Report on stochastic calculus under G-expectations

Yushi Hamaguchi*

Abstract

This is a review report on non-linear expectations, G-Brownian motions and related
stochastic calculus under uncertainty, which were introduced by Peng [6] [13].
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1 Introduction

In this report, we review recent developments on stochastic calculus based on the so-called
nonlinear expectations, in particular, sublinear expectations, which were introduced by Peng
[6,[7]. A non-linear expectation E is a monotone and constant-preserving functional defined on
a linear space of random variables. We are particularly interested in sublinear expectations,
ie., E[X +Y] < E[X]|+ E[Y] and E]AX] = AE[X] for any random variables X,Y and any
constant A > 0. Sublinear expectations in this sense is consistent with the notion of coherent
risk measures. Furthermore, each sublinear expectation can be represented by the supremum
of a subset of linear expectations, and thus it is also consistent with the upper expectation
under uncertainty of probability measures.

In order to investigate problems of probability model uncertainty, Peng [0, [7] focused on
“expectations” rather than the well-accepted classical notion of “probability measures”, and
introduced the notion of nonlinear expectation spaces and sublinear expectation spaces. The
classical notions of the distributions and independence of random variables are generalized to
nonlinear expectation spaces. Peng [I1] [12] proved the corresponding law of large numbers
(LLN) and the central limit theorem (CLT') for an “i.i.d.” sequence of random variables under
a sub-linear expectation. In the new CLT, the limit distribution becomes the so-called G-
normal distribution which is a generalization of the classical normal distribution to the case
of variance uncertainty. The G-normal distribution is characterized by a nonlinear parabolic
partial differential equation (PDE, for short) of the following form:

o — G(D*u) = 0,

where G is a sublinear and monotone function defined on the set of d x d symmetric matrices.
From this fact, we see that the stochastic calculus under non-linear expectations is strongly
related to the theory of fully nonlinear PDEs. We emphasize that if the function G is
linear, then the G-heat equation is reduced to the classical heat equation, and the G-normal
distribution becomes the classical normal distribution.

Based on the G-normal distribution, a G-Brownian motion is formulated by Peng [8] 9]
in a similar way to the classical Brownian motion. Roughly speaking, a G-Brownian motion
is a stochastic process with stationary and independent increments under a given sublinear
expectation. On a canonical space of continuous paths from R, to R? we can define a
sublinear expectation called G-expectation which is analogous to Wiener’s law. Under the
G-expectation, the canonical process becomes a G-Brownian motion. The related Ito-type
stochastic integral and the quadratic variation process of a G-Brownian motion are defined
by Peng [13| 10]. An interesting phenomenon is that the quadratic variation process of a
G-Brownian motion is also a stochastic process with stationary and independent increments,
and thus can still be regarded as a G-Brownian motion. The corresponding It6’s formula
is obtained. Furthermore, the notion of G-martingales is introduced, and the corresponding
representation theorem is presented; this is based on the papers [4 [15, [16] 17, [T4]. Also, a
Girsanov’s type formula for G-Brownian motion is presented, which is based on the results
of the papers [I8] [5].

In the end of this report, based on Hu et al. [2], we apply the G-expectation theory to
mathematical finance with volatility uncertainty. The notion of arbitrage is formulated. It



turns out that the no-arbitrage prices of a given European contingent claim are characterized
by an interval. The bounds of this interval are the upper and lower arbitrage prices v,, and
Ulow, Which are obtained as the expected value of the claim’s discounted payoff with respect
to the G-expectation E. Generally speaking, because [ is a sublinear expectation, we have
Uup 7 Vlow. Lhis verifies the market’s incompleteness. No arbitrage will be generated when
the price is in the interval (Vioy, vup) for a European contingent claim.

2 Sublinear expectations
2.1 Definitions of nonlinear expectations and sublinear expecta-

tions

Let €2 be a given set and let H be a vector lattice of real valued functions defined on 2. We
assume that H contains any constant c. Each element in the space H is called a random
variable.

Definition 2.1. A non-linear expectation E is a functional E : H — R satisfying

(i) Monotonicity:
E[X] <E[Y]if X <Y

(ii) Constant preserving:
E[c] = ¢ for c € R.

The triplet (2, H, E) is called a nonlinear expectation space. We call E a sublinear expectation
if [E is a non-linear expectation such that the following conditions hold:

(iii) Sub-additivity:
EX +Y] <E[X]|+E[Y] for X,Y € H;

(iv) Positive homogeneity:

E[\X] = AE[X] for X € # and \ > 0.

In this case, the triplet (2, H,E) is called a sublinear expectation space.

Definition 2.2. Let E; and E; be two nonlinear expectations defined on (2, H). We say
that E; is dominated by E,, or E5 dominates E;, if

El[X] — El[Y] S EQ[X — Y] for X,Y € H.
Remark 2.3. If E; is dominated by [E,, then we have
E1[X] = B [Y]] < Eo[|X — Y]] for X,Y € H.

From (iii), a sublinear expectation is dominated by itself. If the inequality in (iii) becomes
equality, then E is a linear expectation.



Remark 2.4. The combination of Properties (iii) and (iv) is called sublinearity. This sub-
linearity implies

(v) Convexity:
ElaX + (1 —a)Y] < aE[X]+ (1 — «)E[Y] for X,Y € H and « € [0, 1].
Conversely, the combination of Properties (iv) and (v) implies sub-additivity (iii). On the
other hand, the combination of Properties (ii) and (iii) implies
(vi) Cash translatability:

E[X + ¢ =E[X]+cfor X € H and c € R.

For Property (iv), an equivalent form is
EMNX] = ATE[X] + A\ E[-X] for X € H and X € R.

A sublinear expectation can be expressed as a supremum of linear expectations. The
following representation theorem was proved by using the Hahn—Banach extension theorem.

Theorem 2.5 ([13]). Let E be a functional defined on a linear space H satisfying sub-

additivity (iii) and positive homogeneity (iv). Then there exists a family of linear functionals
Ey: H — R, indexed by 0 € O, such that

E[X] = max Ey[X]| for X € H.

0co
Moreover, for each X € H, there exists Ox € © such that
E[X] = Ep, [ X].
Furthermore, if E is a sublinear expectation, then the corresponding Ey is a linear expectation.

The above linear expectation Fjy is only finitely additive in general. The following theorem,
which can be proved by using the well-known Daniell-Stone theorem, gives an important
sufficient condition for the o-additivity of Ey.

Theorem 2.6 ([13]). Assume that (2, H,E) is a sublinear expectation space satisfying

lim E[X;] = 0

1—00

for each sequence of random variables { X; }ien C H such that X;(w) | 0 for each w € Q). Then

there exists a family of (c-additive) probability measures { Pp}oco defined on the measurable
space (2, 0(H)) such that

E[X] = Igle%/g)((w) dPy(w) for X € M.

Here o(H) denotes the o-field on ) generated by H.
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Remark 2.7. In the above theorem, the family { P }sco represents the uncertain probability
measures associated to the sublinear expectation E. In this case, the sublinear expectation
[E can be seen as an upper expectation under the uncertainty of the probability measures

{Ps}oco-

The following property is very useful in the sublinear expectation theory.

Proposition 2.8 ([13]). Let (Q,H,E) be a sublinear expectation space and Y € H be a
random variable such that E[Y]| = —E[-Y]. Then we have

E[X +aY]|=E[X]+aE[Y], VX € H, a € R.
In particular, if E]Y] = —E[-Y] =0, then E[X + Y] = E[X].
Proof. We have, for each a € R,
ElaY] =a E[Y] + a E[-Y] =a E[Y] — a E[Y] = oE[Y].
Thus, for each X € H and a € R,

E[X + aY] < E[X] + E[aY] = E[X] + oE[Y] = E[X] — E[-aY] < E[X + aY].

More generally, for nonlinear expectations, the following holds.

Proposition 2.9 ([I3]). Let E be a nonlinear expectation on (0, H) dominated by a sublinear
expectation E. Let Y € H be a random variable such that E[Y]| = —E[-Y|. Then we have

E[X 4+ aY] =E[X] +aE[Y], VX € H, a €R. (2.1)

In particular, E satisfies the cash translatability:

EX + ¢ =E[X]+¢, VX eH, ceR.

