fl tau3 > 0D &D

v0è!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
tau12 + tau22 + tau32

+Io IHtau12 + tau22 + tau32L I6 Daa Htau12 + tau22 + tau32L2 + P999 Htau14 +

tau24 + 3 tau22 tau32 + tau34 + 3 tau12 Htau22 + tau32LLM +

P999 H2 tau14 + 2 tau24 + 3 tau22 tau32 + 2 tau34 + 3 tau12 Htau22 + tau32LL v02MMëI6 Htau12 + tau22 + tau32L5ê2M + Io2 I−72 Dab2 Htau12 + tau22 + tau32L5 v0 +Htau12 + tau22 + tau32L I12 Daa P999 Htau12 + tau22 + tau32L2 Htau14 + tau24 + tau34L +

P9992 H−5 tau18 − 21 tau16 tau22 − 73 tau14 tau24 − 48 tau12 tau26 − 5 tau28 −

3 H7 tau16 + 40 tau14 tau22 + 49 tau12 tau24 + 7 tau26L tau32 − H73 tau14 + 174

tau12 tau22 + 73 tau24L tau34 − 48 Htau12 + tau22L tau36 − 5 tau38L +

3 Htau12 + tau22 + tau32L H−3 P99a2 Htau16 + 6 tau14 tau22 + 9 tau12 tau24 + tau26L −

18 P99a2 Htau14 + 3 tau12 tau22 + tau24L tau32 −

27 P99a2 Htau12 + tau22L tau34 − 3 P99a2 tau36 + 6 H4 DabP9ab + P99aa − 2 P9ab2LHtau12 + tau22 + tau32L Htau12 tau22 + Htau12 + tau22L tau32L +

P9999 Htau16 + tau26 + 4 tau24 tau32 + 10 tau22 tau34 + tau36 + 4 tau14Htau22 + tau32L + 2 tau12 H5 tau24 + 9 tau22 tau32 + 5 tau34LLLM v0 −IP9992 H4 tau18 + 4 tau28 + 21 tau26 tau32 + 17 tau24 tau34 + 12 tau22 tau36 +

4 tau38 + 21 tau16 Htau22 + tau32L + tau14 H17 tau24 + 48 tau22 tau32 + 17 tau34L +

3 tau12 H4 tau26 + 13 tau24 tau32 + 10 tau22 tau34 + 4 tau36LL −

3 Htau12 + tau22 + tau32L I−3 P99a2 Htau16 + 2 tau14 tau22 + tau12 tau24 + tau26L −

6 P99a2 Htau14 + tau12 tau22 + tau24L tau32 −

3 P99a2 Htau12 + tau22L tau34 − 3 P99a2 tau36 +

P9999 I3 tau16 + 3 tau26 + 8 tau24 tau32 + 6 tau22 tau34 + 3 tau36 + 8 tau14 Htau22 +

tau32L + 6 tau12 Htau22 + tau32L2MMM v03MM ëI72 Htau12 + tau22 + tau32L9ê2M
Check if z3 reduces to z2 when one of the scales is zero

Simplify@Limit@z3@v, tau1, tau2, tau3D, tau3 → 0D − z2@v, tau1, tau2D, tau1 > 0 fl tau2 > 0D
0

Simplify@Limit@z3@v, tau1, tau2, tau3D, tau2 → 0D − z2@v, tau1, tau3D, tau1 > 0 fl tau3 > 0D
0

