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Abstract: We consider a new two-sample test for high-dimensional data under the
strongly spiked eigenvalue (SSE) model. We provide a general test statistic as a
function of positive-semidefinite matrices. We investigate the test statistic under
the SSE model by considering strongly spiked eigenstructures and create a new

effective test procedure for the SSE model.
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1. Introduction

A common feature of high-dimensional data is that the data dimension is
high, however, the sample size is relatively low. This is the so-called “HDLSS”
or “large p, small n” data, where p is the data dimension, n is the sample size
and p/n — oco. Statistical inference on this type of data is becoming increasingly
relevant, especially in the areas of medical diagnostics, engineering and other big
data. Suppose we have independent samples of p-variate random variables from
two populations, 7;, ¢ = 1,2, having an unknown mean vector p,; and unknown
positive-definite covariance matrix 3; for each m;. We do not assume that the
population distributions are Gaussian. The eigen-decomposition of ¥; (i = 1, 2)
is given by X; = H;A;H] = Y"_ Ajjhijhi;, where A; = diag(\i1, ..., Aip) is a
diagonal matrix of eigenvalues, A\jj > --- > Ajp, > 0, and H; = [hy1, ..., hjp| is an
orthogonal matrix of the corresponding eigenvectors. Note that \;; is the largest
eigenvalue of 3; for ¢« = 1,2. Having recorded i.i.d. samples, x;;,j = 1,...,n;,
from each ;, let @;; = HiAil/inj + p;, where zi; = (2314, ..., zipj)T is considered
as a sphered data vector having the zero mean vector and identity covariance
matrix. We assume that the fourth moments of each variable in z;; are uniformly

bounded. When X¥; = 33, we simply omit the population index from X;, \;;s
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and h;;s. For example, we write the covariance matrix as 3 when ¥; = 3.

In this paper, we consider the two-sample test:

Hy:py=py vs. Hyp:py # po. (1.1)

Having recorded i.i.d. samples, x;;, j = 1,...,n;, from each m;, we define x;,,, =
221121 mw/nz and S;,, = Z;”:l(m” — Eml)(azzj — fmZ)T/(TLl —1) fori=1,2. We
assume n; > 4 for i = 1,2. Hotelling’s T?-statistic is defined by

ning

T2 = (mlnl - 527L2)T‘S’_1(§1n1 - 52712)7

Cny+ng
where S = {(n1 — 1)S1n, + (n2 — 1)S2,,}/(n1 + na — 2). However, S~ does
not exist in the HDLSS context such as p/n; — oo, i = 1,2. In such situations,
(1958, [1960)) and (2007) considered the test when 71 and o
are Gaussian. When 71 and 7o are non-Gaussian, Bai and Saranadasal (1996) and
(2014)) considered the test under homoscedasticity, 31 = ¥5. On the
other hand, (2010) and [Aoshima and Yatal (2011} 2015) considered

the “distance-based two-sample test” under heteroscedasticity, 3; # Xo. As
discussed in Section 2 of [Aoshima and Yatal (2015)), the distance-based two-

sample test is quite flexible for high-dimension, non-Gaussian data. We note

that those two-sample tests were constructed under the eigenvalue condition as

follows: )
Al

tr(X?)
However, if (I.2]) is not met, one cannot use those two-sample tests. See[Aoshimal
land Yatal (2016) for the details. [Aoshima and Yatal (2016)) called (IZ) the “non-
strongly spiked eigenvalue (NSSE) model”. On the hand, [Aoshima and Yatal
(2016)) considered the “strongly spiked eigenvalue (SSE) model” as follows:

—0 asp—oofori=1,2. (1.2)

22
hpnigf{tr(g?)} >0 fori=1or?2. (1.3)

We emphasize that high-dimensional data often have the SSE model. See Fig.
1 in [Yata and Aoshimal (2013)) and Section 8 in [Aoshima and Yatal (2016]). For
the SSE model, [Katayama et al| (2013) considered a one-sample test when the
population distribution is Gaussian. [Ishii et al. (2016]) considered the one-sample
test for non-Gaussian cases. (2015) considered a two-sample test for
the factor model when X = 3.
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In this paper, we propose a new effective test procedure for the SSE model. In
Section 2, we provide a general test statistic as a function of positive-semidefinite
matrices. We investigate the test statistic under the SSE model by considering
strongly spiked eigenstructures. In Section 3, we create a new test procedure by

estimating the eigenstructures for the SSE model.