Proof. By the above proposition, we have E[aY] = —E[—aY] = aE[Y] for each « € R. Thus,
for any X € H and a € R, we have

E[X +aY] - E[X] <
E[X] - E[X +aY] <

showing that

E[X + aY] — E[X] = E[aY] = aE[Y].
In particular, we have E[Y] = E[Y]. Consequently, we get (2.1)). O

An n-dimensional random variable X = (Xy,..., X,,) with X; € H, i =1,...,n, is often
called an n-dimensional random vector and denoted by X € H"™. We define the corresponding
nonlinear expectation by a component-wise sense:

E[X] := (E[X1],...,E[X,]) € R" for X = (X1,..., X,,) € H".
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2.2 Distributions and independence of random variables

We denote by Cj 1;,(R™) the space of functions ¢ satisfying the local Lipschitz condition:
o(z) = o(y)] < OO+ ||™ + [y|")|z — y| for 2,y € R”,

where the constant C' > 0 and the integer m € N may depend on . Also, we denote by
Ch,Lip(R™) the set of all uniformly Lipschitz continuous functions ¢:

lp(x) —o(y)| < Clr —y| for ,y € R”,

where the constant C' > 0 may depend on . In the following, unless otherwise stated, we
consider a sublinear expectation space (2, H,E) satisfying the following property: for any
Xi,...,X, € H and any ¢ € Cj;p(R"), we have ¢(X;,...,X,,) € H. Similar results in
this subsection hold for the case where E is a nonlinear expectation dominated by another
sublinear expectation satisfying the above property.

We now give the notion of distributions of random variables under sublinear expectations.

Definition 2.10. Let X = (Xi,...,X,,) be a given n-dimensional random vector defined on
a sublinear expectation space (€2, H,E). We define a functional Fx on Cj 1;,(R") by

Fx[p] :== E[p(X)] for ¢ € Cyrip(R").
Fy is called the distribution of X under E.

Note that the triplet (R", C 1;,(R"),Fx) forms a sublinear expectation space. The dis-
tribution of a (1-dimensional) random variable X € H has the following typical parameters:

o= E[X], p:=-E[-X].

By the sub-additivity and the constant preserving property of E, we see that p < 7. The
interval [u, 1] characterizes the mean-uncertainty of X. Assume i = y = 0 and consider the
following parameters:

7° = E[X?, o := —E[-X7].
Then we have 0 < ¢ < 2. The interval [0?,7?] characterizes the variance-uncertainty of

X.
The following lemma is a consequence of Theorem [2.6]

Lemma 2.11 ([13]). Let (2, H,E) be a sublinear expectation space and let X € H™ be an n-
dimensional random vector. Denote the distribution of X by Fx. Then there exists a family
of probability measures {F;* }oco, defined on (R™, B(R™)) such that

Fxlel = sup [ ole) ¥ (da), € Cuan(®)

0cOx JR

Remark 2.12. The above lemma tells us that the distribution Fx of X under a sublinear
expectation characterizes the uncertainty of the distribution of X which is a family of classical
distributions {F;* }oco -



Definition 2.13. Let X; and X, be two n-dimensional random vectors defined on (possibly
different) sublinear expectation spaces (21, H1,E;) and (€9, Ha, Ey), respectively. They are

called identically distributed, denoted by Xy 4 X, if

Eq[p(X1)] = Eofp(Xa)], Vo € Cprip(R™).

Note that, in the above definition, the test function ¢ is taken from C, 1;,(R™)CCj i, (R™).
However, the identically distributed can also be characterized by the following.

Proposition 2.14 ([I3]). Suppose that Xy and Xs are identically distributed n-dimensional
random vectors defined on sublinear expectation spaces (1, H1,Eq1) and (Qa, Ha, Es), respec-
tively. Then we have

Eip(X1)] = Ea[p(X2)], Vo € Cprip(R™).

Thus, X4 4 Xo if and only if their distributions coincide.

Proof. For simplicity of notation, we assume that n = 1. For each ¢ € Cj 1;,(R) and N € N,
we define
pn(r) = ((x AN)V(=N)), z € R.

Then we have ¢y € Cj 1;,(R). Moreover, there exists a constant C, m > 0 such that

lon () — ()] < O+ |z|™)(|Jz| = N)T < O(1 + um%_

Note that, under our framework, for i = 1,2, we have (1 + | X;|™)|X;|? € H;. Thus, we get
i [on (X)) = Ei[o(X3)]] < Eallon (Xi) — o(X5)]]
C
< NEi[(l + X ™) Xi]*] = 0as N = o0, i = 1,2,

where we used the sub-additivity, monotonicity and positive homogeneity of the sublinear
expectation E;. Consequently,

Ei[p(X1)] = A}I_{I;o Ei[on(X1)] = ]\}1_%0 Eo[pn (X2)] = Eo[p(X2)],

which is the desired result. O

Definition 2.15. A sequence of n-dimensional random vectors {7; };en defined on a sublinear
expectation space (2, H,E) is said to converge in distribution (or converge in law) under E
if for each ¢ € Cy 1;(R™), the sequence {E[¢(n;)]}ien converges.

Proposition 2.16 ([13]). Let {n;}ien converge in law in the above sense. Then the mapping
F: CiLip(R") = R defined by
Flg] := lim E[p(n;)] for ¢ € Cprip(R")

i—00

is a sublinear expectation defined on (R™, C ;p(R™)).

7



Next, we define the notion of independence of random variables.

Definition 2.17. Let (2, H,E) be a sublinear expectation space. A random vector Y € H"
is said to be independent from another random vector X € H™ under E if for each test
function ¢ € Cj i, (R™™) we have

E[p(X, V)] = E[E[¢(z, Y)]|o=x].

Remark 2.18. By a similar way to the proof of Proposition [2.14] we see that we can
replace Cy 1;,(R™) by Cj 1;,(R") in the above definition. By using the sub-additivity, positive
homogeneity and monotonicity of the sublinear expectation E, we see that, for each ¢ €
CiLip(R™™) and Y € H"™, the function z — E[p(z,Y)] is in C ;,(R™).

Let X, X be two n-dimensional random vectors on a sublinear expectation space (2, H, E).

X is called an independent copy of X if X L X and X is independent from X. An interesting
and important phenomenon is that, under a nonlinear expectation, “Y is independent from
X7 does not imply that “X is independent from Y” in general.

Example 2.19 ([13]). Let (€2, H, E) be a sublinear expectation space and X € H be a random
variable such that E[X] = E[-X] = 0, 72 := E[X?] > ¢? := —E[-X?|, and E[|X|] > 0. Let
Y be an independent copy of X. By using Proposition we see that

52 — g2

2

52 + o2

E[XY?] = E[X*5? — X 02 = E[

72 — o2

= ZZE[X]) > 0.

| X| + X

However, if X is independent from Y, then we have
E[XY?] =0,
which is a contradiction.

The following example is a non-trivial case.

Example 2.20 ([3]). Let Q@ = R?, H = C}, 1;,,(R?) and let K; and K> be two closed sets in
R. We define

]E[gD] = sup QO([E, y) for ¥ € Cb,Lip(]RQ)'
(m,y)GKl X Ko

It is easy to check that &(x,y) := z is independent from 7n(z,y) := y and 7 is independent
from ¢&.

Hu—Li [3] showed that this is the only case.

Theorem 2.21 ([3]). Suppose that X € H has distribution uncertainty and Y € H is not
a constant on a sublinear expectation space (U, H,E). If X is independent from Y and Y is
independent from X, then X andY must be maximally distributed (defined later).



Remark 2.22. Let X € H™ and Y € ‘H" be two random vectors on a sublinear expectation
space (£2,H,E). Suppose the distributions are represented by

Fx[p1] = sup / v1(x) Fg)f(dx) for 1 € Cp 1ip(R™),

01€0 x

Fy[gs] = sup / oa(y) T (dy) for oz € Crp(RY),

020y JR

for some families of probability measures {F;\}g co, on (R™,B(R™)) and {F}) }g,co, on
(R™, B(R™)), respectively. In this case, “Y is independent from X” means that the joint
distribution of the random vector (X,Y") € H™" is represented by

Focrltl = sw [ {sw [ we) Fdn)} B (do) for v € Coa(®™).
01€0x JR™ 0260y JRn

Definition 2.23. Let (Q;, H;,E;), i = 1,2, be two sublinear expectation spaces. We denote

(wl,wg) S Ql X QQ, X € HT, Y € Hg,}

=< Z = (X Y
Hi @ Ho { (w1, w) = (X (w1), Y (w2)) o € Ciip®™™), m,n € N

and, for each random variable of the above form Z(wy,ws) = (X (w1), Y (w2)),
(Er ® Ey)[Z] = Ea[Es[io(, Y)]]o=x].

We call (€1 x Q9,H; ® Ho,E; ® Ey) the product space of sublinear expectation spaces
(QlaHhEl) and (QQaH27E2)'

It is easy to see that the product space (21 X Qo, H; ® Ha, E; ® Eg) forms a sublinear
expectation space. In this way, we can define the product space

(HQ@)H@E)
1=1 =1 i=1

of given sublinear expectation spaces (€;, H;,[E;), @ = 1,...,n. The sublinear expectation
;. E; is defined recursively by

for a random variable Z € )., H; of the form Z(wy,...,w,) = ¢(Xi(w1),..., X, (w,)) for
X;€H, i=1,...,n, and ¢ € Cp;p(RXi=1"). When (€, H;, E;) = (Q,H,E) for all i, we
have the product space of the form (Q", H®" E®").
Proposition 2.24 ([13]). Let X; be an n;-dimensional random vectors on a sublinear expec-
tation space (2;, H;,E;) for each i = 1,... n, respectively. Define

Yi(wi,...,wn) == Xi(w;), i=1,...,n.
ThenY;, i =1,...,n, are random vectors on the product space (I[;_; i, Qi Hi, Qi E;).