Simplify@Limit@z3@v, tau1, tau2, tau3D, tau1 → 0D − z2@v, tau2, tau3D, tau2 > 0 fl tau3 > 0D
0
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z3@v, tau1, tau2, tau3D êê InputForm
v/Sqrt[tau1^2 + tau2^2 + tau3^2] + 
 (o*((tau1^2 + tau2^2 + tau3^2)*(6*Daa*(tau1^2 + tau2^2 + tau3^2)^2 + 
      P999*(tau1^4 + tau2^4 + 3*tau2^2*tau3^2 + tau3^4 + 
        3*tau1^2*(tau2^2 + tau3^2))) + 
    P999*(2*tau1^4 + 2*tau2^4 + 3*tau2^2*tau3^2 + 2*tau3^4 + 
      3*tau1^2*(tau2^2 + tau3^2))*v^2))/
  (6*(tau1^2 + tau2^2 + tau3^2)^(5/2)) + 
 (o^2*(-72*Dab2*(tau1^2 + tau2^2 + tau3^2)^5*v + 
    (tau1^2 + tau2^2 + tau3^2)*(12*Daa*P999*(tau1^2 + tau2^2 + tau3^2)^2*
       (tau1^4 + tau2^4 + tau3^4) + P999^2*(-5*tau1^8 - 
        21*tau1^6*tau2^2 - 73*tau1^4*tau2^4 - 48*tau1^2*tau2^6 - 
        5*tau2^8 - 3*(7*tau1^6 + 40*tau1^4*tau2^2 + 49*tau1^2*tau2^4 + 
          7*tau2^6)*tau3^2 - (73*tau1^4 + 174*tau1^2*tau2^2 + 73*tau2^4)*
         tau3^4 - 48*(tau1^2 + tau2^2)*tau3^6 - 5*tau3^8) + 
      3*(tau1^2 + tau2^2 + tau3^2)*(-3*P99a2*(tau1^6 + 6*tau1^4*tau2^2 + 
          9*tau1^2*tau2^4 + tau2^6) - 18*P99a2*(tau1^4 + 
          3*tau1^2*tau2^2 + tau2^4)*tau3^2 - 27*P99a2*(tau1^2 + tau2^2)*
         tau3^4 - 3*P99a2*tau3^6 + 6*(4*DabP9ab + P99aa - 2*P9ab2)*
         (tau1^2 + tau2^2 + tau3^2)*(tau1^2*tau2^2 + (tau1^2 + tau2^2)*
           tau3^2) + P9999*(tau1^6 + tau2^6 + 4*tau2^4*tau3^2 + 
          10*tau2^2*tau3^4 + tau3^6 + 4*tau1^4*(tau2^2 + tau3^2) + 
          2*tau1^2*(5*tau2^4 + 9*tau2^2*tau3^2 + 5*tau3^4))))*v - 
    (P999^2*(4*tau1^8 + 4*tau2^8 + 21*tau2^6*tau3^2 + 17*tau2^4*tau3^4 + 
        12*tau2^2*tau3^6 + 4*tau3^8 + 21*tau1^6*(tau2^2 + tau3^2) + 
        tau1^4*(17*tau2^4 + 48*tau2^2*tau3^2 + 17*tau3^4) + 
        3*tau1^2*(4*tau2^6 + 13*tau2^4*tau3^2 + 10*tau2^2*tau3^4 + 
          4*tau3^6)) - 3*(tau1^2 + tau2^2 + tau3^2)*
       (-3*P99a2*(tau1^6 + 2*tau1^4*tau2^2 + tau1^2*tau2^4 + tau2^6) - 
        6*P99a2*(tau1^4 + tau1^2*tau2^2 + tau2^4)*tau3^2 - 
        3*P99a2*(tau1^2 + tau2^2)*tau3^4 - 3*P99a2*tau3^6 + 
        P9999*(3*tau1^6 + 3*tau2^6 + 8*tau2^4*tau3^2 + 6*tau2^2*tau3^4 + 
          3*tau3^6 + 8*tau1^4*(tau2^2 + tau3^2) + 
          6*tau1^2*(tau2^2 + tau3^2)^2)))*v^3))/
  (72*(tau1^2 + tau2^2 + tau3^2)^(9/2))

ü simplifying z3 and z8

We define six geometric quantities;

GG = 9G1 → v0 +
1

3
o P999 v02 + o2

ikjjjj−
P9992

18
+
P9999

8
−
P99a2

8

y{zzzz v03,
G2 → o ikjj−Daa −

P999

6
y{zz v0 + o2

ikjjjjDab2 −
Daa P999

2
+
P9992

72
−
P9999

24
+
P99a2

8

y{zzzz v02,
G3 → −

1

6
o P999 v0 + o2

ikjjjj P99929
−
P9999

8
+
P99a2

4

y{zzzz v02,
G4 → o2

ikjjjj−DabP9ab +
Daa P999

3
+
2 P9992

9
−
P9999

6
+
P99a2

2
−
P99aa

4
+
P9ab2

2

y{zzzz v02,
G5 → o2

ikjjjj−
P9992

8
+
P9999

12
−
P99a2

8

y{zzzz v02, G6 → o2
ikjjjj−

P9992

8
+
P9999

24
−
P99a2

8

y{zzzz v02=;
We also define four scale parameters (but there are only three degrees of freedom among them).
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SS = 9S1 →
1è!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

tau12 + tau22 + tau32
, S2 →

tau12 tau22 + tau12 tau32 + tau22 tau32Htau12 + tau22 + tau32L2 , S3 →

tau12 tau22 tau32 + tau24 tau32 + tau14 Htau22 + tau32LHtau12 + tau22 + tau32L3 , S4 →
tau12 tau22 tau32Htau12 + tau22 + tau32L3 =;

The pivot z8[v0,1] is denoted by Z8G

z8G =
G2 + G32

2
+ G4 + G5

G1
+ G1 H1 + G3 + 4 G32 + G6L;

Simplify@gets2@z8G ê. GGD − z8@v0DD
0

The three-step multiscale z-value z3[v0,tau1,tau2,tau3] is denoted by Z3G

Z3G = G1 S1 H1 + G3 S2 + 4 G32 S22 + G5 S3 + G6 S4L −
G2 + G3 S2 + G4 S2 + 7 G32 S22 + 3 G5 S3 + 3 G6 S4

G1 S1
;

Simplify@gets2@Z3G ê. Join@GG, SSDD − z3@v0, tau1, tau2, tau3DD
0
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