2. Test statistic using eigenstructures

In this paper, we consider the divergence condition such as p — oo, n1 — 00

and no — oo, which is equivalent to
m — oo, where m = min{p, nyin} with np;, = min{n, no}.
Let
P
Wis) = Z)\?j fori=1,2;,s=1,....,p
j=s
We consider the following model:
(A-i) For i = 1,2, there exists a positive fixed integer k; such that A1, ..., Aig,
are distinct in the sense that liminf, .o (A;j/Xij —1) > 0 when 1 < j <
J' < ki, and A\, and A, 41 satisfy

2

A A2
liminf —= >0 and kil
p—00 ‘I’(k) Wi (ki +1)

Note that (A-i) implies (L3]), that is (A-i) is one of the SSE models. (A-i) is
also a power spiked model given by [Yata and Aoshimal (2013). We consider

— 0 as p — oo.

the following test statistic with positive-semidefinite matrices, A;, i = 1,2, of
dimension p:

Z]<],az A B
ni(n; — 1)

T(Ap, Ag) = 22 1n1A1/2A1/2i

Let I, denote the identity matrix of dimension p. Note that T'(I,, I,) is equiva-
lent to the distance-based two-sample test. Let us write that p, , = A}/ 2u1 —
A§/2p,2 and 3; 4, = Ag/QEiA;m, i = 1,2. Let A(Ay,A) = ||py,|* and
K(A1,As) = K1(A1, Ag) + Ko(A1, Ag), where

2
tr( Z 4290 4,
Ki(Ay, A) 22 4tr( 1,4,22,4,)
P ni(n; — 1 ning
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and Ko(A1, A2) =437, ph 3 aps,,/ni. Note that E{T(A1, A2)} = A(Ai, As)
and Var{T(A1, A2)} = K(A1, Az). Let Apnax(B) denote the largest eigenvalue
of any positive-semidefinite matrix, B. We consider the following condition:

>\max Zz NS .
%HO as p — oo for i =1,2. (2.1)

tr(zi,Ai)
Then, [Aoshima and Yatal (2016]) showed that as m — oo

T(A;, As) — A(A;, Ag)
{K (A1, Ag)}1/?

= N(0,1) (2.2)

under (Z1)), limsup,, . {A(A1, A2)}?/K1(A1, A2) < oo and some regularity
conditions. Here, “=" denotes the convergence in distribution and N(0,1) de-
notes a random variable distributed as the standard normal distribution.

We consider A;s as

k; P
Az(kl) =1I,- Z hijhz;' = Z hijhg; fori=1,2.
j=1

J=ki+1

Note that ;) = A7) Let i = A2 B4 = 7 ) kb for
= 1,2. Then, it holds that tr(%7,) = W, 11) and Apax(Zix) = A,ﬁl for
i = 1,2, so that ([2.I)) is met when A; = A;,), i = 1,2, under (A-i). Hence, for
A; = Ajg,), © = 1,2, we can claim ([2.2)) under (A-i) instead of (Z.1I). Here-
after, we simply write T = T(Aj,), Ao(ky))s Mix = Ajgpp; for i = 1,2,
Ay = A(Ay(y), Aory)) = 1. — Bl ?, K = K(Aq (), Agyy)) and
2
K1 = K1(Ayry), Aoy)) = Z

tr(3? tr (X1 Dox
f(52) 0BT
i(ni—1) NN

Note that tr(Z2) = Wik 41) for i =1,2. Let
zij = hay = N2z + gy for all i, ,1, where 11,05y = hlp.

Then, we write that

T, =2 Z Sy (@he — S5 ws)

ni(n; — 1)

2 0 (@ — L wyihay) T (o — 82 wojrhay)
ning '
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In order to use T, it is necessary to estimate x;js and hyjs.