Moreover we have Y; 4 X; and Yiiy is independent from (Yi,...,Y;) under @, E; for each
i=1....n—1.



2.3 Banach spaces of random variables

Let (©,H,E) be a sublinear expectation space. We can extend the well-known Young’s
inequality and Holder’s inequality to our setting.

Proposition 2.25 ([13]). For each XY € H, we have

E[|X 4+ Y] < max{1,2 '} E[|X]"] + E[|Y]"]), forr>0;
E[|XY|] <E[|X|"] 1/pE[|Y|q} 1/q7 for1<p,q< oo, ]1? + é =1;

E[|X + Y] <E[IX]]"" + E[)Y]P]"", forp> 1.

Let p > 1 be fixed. It is easy to see that Hi := {X € H|E[X|?’] = 0} is a linear
subspace of H. We take Hf as a null space, and consider the quotient space H/H}f. For
each {X'} € H/H{ with a representation X € H, we can define E[{X}] := E[X] which is a
sublinear expectation on (2, H/H5). In the following, we use the same notation X for an
element { X} of H/H} and its representation X € H. Define

X, == E[|X]P]"" for X € H/H.

By the above results, we see that || - ||, forms a norm on H/H{. Denote the completion of
H/H; under the norm || - ||, by #H,, then (H,, || - ||,) is a Banach space. For p = 1, we denote
it by (H, |- []).

Observe that the mappings
FTHIX—=XTeHand HIX =X €H

satisfy
IXT—YF|<|X-Y|and [ X~ —Y | <|X -Y|for X,Y € H.

Thus, they are both contraction mappings under || - ||, and can be continuously extended to
the Banach space (H,, || - [|,)-

Definition 2.26. An element X in (H, || -||) is said to be nonnegative, or X >0, 0 < X, if
X=X Wealsowrite X >Y,or Y < X, if X -Y >0.

It is easy to check that X >Y and Y > X imply X =Y in (H,, || - |,)-
For each X,Y € H, we have

[E[X] - E[Y]| <E[X - Y[ < [|X =Y.

Thus, the sublinear expectation E[-] : H/Hi — R can be continuously extended to the
Banach space (H,, || - ||,), on which it is still a sublinear expectation. We still denote it by
(Q,H,,E).

Remark 2.27. Note that Xy,..., X, € 7:[p does not imply in general that ¢(X1,..., X,,) €
H, for ¢ € C) 1ip(R™). Thus, we talk about the notions of distributions, independence and
product spaces on (2, H,E), the space C 1;,(R") cannot be replaced by Cj 1;,(R™).
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3 (G-normal distributions and limit theorems

In this section, we define special types of distributions called the maximal distribution and the
G-normal distribution under a sublinear expectation space. In the classical probability theory,
the maximal distribution corresponds to constants and the G-normal distribution corresponds
to the normal distribution. The related limit theorems, the law of large numbers (LLN) and
the central limit theorem (CLT) are considered. In the theory of sublinear expectations, it
turns out that the limit in LLN is a maximal distribution and the limit of CLT is a G-normal
distribution.

3.1 Maximal distributions and (G-normal distributions

Firstly we define the maximal distribution.

Definition 3.1. A d-dimensional random vector 7 = (1, ...,74) on a sublinear expectation
space (Q,H,E) is called mazimally distributed if there exists a bounded, closed and convex
subset I' € R? such that

Elp(n)] = max p(y) for ¢ € Cip;p(RY).

Remark 3.2. The distribution of 7 is given by

Fule] = Elio(n] = max [ ola)8,(ds) for € Cuap(R)

yel

where 6, denotes the Dirac measure centered at y. This means that the maximally distributed
random variable 1 has the uncertainty of distributions among the Dirac measures centered
at y in the set I'. When d = 1, we have I' = [u, 1] where i := E[u] and p := —E[—n]. In this
case, the distribution of 7 is characterized by B

Fyle] = E[p(n)] = max ¢(y) for ¢ € C 1;,(R).

p<y<p
Remark 3.3. A maximally distributed random vector n € H¢ satisfies the relation
cm—l—bﬁg (a + b)n for a,b > 0,

where 7 is an independent copy of 7. Indeed, for each test function ¢ € Cj ;,(R?), we have

Elp(an +bn)] = E [ryggg@(an + byz)] = max max p(ay, + bys)

= max o((a+b)y) =E[p((a+b)n)],

where in the third equality we used the convexity of I'. We will see later that in fact the
above relation characterizes a maximal distribution.
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Next, we define the G-normal distribution. Recall that the classical characterization of a
normal distribution; X < N (0,Q) if and only if

aX +bX L Va2 + 12X for a,b > 0,

where X is an independent copy of X. The covariance matrix @ is defined by Q = E[X X T].
We will see that, within the framework of sublinear expectations, this normal distribution is
just a special type of the G-normal distribution.

Definition 3.4. A d-dimensional random vector X = (X3,..., Xy) on a sublinear expecta-
tion space (€2, H,E) is called G-normally distributed if

aX +bX £ Va2 + 02X for a,b>0,
where X is an independent copy of X.

Remark 3.5. If X is G-normal distributed, we have E[X + X| = 2E[X] and E[X + X] =
V2E[X]. Thus we see that E[X] = 0. Similarly, we can show that E[—X] = 0. Therefore X
has no mean-uncertainty.

Proposition 3.6 ([13]). Let X € H? be a d-dimensional G-normally distributed random
variable. Then for each matriv A € R™? AX € H™ is an m-dimensional G-normally
distributed random variable. In particular, for each a € R?, (a, X) € H is a 1-dimensional
G-normally distributed random variable. The converse is not true in general.

Definition 3.7. A pair of d-dimensional random vectors (X, 7n) on a sublinear expectation
space (2, H,E) is called G-distributed if

(aX + bX,a%n + b%) < (Va2 + 12X, (a® + b*)n) for a,b >0,
where (X, 1) is an independent copy of (X,n).

Remark 3.8. If (X, n) is G-distributed, then X is G-normally distributed and 7 is maximally
distributed.

We denote by S(d) the collection of all d x d symmetric matrices. Let (X,n) be G-
distributed random vectors on a sublinear expectation space (€2, H,E). The following function
is basically important to characterize their distributions:

Glp, A) = ]E[%(AX, X)+ (p.n)] for (p, A) € R x S(d). (3.1)

It is easy to check that G is a sublinear function, monotone in A € S(d) in the following
sense: for each p,p € R? and A, A € S(d),

Gp+p, A+ A) <G(p,A)+G(p, A),
G(Ap, AA) = AG(p, A), VA =0, (3:2)

G(p, A) < G(p,A), if A< A,
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Clearly, GG is also a continuous function. Thus, by Theorem there exists a bounded,
closed and convex subset I' € R% x R%*9 such that

Gln.A) = sg)pr[gtr [4QQT] + (p,a)] for (p, 4) € R x S(d).
q,Q)€E

The pair (X, n) is characterized by the following parabolic PDE defined on [0, 00) x R? x R¢:
du — G(Dyu, D2u) = 0, (3.3)

with Cauchy condition uli—g = ¢, where Dyu = (9,u){, and D2u = (Opo,u)?;_;. The
PDE (3.3) is called a G-equation.

Proposition 3.9 ([13]). Assume that the pair (X,n) is a pair of d-dimensional G-distributed
random wvectors on a sublinear expectation space (0, H,E). For any given function ¢ €
Cirip(R* x RY), we define

u(t, z,y) = Elp(z + VX, y + tn)] for (t,z,y) € [0,00) x R? x R
Then we have
u(t+ s,2,y) = Elu(t,z + /sX,y + sn)], Vt,s € [0,00), z,y € R (3.4)

Furthermore, for each T > 0, there exist constants C,k > 0 such that, for allt,s € [0,T] and
z,7,y,9 € RY,

u(t,z,y) —u(t,,9)| < O+ |2 + 12" + [y[" + [71")(l= —2[ + [y —7)  (3.5)
and
jult, ) — ult +5,,9)] < C(1+ 2l + [y)(s + 5172). (3.6)
Moreover, u is the unique viscosity solution, continuous in the sense of (3.5) and (3.6)), of
the G-equation (3.3)) with Cauchy condition ul,—g = .
Sketch of the proof. Let (X,7) be an independent copy of (X, 7). Then we have

u(t+ s, 2,y) = Elp(z + vVt +sX,y + (t + s)n)]

Elp(z + VsX + VX, y + sn +t7)]

E[E[p(z + Vsi + VX, y + 5§ + )| @5)=x0)]
E

[u(t,z +VsX,y + sn)],

we thus obtain the dynamic programming principle (3.4]).
By using the sub-additivity of E, the local Lipschitz continuity of ¢ and the relation ((3.4)),

we can show the estimates (3.5)) and (3.6)).
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Next, we show that u is a viscosity solution of the PDE (3.3). For a fixed (¢,z,y) €
[0,00) x RYx R?, let 1) € Cffip([o, 00) x R4 x R?) be such that ¢ > wand (¢, x,y) = u(t, z,y).
By the relation (3.4) and Taylor’s expansion, it follows that, for 6 € (0,¢),

0 <E[(t — 8,2+ VX, y+dn) — ¥(t, z,y)]
<C(1+ |z[™ + |y[™) (6% + 6%) — O (t, 2, )6
+E[(D(t, 2, y), X)V3 + (Dy(t,x,y),m)0 + %<D§w(t, z,y)X, X)6]
1
== 0(t, 7,9)d + E[(Dy(t, ,9),md + 5 (D7 (t, 2,9)X, X)d]
+ O+ [z[™ + |y[™) (832 + 6%)
== 8tw<t7 Z, y>5 + G(Dzﬂﬂ, Did’)(@ €, y) + 6(1 + |x|m + ’y|m)<53/2 + 62)7

where C',m > 0 depend on 1. Consequently, by letting § | 0, we see that

[0 — (Db, D2)] (1,2, ) < 0.

Thus w is a viscosity subsolution of (3.3)). Similarly we can prove that u is a viscosity super-
solution of (3.3). The uniqueness of the viscosity solution of (3.3) satisfying the regularity
properties (3.5)) and (3.6) comes from a general theory of PDEs. O

Observe that u(1,0,0) = E[p(X,n)] characterizes the distribution of (X,n). Thus, we
have the following consequence.

Corollary 3.10 ([13]). If both (X1,m) and (Xa,m2) are pairs of d-dimensional G-distributed
random vectors on sublinear expectation spaces (21, Hi,Eq) and (Qg, Ha, Es), respectively,
with the same G, i.e.,

Glp, A) = B [ 54X, X2) + ()] = Ba 504X, Xa) + (0} Jor (5, 4) € R x 8(a),

then (X1,m) 4 (Xo,1m2). In particular, X, 4 -X;.

Example 3.11. Let X be a d-dimensional G-normally distributed random vector on a sub-
linear expectation space (2, H,E). The distribution of X is characterized by the function

u(t,z) = E[p(z + VtX)], (t,z) € [0,00) x RY,

with a given function ¢ € Cj 1;,(RY). We see that u is the (unique) viscosity solution of the
following parabolic PDE defined on [0, c0) x R%:

ou — G(D*u) =0 (3.7)

with Cauchy condition u|;—g = ¢, where G = Gx : S(d) — R is a sublinear and monotone
function defined by

G(A) = %E[(AX, X)) for A € S(d).
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The parabolic PDE (3.7)) is called a G-heat equation. By Theorem , there exists a bounded,
closed and convex subset ¥ C S(d) such that
1

LR(AX, X)) = G(A) = 2 sup tr[AQ], 4 € S(d).
2 2 gex

Since G is monotone, we see that ¥ C S, (d), where S, (d) is the set of d x d nonnegative
definite symmetric matrices. If ¥ is a singleton: ¥ = {@Q} for some @ € S, (d), then X
is classical zero-mean normally distributed with the covariance matrix ). In general, ¥

characterizes the covariance uncertainty of X. We denote X < N ({0} x X).
When d = 1, we have X < N({0} x [02,52)), where 52 := E[X?] and ¢? := —E[-X?].
The function G' can be written as

G(a) =

(c°a™ —c’a”) for a € R,
and the corresponding G-heat equation becomes

O — 5 (0%, u)" — (0%, u)) =0 (38)
with ui—o = ¢. In this case, when ¢ € Cjr;,(R) is convex or concave, E[p(X)] can be

calculated as follows:

x/er? ffooo o(y) exp(—%) dy if ¢ is convex,

Elp(X) = - :) il
\ /_217@2 S #() eXp(-;?) dy if ¢ is concave.

(3.9)

Indeed, it is easy to check that

_ 1 > y?

is the unique smooth solution of the following classical linear heat equation:
72
ovu(t,x) = ?8§xﬂ(t,x), (t,x) € (0,00) x R,

with lim;_,o u(t, x) = @(x). It is also easy to check that, if ¢ is a convex function, then @(t, x)
is also a convex function in x, thus 9*u(t, z) > 0. Consequently, @ is also the unique smooth
solution of the G-heat equation (3.8). We then have u(t, z) = E[p(x + v/tX)] and thus (3.9)

holds. The proof for the concave case is similar.

Example 3.12. Let n be a d-dimensional maximally distributed random vector on a sublinear
expectation space. The distribution of 7 is characterized by the function

u(t,y) = Elp(y + tn)], (t,y) € [0,00) x RY,
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with a given function ¢ € Cj 1;,(RY). We see that u is the (unique) viscosity solution of the
following parabolic PDE defined on [0, 00) x R®:

O — g(Du) =0 (3.10)
with Cauchy condition u|,—g = ¢, where g = g, : R — R is a sublinear function defined by

9(p) == E[(p,n)] for p € R".

By Theorem there exists a bounded, closed and convex subset I' C R¢ such that

E[(p,n)] = g(p) = 32}3@’ q), p e R%

If © is a singleton: I' = {q} for some ¢ € R? then n = ¢ is a constant. We denote

d
n = N x{0}).
When d = 1, we have < N([p, 1] x {0}), where i := E[p] and p := —E[-n]. The

function g can be written as

g(p) =fp" —pp~ for p e R,
and the corresponding PDE ({3.10) becomes
u — (E(0yu)* — p(dyu)™) = 0.

The following proposition guarantees the existence of G-distributed random variables.
We omit the proof; see Peng [13].

Proposition 3.13 ([13]). Let G : R? x S(d) — R be a given continuous function satisfying
(3.2). Then there exists a pair of d-dimensional G-distributed random vectors (X,n) on a
sublinear expectation space (2, H,E) satisfying

Glp, A) — ]E[%(AX, XY+ ()] for (p, A) € R x S(d).

From now on, when we mention the sublinear expectation space (€2, H,E), we suppose
that there exists a pair of random vectors (X, 7n) on (€2, H,E) such that (X,7n) is G-normally
distributed.

3.2 The law of large numbers and the central limit theorem

In this subsection, we provide statements of the law of large numbers (LLN) and the central
limit theorem (CLT) under the framework of sublinear expectations without proofs. For
more detailed discussions, see Peng [13].

Theorem 3.14 (Law of large numbers [13]). Let {Y;}ien be a sequence of d-dimensional

random vectors on a sublinear expectation space (2, H,E). We assume that'Y; 4 Y1 and Y4
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is independent from {Y1,...,Y;} for each i € N. Then the sequence {% S Yitnen converges
in distribution to n):

tim 5[o( 237 v)] = Bt

for all o € C(RY) satisfying linear growth condition, i.e., |p(x)] < C(1 + |x|), where 4
N(T x {0}) with T' C R? satisfying

E[{p, ¥1)] = max(p,q) forp € R

Remark 3.15. If we take in particular ¢(y) = dr(y) := inf{|z — y| |z € T}, then we have
the following generalized law of large numbers:

ol (1 5°)] =i =0
=1

yel’

If Y} has no mean-uncertainty, or in other words, I is a singleton: I' = {7} for some vy € R?,
then we have

. I8N
Jim B[ 2] =0

Theorem 3.16 (Central limit theorem with zero-mean [13]). Let {X;}ien be a sequence
of Ré-valued random wvectors on a sublinear expectation space (0, H,E). We assume that

X; 4 Xi and X,y is independent from {X1,..., X;} for each i € N. We further assume that
E[X;] = E[-X;] = 0. Then the sequence {\/iﬁ Yoiy Xitnen converges in distribution to X :

JLHC}OE [g0<% ,LZ::XJ] = E[p(X)],

for all ¢ € C(RY) satisfying linear growth condition, where X € N({0} x X) with ¥ C S, (d)
satisfying

E[(AX, X)] = Zlég tr[AQ)] for A € S(d).

More generally, the following form of limit theorem holds.