3. Test procedure using eigenstructures for the SSE model
In this section, we assume (A-i) and the following assumption for m;, i = 1, 2:

(A-ii) E(Zf?sjzi%tj) = E(zgsj)E(Zith)? E(zisjzitjziuj) = 0 and

E(zisjzitjZiuj%ivj) = 0 for all s # t,u, v, with z;;;s defined in Section 1.
When the m;s are Gaussian, (A-ii) naturally holds. First, we discuss estimation

of the eigenvalues and eigenvectors in the SSE model.

3.1. Estimation of eigenvalues and eigenvectors

Throughout this section, we omit the subscript with regard to the population
for the sake of simplicity. Let Ao > j\p > 0 be the eigenvalues of S,,. Let
us write the eigen-decomposition of S, as S,, = 21;:1 ;\jﬁjﬁ?, where ij denotes
a unit eigenvector corresponding to ;\j. We assume h?ﬁj > 0 w.p.1 for all j
without loss of generality. Let X = [z1,...,@,] and X = [Zy, ..., Z,]. Then, we

define the n x n dual sample covariance matrix by
Sp=m-1)"1YX -X)T(X - X).

Note that S,, and Sp share non-zero eigenvalues. Let us write the eigen-
decomposition of Sp as Sp = Z?:_ll S\j'&jﬂjr, where @; = (i1, ..., Ujn)7 denotes
a unit eigenvector corresponding to A;. Note that h; can be calculated by h; =
{(n— DN} VX — X)itj. Let 6 = ?:k—s—l Aj/(n —1). Let mg = min{p,n}.

First, we have the following result.

Proposition 1 (Aoshima and Yata, 2016). Assume (A-i) and (A-ii). It holds

for j=1,...,k, that as my — oo

i 1) . S\-1
=14+ —+0p(n V% and (hfhj)2 = (1 + —) + Op(n~1?).
Aj Aj Aj
If 6/Xj — o0 as my — o0, ;\j and ﬁj are strongly inconsistent in the sense
that )\j/;\j = op(1) and (fz]rhj)Q = op(1). In order to overcome the curse

of dimensionality, Yata and Aoshimal (2012) proposed an eigenvalue estimation
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called the noise-reduction (NR) methodology, which was brought about by a
geometric representation of Sp. If one applies the NR methodology, the A;s are
estimated by

tr(Sp) — S0, A

Al A

(j=1,...,n—2). (3.1)

Note that S\j >0 w.p.l for j =1,...,n — 2, and the second term in (B is an
estimator of . When applying the NR methodology to the PC direction vector,

one obtains

hj ={(n - DN} VX - X)ay (3.2)
for j =1,...,n — 2. Then, we have the following result.

Proposition 2 (Aoshima and Yata, 2016). Assume (A-i) and (A-ii). It holds

for 5 =1,...k, that as mg — oo

Aj -

T =140pm™?) and (b, h;)? =14 Op(n™).

J

We note that ﬁj is a consistent estimator of h; in terms of the inner product
even when §/\; — 0o as mg — oo.

On the other hand, we note that h]T(a:l —p) = )\Jl./2zjl for all 7,1. For fbj and

ﬁj, we have the following result.
Proposition 3 (Aoshima and Yata, 2016). Assume (A-i) and (A-ii). It holds
forj=1,..,k (I=1,...,n) that as my — oo
. zit 4+ (n — DY 20,0 716{1 4 op(1
NV2R (- ) = 2 (n=1) il 1+ or(L)}
7 (14 A;16)1/2

_ ~T ~ _ _
APy (10— ) = 2+ (n = 1) 20057 6{1 + 0p(1)} + Op(n™?),

+ Op(n~1/?);

Let us consider the standard deviation of the above quantities. Note that
S {(n — )26 /0,32 /n] /2 = O(3/A) and 6 = O(p/n) for M1 = O(L).
Hence, in Proposition 3, the inner products are very biased when p is large.
Now, we explain the main reason why the inner products involve the large biased
terms. Let P, = I,, — 1,17 /n, where 1,, = (1,...,1)T. Note that lz:ﬁj =0 and
P,u; = u; when j\j > 0 since 1£S’D1n = 0. Also, when j\j > 0, note that