Theorem 3.17 (Central limit theorem with law of large numbers [13]). Let {(X;,Y;) }ien be
a sequence of R? x Re-valued random vectors on a sublinear expectation space (Q, H,E). We

assume that (X;,Y;) < (X1,Y7) and (X;11,Yi41) is independent from {(X1,Y1),...,(X;,Yi)}
for each i € N. We further assume that E[X,]| = E[—X ] = 0. Then we have

JL%E[@(%iXiyéi}/i)} = Ep(X,n)],

for all o € C(R? x R?) satisfying linear growth condition, where (X, n) is G-distributed with
the function G : S(d) x R — R characterized by

Glp, A) = E[%(AXl, X))+ {p. )] for (p, A) € R x S(d).
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4 G-Brownian motions and G-expectations

In this section we review the concept of G-Brownian motions and G-expectations. This G-
Brownian motion has a very rich and interesting structure which non-trivially generalizes the
classical one. The corresponding path-wise properties of the G-Brownian motion in view of
the quasi-sure analysis are also presented.

4.1 (G-Brownian motions on sublinear expectation spaces

Definition 4.1. Let (Q2,H,E) be a sublinear expectation space. (X;);>o is called a d-
dimensional stochastic process if for each t > 0, X; is a d-dimensional random vector on

(Q,H,E).

Definition 4.2. A d-dimensional stochastic process (By);>o on a sublinear expectation space
(Q,H,E) is called a G-Brownian motion if the following properties are satisfied:

(i) By(w) =0 for any w € ;

(ii) For each t,s >0, By s — By 4 Bs and By, s — B, is independent from (By,, ..., By, ), for
eachneNand 0<t;, <---<t, <t

(iii) limgyo E[| B[]t~ = 0.

Moreover, if E[B;] = E[-B;] = 0 for each t > 0, then (B;):>o is called a symmetric G-
Brownian motion.

In sublinear expectation spaces, the symmetric G-Brownian motion is an important case
of G-Brownian motions. The following theorem gives a characterization of the symmetric
G-Brownian motion.

Theorem 4.3 ([13]). Let (B:)i>o0 be a given d-dimensional symmetric G-Brownian motion
on a sublinear expectation space (Q, H,E). Define, for each ¢ € Cj, 1;,(R?), the function

u(t,z) == E[p(x + By)], (t,r) € [0,00) x R%.

Then u is uniformly Lipschitz continuous in x € R and uniformly 1/2-Hélder continuous in
t € [0,00). Furthermore, u is the viscosity solution of the G-heat equation (3.7)):

o — G(D*u) =0

with Cauchy condition u|—o = @, where G : S(d) — R is defined by
1
G(A) := §E[<ABl, By)] for A € S(d). (4.1)

In particular, By is G-normally distributed and By 4 ViB; for each t > 0.
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Sketch of the proof. We only show that u is a viscosity solution of the G-heat equation (3.7)).
First of all, we show that, for each fixed ¢ > 0,

%E[(ABt, B,)] = G(A)t for A € S(d).
For each A € S(d), we set b(t) = E[(AB;, B,)]. Then b(0) = 0 and |b(t)| < |A[E[|B,[*]** — 0

ast ] 0. Let t,s > 0 be fixed. Since B;; s — B; is independent from B; and B, s — B; 4

B, noting that E[Bs] = E[—Bs] = 0, we see that E[{A(Bi+s — B:), B)] = E[—(A(B4s —
Bt)th>] =0. Thus,

b(t + s) = E[{AB., Bt+s)] = E[(A(Biss — Bi + By), Bys — By + By)]

— E[(A(Byys — By), Biys — Bi) + (ABy, B) + 2(A(By1« — By), B))]
— [(A(BH_S — Bt+s — By) + (AB,, Bt>]
= b(t) +b(s),

and hence b(t) = b(1)t = 2G(A)t. Furthermore, we have, for each ¢, s > 0 and = € R,

u(t + s,z) = Elp(z + (Biys — By) + By)]

= E[E[o(y + (Biss — Be))lly=+5.)
= Elu(s,x + By)].

Fix (t,2) € (0,00) x R? and let v € C;*([0, 00) x RY) be such that v > u and v(t, z) = u(t, ).
Then we have, for each ¢ € (0,1),

v(t,x) = Elu(t — §, 2 + Bs)] < Elv(t — 0,z + Bs)].
Thus, by Taylor’s expansion,
0 <Efv(t — 9,z + Bs) — v(t, x)]
= E[-u(t.2)5 + (Du(t,2), By) + %(D%(t, ¥)By, B) + 1]

< —dyu(t,x)d + %E[(DQU(t, ) Bs, Bs)] + E[|5]]
= —0,(t,2)d + G(D*v(t,x)) + E[|I5]]

where I; € H is defined by the remaining term of Taylor’s expansion. In view of (iii) in
Definition 4.2, we can show that lims;o E[|I5]]6~! = 0, from which we get

ow(t,z) — G(D*v(t,x)) <0,

hence u is a viscosity subsolution of the G-heat equation (3.7)). Similarly we can prove that
u is a viscosity supersolution. O]

Remark 4.4. Let (By);>0 be a symmetric G-Brownian motion on a sublinear expectation
space (2, H,E). It is easy to see that, for each fixed £y > 0 and A > 0, the stochastic processes
(Biity — Biy)i>0 and (A™Y2By);>0 are also symmetric G-Brownian motions with the same
generator G : S(d) — R given by on (Q,H,E).
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Let (By)i>0 be a symmetric G-Brownian motion on a sublinear expectation space (2,H,E).
For each a € R?, we denote

B? :=(a, By) for t > 0,
02, =2G(aa") = E[(a, B))?,

aal

0° par = —2G(—aa') = —E[—(a, By)*].

Proposition 4.5 ([13]). Let (Bi)i>0 be a symmetric G-Brownian motion on a sublinear
expectation space (U, H,E). Then (B2):>o is a 1-dimensional symmetric G,-Brownian motion
for each a € R with the generator Gy : R — R given by

Gala) :==

(UiaToﬁ — a%aarof) for a € R.

N | —

In particular, for each t,s >0, B}, — B} A N({0} x [so?

—aal’ SazaTD'

Next, we consider the G-Brownian motion without the symmetric condition E[B;] =
E[—B;] = 0 on a sublinear expectation space (£2,H,E). The following proposition can be
shown by a similar argument as in the proof of Theorem [4.3]

Proposition 4.6 ([13]). Let (b:)i>0 be a d-dimensional G-Brownian motion on a sublinear
expectation space (Q, H,E). Assume furthermore that lim, E[|bt|2}t*1 = 0. Define, for each
¢ € Cyprip(RY), the function

u(t,z) = Elp(z + b)), (t,2) € [0,00) x R™.

Then u is uniformly Lipschitz continuous in x € R and uniformly 1/2-Hélder continuous in
t € [0,00). Furthermore, u is the viscosity solution of the following parabolic PDE defined
on [0,00) x R?:

Ou— g(Du) =0

with Cauchy condition uli—y = p, where g : R? — R is defined by
9(p) = E[(p, b1)] for p € R™.

In particular, by 1s maximally distributed and b, 4 thby for each t > 0.

Theorem 4.7 ([13]). Let (Bi)i>o be a d-dimensional G-Brownian motion on a sublinear
expectation space (Q, H,E). Define, for each ¢ € Cy, 1,(R?), the function

u(t,z) .= E[p(x + By)], (t,r) € [0,00) x R%.

Then u is uniformly Lipschitz continuous in x € R? and uniformly 1/2-Hélder continuous in
t € [0,00). Furthermore, u is the viscosity solution of the following parabolic PDE defined
on [0,00) x R?:

O — G(Du, D*u) = 0

with Cauchy condition uli—g = p, where G : R x S(d) — R is defined by

G(p,A) = %‘E[%(ABM By) + (p, B))| for (p, A) € R* x S(d).
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Remark 4.8. In many situations we are interested in a 2d-dimensional G-Brownian motion
(B, by)e=o such that E[B,] = E[-B,] = 0 and lim o E[|b;|*]¢* = 0. In this case (B;);>o is in
fact a symmetric G-Brownian motion. Moreover, the process (b;):>o satisfies the properties
in Proposition Define, for each ¢ € Cj 1;,(R? x RY), the function

u(t,z,y) == Elp(z + B,y +b)], (t,z,y) € [0,00) x R x R%.
By Theorem it follows that u is the viscosity solution of the G-equation (|3.3)):
dyu — G(Dyu, D>u) =0
with Cauchy condition u|—g = ¢, where G : R x S(d) — R is defined by

Glp, A) = E[%me B) + (p,b)] for (p, A) € RY x S(d).

In particular, (By, b;) is G-distributed.

4.2 The G-expectation on a canonical space

In this section, we consider a canonical space of functions from [0, 00) to R? and construct
a sublinear expectation called G-expectation under which the canonical process becomes a
symmetric G-Brownian motion.

Let Q = C4(R,) be the space of all R¢%-valued continuous functions (w;);>o with wy = 0,
equipped with the distance

M L@y .= 9 @O D1 A1) £ M L@ cq.
Al = 32 od? = 2 1] o
For each fixed T' € [0,00), we set Qp = {w,r|w € Q}. We will consider the canonical

process By(w) :=w, t € [0,00), for each w € Q.
For each fixed T" > 0, define

Llp(QT) = {SO(Btll\Ta ce 7Btn/\T) | neN, t,...,t, € [O, OO), NS Cl,Lip(Rdxn)}.
It is clear that Lip(€2;) C Lip(Qr) for each t < T. We set also

Lip(Q) := G Lip(€2,).

Note that Lip(£2r) and Lip(€2) are vector lattices containing all constants. Furthermore, for
each Xi,..., X, € Lip(Qr) and ¢ € C)1;,p(R"), we have ¢(X,...,X,) € Lip(Qr). Thus,
we can regard the sets Lip(€Qr) and Lip(Q2) as the spaces of random variables satisfying the
conditions in Section 2.2, In particular, for each ¢ € [0, 00), B; € Lip(£2,).

Let G : S(d) — R be a given continuous, sublinear and monotone function in the sense
of (3.2). By Theorem [2.5 there exists a bounded, convex and closed subset & € S, (d) such
that 1

G(A) = 5 Sup tr[AQ], VA € S(d).

QeX
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By Proposition [3.13] we know that there exists a sequence of d-dimensional random vectors
(&)ien on a sublinear expectation space (Q,H,E) such that & 4 N({0} x X) and &4, is
independent from (&, ...,&;) for each i € N.

We now construct a sublinear expectation E on (€2, Lip(Q2)) under which the canonical
process (Bi)i>o is a symmetric G-Brownian motion. For each X € Lip(§2) with

X = (;O(Bh — Bt07 Bt2 — Btp ce 7Btn — Btn—l) (42)

for some ¢ € Cp1;p(R*™) and 0 =ty < t; < --- < t,, < 00, we set

~

E[X] := Elo(Vt1 — toé1, - \/tn — tn16n)].

[ consistently defines a sublinear expectation on (€2, Lip(€)). Since Lip(Qr) C Lip(Q), E
is also a sublinear expectation on Lip(€y) for each T € [0,00). Furthermore, it is easy to

see that, under the sublinear expectation space (€2, Lip(Q), E), the canonical process (B;)io
satisfies the conditions (i) and (ii) in Definition [4.2] Also, since

E[|B,)t~" = '/2E[|& ) = 0 as ¢ | 0

and
E[B,] = VIE[&] = 0, E[-B,] = VIE[-&] =0, Vt € [0, 00),

we see that (By);>0 is a symmetric G-Brownian motion with the generator
1. 1~
Definition 4.9. The sublinear expectation E on the canonical space (2, Lip(€)) defined

through the above procedure is called a G-expectation.

For each X & Lip(Q2) of the form (4.2), the related conditional G-expectation under €y,
is defined by R
]E[X|Qt]] = 1/)(Bt1 - Bt()7 s 7Btj - Btj_1)7

where the function ¢ € Cj 1,,(R%*7) is defined by
Y(xy, ..., 25) = IE[go(a:l, e, mfjH, e MQ)]

The following is a list of fundamental properties of the conditional G-expectation.
Proposition 4.10 ([I3]). For each X,Y € Lip(Q), the following hold:

(i) If X <Y, then E[X|Q] < E[Y|Q,];

(it) B[n|] = n, for each t € [0,00) and n € Lip(Q);

(iii) B[X|Q] — E[Y]Q] < E[X — Y|];

(iv) E[nX|Q] = ntE[X|Q] + 5 E[-X|Q], for each t € [0,00) and n € Lip();
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(v) E[ [X2]|92] = [X|Qt/\s] in particular, E[ (X Q] = E[X];

~

(vi) If X € Lip(Q), then E[X|Q] = E[X], where Lip(Q') is the linear space of random
variables of the form

o(By, — By, Byy — By, ..., By, — By,),
forn €N, ¢ € Crip(R>™), t1, ...ty thi1 € [t,00).
Remark 4.11. Properties (ii) and (iii) imply the conditional cash translatability:
E[X 4 n|Q] = E[X|Q] 4+ n for X € Lip(Q), n € Lip(Q).

The following property is very useful in the stochastic calculus under the G-expectation.
The proof is similar to that of Proposition [2.8|

Proposition 4.12 ([I3]). Let Y € Lip(Q) be such that E[Y|Q] = —E[-Y|] for some
t € [0,00). Then we have

E[X + nY|Q] = E[X|Q] + nE[Y|Q] for X € Lip(Q), n € Lip(€).
In particular, if BY'|Q] = E[-Y|Q,] = 0, then E[X + nY|Q,] = E[X]|Q,].
Example 4.13. For each a € R? and 0 < ¢t < T < oo, we have
E[B3 — B2|Q,] = E[B2 — B =0,
E[- (B} — B})I] = E[-(B} — B})] = 0.
Thus, for each X € Lip(Q2) and n € Lip(€2;), we have
E[X + (B3 — BY)IU] = E[X|Q].
We also have
Eln(B} — B4 = n*E[(B} — BY)] + 1 E[~(B} — B})?]
= (nTo2yr —n 0% 07 ) (T —t), for 5 € Lip(),

and

E[(B)® — (B})*I%] = E[(B} — B})? + 2B}(B? — BY)|]
=02 (T —t).

aal

Similarly, we have

_E[_((B%>2 ( ) )‘Qt} - aaT(T_t)'

23



We now consider the completion of the sublinear expectation space (€2, Lip(€2), I@J) For
each p > 1, we denote by L{,(€) the completion of the space of Lip(€2) under the norm

X, == E[|X|P]"" for X € Lip(€).

E
Similarly, we can define LY, (Qr), LE (%) and LE(QF). Tt is clear that for each 0 < ¢t < T < o0,
LL() © L5(Qr) C LB(Q).
According to Section , E can be continuously extended to a sublinear expectation on
(2, LE(Q2)) and still denoted by E. Furthermore, for each 0 < ¢ < T < oo, the conditional
G-expectation Lip(2y) — Lip(€2;) is a continuous mapping under || - ||;. Indeed, we have

[ELX|] - E[Y || < B[IX - Y|,

and hence ) )
H]E[th] —EY U] < |X =Y.
Thus, I@[|Qt] can also be extended as a continuous mapping

B[] : LE(Qr) = LL().

Remark 4.14. Similar properties in Propositions and also hold for X,Y € L ().
But in (iv) of Proposition and Proposition n € LE(Q') should be bounded, since
X,Y € L(Q) does not imply that XY € L5 ().

Definition 4.15. An n-dimensional random vector Y € (L} (Q))" is said to be independent
from €, for some given ¢ € [0, 00) if for each ¢ € Cj, 1;,(R") we have

E[p(Y)[4] = E[p(Y)] in L ().

Remark 4.16. Just as in the classical situation, the increments of the symmetric G-Brownian
motion (Byys — Bt)s>o is independent from 2, for each ¢ € [0,00). It is easy to see that if
Y € (L§(Q))™ is independent from €, and X € (L5 (€)™ for some given ¢ € [0, 00), then YV’
is independent from X under [ in the sense of Definition .

4.3 Representations of the G-expectation

The following theorem gives a useful representation of the G-expectation.

Theorem 4.17 ([13]). There exists a weakly compact family of probability measures P on
(Q,B(2)) such that

E[X] = r}lg%(Ep[X] for X € Lip(Q),

where Ep denotes the classical expectation under a probability measure P.

Now we introduce a more explicit representation formula for the G-expectation proved
by [1].
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Let W be a standard (classical) d-dimensional Brownian motion under a probability
measure P on ), and let F" be the natural filtration generated by W:

FVi=ocW, 0<u<t) VN, FV .= (FV)0,
where N is the collection of all P-null sets. Let © C R%*? be the bounded and closed subset

such that )
G(A) = 5 Sup tr[Ayy "] for A € S(d).

€O

For a fixed T' € [0, 00), we denote by Af . the set of all ©-valued F"-progressively measurable
processes on the interval [0, T]. We identify two elements 6,0 € A&T if they are equivalent,
ie.,

0y(w) = 0,(w) dt @ P-a.e. (t,w) €[0,T] x Q.
The quotient set of A()@,T by this equivalent relation is still denoted by A8 1. Foreach 6 € AST,
let Py be the law of the process (fot 05 dWy)i>0 on Q.

Remark 4.18. For each 0,0 € A(?T with @ # €', the probability measures P’ and P? are
mutually singular.

Now we define the capacity ¢ : B(€2) — [0, 1] by
c(A) := sup Py(A) for A € B(Q).

0€AQ ¢
We introduce the capacity-related terminology.

e A property holds quasi-surely (q.s.) if it holds outside a set A with ¢(A) = 0.

e A mapping X : 2 — R is said to be quasi-continuous (q.c.) if for all € > 0, there exists
an open set O C 2 with ¢(O) < e such that X|oe is continuous.

e We say that X : 2 — R has a ¢.c. version if there exists a q.c. function ¥ : 2 — R
with X =Y q.s.