{(n—=1)X}Phy = (X = X)a; = (X — M)P,a; = (X - M)ay,
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where M = [u, ..., u]. Thus it holds that {(n — 1)5\]-}1/2}1?(931 —p) = '&f(X -
M) (a0 = p) = el |0 — pl [P+ 305 ) s (s — )T (21— p), s0 that @@ — el
is very biased since E(||x; — p|[?)/{(n — 1)Y/2);} > (n — 1)V/25/);. Hence, one
should not apply the ﬁjs or the iL]’S to the estimation of the inner product.
Here, we consider a bias-reduced estimation of the inner product. Let us

write that
Wi = (W51, oy U1, — g0/ (0 — 1), Ajg 1, -on Ujn) T

whose I-th element is —1;;/(n—1) for all j, . Note that &; = w;—(0,...,0,u;n/(n—
1),0,...,0)T. Let
hj = {(n— )X} 3 X - X)ay (3.3)

for all 7,1. When \; > 0, we note that {(n — 1)\;}'/2h;; = (X — M) P, =
(X — M)a since 1]a; = > 4 = 0, where

gy = (U1, oo Ujr—1, 0, Gjrs 1, ooy W) T + (R — 1) My, gy for l=1,..,n.
Here, 1,y = (1,...,1,0,1, ..., 1)T whose [-th element is 0. Thus it holds that
~ ~T R
{(n— 1))‘j}1/2hjz($l —p) = U?(MX - M)T(fﬂl —p)

= > Aty + (n =) Mapd(ms — )" (@ — p),
s=1(1)

so that the large biased term, ||; — u||?, has vanished. Then, we have the

following result.

Proposition 4 (Aoshima and Yata, 2016). Assume (A-i) and (A-ii). It holds
forj=1,..,k (I=1,...,n) that as my — oo

—1/2;T . _ _
N PRy (@ — p) = 2+ g x Op{(n'2A) " A} + Op(n=/?).

J

Note that [ {aj 1/ (n'/20;)}2/n]Y/2 = A1 /(A\jn). The bias term is small
when A;/A; is not large.

3.2. Test procedure using eigenstructures

Let Z;5;, = ibz;z%’l for all 4, j, 1, where fziﬂs are defined by ([B.3]). From Propo-
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sitions 2 and 4, we consider the following test statistic for ()

22 Sy (@hE — Z] 1 Tijidiu)
ni(n; — 1)

k1 ~ 7 k ~ 7
12y o (= Yok Tjihay) T (®ar — Y052 Eajirhag)

)

-2

ning
where hyjs are defined by (3:2). Then, we have the following result.

Theorem 1 (Aoshima and Yata, 2016). Assume (A-i) and (A-ii). Assume also

2
lim sup —= < oo.

m—00 1x
Then, it holds that as m — oo
T. — A,
K,

under some regularity conditions.

Let z. be a constant such that P{N(0,1) > z.} = ¢ for ¢ € (0,1). We note
that K1./K.« =1+ 0(1) as m — oo under (A-i) and limsup,, ., A2/Kj. < occ.
Then, for given a € (0,1/2), we consider testing the hypothesis in (I.I]) by

~

rejecting Hy < > Za, (3.4)

77

where K1, is defined in Section 5.2 of [Aoshima and Yatal (2016). Let power(A,)
denote the power of the test (3.4]). Then, we have the following result.

Theorem 2 (Aoshima and Yata, 2016). Assume (A-i) and (A-ii). Then, the
test (34]) has as m — oo

. A* Kl* 1/2 o
size=a+o0(l) and power(A,) — (P(Ki/Q - za< X ) ) =o(1)

under some regularity conditions, where ®(-) denotes the cumulative distribution
function of N(0,1).

In general, k;s are unknown in T, «. See Section 6.2 in [Aoshima and Yatal
(20106) for estimation of k;s.
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