For t > 0, we denote F; = B(Q;) = 0(Bs, 0 < s < t). Also, we denote by L°(€);) the space
of all Fi-measurable real-valued functions. For each X € L°(Q7) such that Epe[X] exists for
all 6 € A(?T, we set the upper expectation of X with respect to {PG}(,GA?T by

E[X]:= sup Eps][X].

0CAS 1
Then the following holds.

Theorem 4.19 ([1]). The family of probability measures {Pg}aeAg)T is tight. Furthermore,
it holds that ’

L) = {X € L°(%) | X has a g.c. version, lim E[|X|Ix>ny] = 0},
n—oo

and

E[X] =E[X] = sup Epe[X], VX € L5(Qr).

0cAS 1
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Next, we investigate the conditional G-expectation. For each 0 € AD@I and t € [0, 7], set
A(t,0) == {0 € A5 |0 =6 on [0,1]},
where the identity between 6’ and 6 is to be understood as
0.(Q) = b,(w) ds ® P-a.e. (s,w) € [0,] x Q.
Note that for each 6’ € A(t, ), we have P? = P? on F,. We have the following proposition.

Proposition 4.20 ([5]). For each 6 € ASy, X € Li(Qr) and t € [0,T), it holds that

E[X|Q] = esssup Epo [ X|F,] P’-a.s.
0’ A(t,0)

Under the non-degeneracy condition of the generator, the G-expectation [E can also be rep-
resented as the upper expectation in terms of a family of “martingale measures” on (€2, B(£2)).
A probability measure P on (€2, B(2)) is called a martingale measure if the canonical pro-
cess B is a martingale with respect to FZ under P, where F? is the P-augmented filtration
generated by B:

.7-"tB =0(By; 0<u<t) VNP FB .= (.EB)QO,

where N* is the collection of all P-null subsets. Let P®

- be the family of all martingale
measures P satisfying

d(B)F
% c{vy'|y€6}ae tec|0,T], P-as.,

where (B)” is the (classical) quadratic variation process of B under P.

Proposition 4.21 ([5]). Assume that there exists oy > 0 such that
' > o9ly, Yy €O.

Then 1t holds that

E[X] = sup Ep[X], VX € Lip(Qr).
Pep?

mart

5 Stochastic analysis under G-expectations
In this section, we define the stochastic integral with respect to the d-dimensional G-Brownian

motion (By);>o on the G-expectation space (€2, L%(Q),E). Some fundamental results of
stochastic analysis are presented.
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5.1 Stochastic integrals with respect to G-Brownian motions

For T' € [0,00), a partition 77 is a finite ordered subset mp = {to,1,...,ty} such that
0=ty <ty <---<ty=T. Wedenote the mesh size by pu(nr) := max;—o__ny—1(tiy1—1t;). We
use Ty = {tlY, ..., t¥} to define a sequence of partitions of [0, 7] such that limy_, (7 ) = 0.
Let p > 1 be fixed. We let Mg’O(O, T') be the set of the following type of simple processes:
for a given partition mp = {to,...,tx} of [0,7],
N-1
nt(w) - Z £k<w)]1[tkatk+l)(t)7 te [O,T],
k=0

where &, € L%,(Q,), k=0,1,...,N — L.

Definition 5.1. For an n € M5°(0,T) with n,(w) = fo:—()l Ee(w) g, 1, (1), the related
Bochner integral is

T N-1
| miwydti= 3 G tu - 1)
0 k=0
For each n € M%°(0,T), we set
~ 1. T 1. N-1
Er[n] = fE [/0 ul dt] = fE [;0 Ee(trs1 — tk)}

Then E : Mg’o(o, T) — R forms a sublinear expectation. We can define the associated norm
by

n p|1/p L ’ P p
[7llarz, 0,1y = Ex[In’]/* = ( SE 1| dt :
G T
0

We denote by M2(0,T) the completion of M%°(0,T) under the norm || - | mz0,r)- For each

n € MZ(0,T), we can define the Bochner integral fOT mdt € LE(Qr). Furthermore, the
following holds:

T T
Iﬂ/)mﬁ}g/‘Mthvnem@wJW
0 0

It is clear that MA(0,7) € ME(0,T) for 1 < ¢ < p. We also denote by M (0, T;R™) the space
of all n-dimensional stochastic processes 1, = (9}, ..., n/"), t > 0, such that n* € M5(0,T) for
eachi=1,...,n.

We now give the definition of stochastic integral with respect to a G-Brownian motion.
For simplicity, we first consider the case of 1-dimensional G-Brownian motion. Namely,
(B4)i>0 is a 1-dimensional G-Brownian motion with the generator

1-
Glo) = JB[0BY = J(0%" —c%a ") fora € R,

N | —

where 72 := E[B?] and ¢ := —E[-B2].
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Definition 5.2. For each € MZ°(0,T) with n,(w) = S0 " & (w Mty t0,0) (), we define

N-1

T
1(77) = /0 M dBt = ng’(Btk-H - Btk)'
k=0

Clearly the mapping I : Mé’O(O,T) — L%(Qr) is a linear mapping. Furthermore, the
following holds.

Lemma 5.3 ([13]). We have, for each n € MZ°(0,T),

E[/deBt] —0 (5.1)

2[([ mas)’) <[ [ wa] 62)

Proof. Let n € MZ°(0,T) be fixed. Noting that E[B, — B,|Q] = E[—(B, — B,)|Q] = 0 for
each 0 < s <t < 0o, by Proposition we see that

R T R tN—1 R tnN—1
E[/ T]t dBti| :E[/ T]t dBt—l—é.N—l(BtN _Bthl):| :E[/ T]t dBti|
0 0 0

Then we can repeat this procedure to obtain (5.1)).
Next, we prove the estimate (5.2]). Observe that

and

-k [(/OtNl Tt dBt>2 + §J2V—1(Btzv - Bthl)g
+ 2(/0tN_1 M dBt)fol(BtN - BtN—1>:|

= I@[ /OtNl M dBt>2 + 5]2\1—1(Bt1v - BtN—l)z}

I
I
=

| — |

Iy
ol
—
oy

ol

+

=
=

=
S—

—_

For each £k =0,..., N — 1, we have

E[gz(Btk+1 - Btk)g - EQ&z(tk-‘rl - tk)] :E [E[€2<Btk+1 - Btk)2 - 52€£(t1€+1 - tk)|thH
=E[°G (teyr — th) — & (trsr — 1)) = 0.
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Thus, we obtain

T 9 N-1
B[(| mab) | =E[Y 5. - B
0 k=0
N-1 N-1
< E[SZ(Btk-H - Btk)Q - 6262(tk+1 - tk)] + E[ 62&%@’64-1 - tk)
k=0 k=0
N-1 T
—E|Y 7%t — )] = 7K / ],
k=0 0
This completes the proof. n

Thus, we see that the mapping I : Mé’O(O, T) — L%(Q7) is a continuous linear mapping,
and thus can be extended to I : MA(0,T) — L%(Q27). For each n € MZ(0,T), we define the
stochastic integral by

T
/ nydBy; :=1(n).
0

It is clear that (5.1)) and (5.2) still hold for n € MZ(0,T).
We denote, for each n € MZ(0,T) and 0 < s <t < T,

¢ T
/S Ny dBy, = /O L, (u) 1 dB.,.
The following is a list of fundamental properties of the stochastic integral.
Proposition 5.4 ([13]). Let n,0 € MZ(0,T) and let 0 < s <r <t <T. Then we have
(i) JinudBy = [ n,dB, + [!n.dBu;
(ii) [*(an, +0.)dB, = a ['n,dB, + ['0,dB,, if a is bounded and in L5(9y);
(iii) IE[X + [ dBu|Qs] = BIX|Q,] for all X € LL(Q).

We now consider the multi-dimensional case. Let (B;);>0 be a d-dimensional G-Brownian
motion with the generator G : S(d) — R. Recall the notation B2 := (a, B;) for a € R%. Then
(B?)i>0 is a 1-dimensional G,-Brownian motion with the generator

Ga(a) =

2 2 -
(aaaTa+ —o T ) fora € R

N

with 02 ; := 2G(aa") = E[(a, B;)?] and 0?__; := —2G(~aa") = —E[—(a, B;)?]. We can
define the stochastic integral by

T
I(n) = / n, dB2 for n € MZ(0,T).
0
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We still have, for each n € MZ(0,T),

E[/OTntdBf] ~0
B[([ mam)] < o[ [ ntar]

Furthermore, Proposition still holds for the integral with respect to (B2):>o.

and

5.2 Quadratic variation processes of G-Brownian motions

We first consider the quadratic variation process of a 1-dimensional symmetric G-Brownian

motion (By)eso with By = N({0} x [02,5?]). Let 7%, N € N, be a sequence of partitions of

[0,t]. Observe that

N-1
2 2 2
Be=2 By, =By
k=0
N—-1 N—-1
- ZBtg(Bt%H o Btg) + <Bt11cv+1 o Bt{cv)Q'
k=0 k=0

As p(m™) — 0, the first term of the right hand side converges to 2 fOt By dB, in L%(Q). The
second term must be convergent, and we denote the limit by (B)y, i.e.,

N-1

B), = i B
(B): M(W}VH)LOZ( ”

t
— By)? = B} - 2/0 B,dB, in L%(9).

By the definition, we see that ((B):):>o is an increasing process with (B)y = 0. Furthermore
(B); € L%() for each t € [0,00). We call ({(B))i>o the quadratic variation process of the
G-Brownian motion (B;);>o. The interesting and important phenomenon is that, unlike the
case of the classical Brownian motion, the quadratic variation process of the G-Brownian
motion is not a deterministic process in general. In fact, (B) itself is a typical process with
independent and stationary increments having mean-uncertainty.

Theorem 5.5 ([13]). ((B):)is0 is a G-Brownian motion on (Q, L5(Q),E), and satisfies

1%1@[(3)?]25‘1 = 0. (5.3)

In particular, for each t € [0,00), (B); is mazimally distributed:

(B)e = t(B)1 = N([te®,15°] x {0}).
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Proof. For each fixed s,t > 0, we have

s+t s
(B)sys — (B)s = B2, — 2/ B, dB, — (Bf - / B, dBT)
0 0

s+t
= (Byy — B,)? — 2/ (B, — B,)d(B, — B,)

t
— (B -2 / B2 dB: = (B%),,

where (B®) is the quadratic variation process of the G-Brownian motion B} = Bsy; — By,
t > 0. This implies that (B)sy; — (B)s is independent from 2 and identically distributed
with (B);. Observe that

B[(B)?] = E[(Bf 9 /Ot B, dBu>2]
< 2E[BY] + 8E[</t B, dBu>2]

t
< 652 + S7°R [ / B2 du}
0

t

< 6't* + 85~ / E[BZ] du
0

= 1042,

in particular, (5.3) holds. Thus, ((B););>o is a G-Brownian motion on (2, L5(Q),E). Noting
that

E[(B),] = & [Bf 9 /01 B, dBu] — B[BY = 7

and

~

_B[(B),] = —E[—Bf + 2/1 B, dBu} — _E[-BY =¢°

by Proposition [4.6] we get the conclusion. 0 O
Corollary 5.6 ([13]). For each 0 < s <t < oo, we have

o*(t —s) < (B); — (B)s <G*(t — s) in L;(Q).

Proof. Since (B); — (B), < N([(t — s)a?, (t — 5)52] x {0}), we have

~

E[((B); — (B)s —(t —5)) | = sup (y—3°) (t—s)=0

02 <y<g?

and

~

E[((B): —(B)s —a*(t —s)) ] = sup (y—ga°) (t—s)=0.

g2<y<a?
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Corollary 5.7 ([13]). We have, for each s,t >0 and n € N,

]E[(<B>s+t - <B>5)n|QS] = IAEKB)?] — —Qntn

and

~

B[~ ((B) oy — (B))"I00] = —B[—(BY] = o™
Proposition 5.8 ([13]). Let 0 < s <t < o0, £ € LE(Qs), X € L(Q). Then
B[X +£(B] - BY)] = E[X +&(B, — B,)] = E[X + £((B) — (B),)].

Proof. By Proposition [5.4] we have

E[X +¢&(B} - BY)]

]E[X n §<<B>t _(B),+2 /t B, dBu)]
E[X +&((B): — (B),)]-

We also have

E[X + &(B} — BY)] = E[X + &((B, — B,)* + 2B,(B, — By))]

E[X + (B, — B,)?.

O

Now we define the integral with respect to ((B)¢);>o. For each n € Mé’O(O,T) with
n(w) = ZkN;gl $ely 1) (1), define

T N—-1
/0 md(By =3 &((Blu,, — (Bly).
k=0
Then we have
T T
[ waiBy] < [ mldB)n i) (5.4)
0 0
and
T T T
o / ime] d < / ] d(B); < 7 / el dt i L (). (5.5)
0 0 0

In particular, M5°(0,T) > 7 fOT n:d(B); € L§(Q7) is a continuous linear mapping, and
hence can be continuously extended to MA(0,T). We still denote this mapping by fOT n d(B);.

Clearly, the inequalities (5.4]) and (5.5) still hold for each n € ML(0,T).
We have the following isometry.

Proposition 5.9 ([13]). For each n € MZ(0,T), we have

T

B|( /0 L aB,) | = | /0 i d{B):| (5.6)
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Proof. Tt suffices to show (5.6) for n € MZ°(0,T) of the form 7,(w) = Zg;ol Ee (W) Npgy b, ().
We have fOT ndB(t) = ng:ol {x(By,., — By, ). By Proposition 4.12} we see that

~

E[X +2¢(B,,, — By,))&(Buy, — By = E[X]

K3

for any X € L5(Q) and i # j. Thus,

8[(f wa)] =2(L o - 1) ~5[5 0 1]

From this and Proposition [5.8] it follows that

B[(/ )] - E[Nz_lszu% - o)) <[ " aim))

This shows that (5.6) holds for n € MZ"(0,T). O
The following is the Burkholder-Davis—Gundy inequality for a G-Brownian motion.

Proposition 5.10 ([I3]). For each p > 2, there exists a constant C, > 0 such that, for any
ne ME(0,T), we have fOT By dB; € LE,(Qr) and

T P R T
/ n dB, ] ngEH/ 2 d(B),
0 0

Proof. Tt suffices to consider the case where 7 is a step process of the form

| ",

N-—1
nt(w) = Z £k(w)]l[tk7tk+1)(t)
k=0

with &, € Lip(Q,) for £k =0,1,..., N — 1. Recall that, by Theorem the G-expectation
has the following representation:

E[X] = sup Ep|[X] for X € Lip(Q),

pPeP

where P is a weakly compact family of probability measures on (£2,5(2)). For each & €
Lip(€2;) with ¢t € [0, T, we have
R T
E[g/ nsst] —0.
t

From this we can easily get Ep [5 ftT Ms st} = 0 for each P € P, which implies that

(fotnst)te[O,T] is a (P, (Fi)i>o0)-martingale (recall that F; := B(§2;) = o(Lip(§2)) for each
t > 0). Similarly we can prove that

(/Ot s st>2 - /Otnsd(B>s, te 0,717,
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is a (P, (Fi)i>0)-martingale for each P € P. By the classical Burkholder-Davis-Gundy

inequality, we have
< C Ep ‘ / 77t

| / mas|'

for each P € P. Thus we get the assertion. O]

p/2 p/2]

Y

We now consider the multi-dimensional case. Let (By):;>¢ be a d-dimensional G-Brownian
motion with the generator G : S(d) — R. Recall the notation B2 := (a, B;) for a € RY. Then
(B?)i>0 is a 1-dimensional G,-Brownian motion with the generator

+

Gala) = = (020" — 0 ra”) for a € R

1
2

with 02 ; := 2G(aa") = E[(a, B;)?] and 0%, := —2G(~aa") = —E[—(a, B;)?]. We can
define the quadratic variation process of (B?);>¢ by

N-1
(BY,:= lim Y (B2

l41
wmf)—=01—=¢

t
— Bi)2 = (B?)? — 2/0 B*dB? in L% ().

We see that ((B?);)i>0 is a real-valued process with stationary and independent increments.
Furthermore, we have

(B2), £ t(B%), £ N([to? 17, to2,r] x {0}).

We can define the integral fOT n; d{B®); for each n € ML(0,T). Then we have

T T T
ot [l [l @B < ok [ nddtin L@
0 0 0
for n € MA(0,T), and

B[([ mas)] <[ o]
for n € MZ(0,7).

Let a,a € R? be two given vectors. We can define their mutual variation process by

<Ba’ Bé>t — i(<Ba+a>t _ <Ba—a>t).

Since (B27?),=(B??),, we see that (B?, B®),=(B?, B?);. In particular, we have (B®, B®), =
(B);. Let ¥, N € N be a sequence of partitions of [0,¢]. Observe that

=
L
2

a a a a 1 a+a a+fa a—a a—a
( N t}j)< N t{j):Z ((Bt]\f Bt§> (BtN BtkN )2)

k+1 k+1 ‘ k+1 k+1

iy
o
iy
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As p(mN) — 0, we obtain

N-1
dim, > (B, = By (Bly | = Biy) = (B B in Ly(Q).
We also have
(B, B%), = (B + (B*%),)
— i((B?—‘ré)? . 2/(: B;:H—é dBSa-‘ré . (Bf_é)z + Q/Ot B?‘é dB§_5>

t t
_ BB - / BrdB — / B dB®.
0 0
For each n € M}(0,T'), we can consistently define

T . 1, [T ) T .
| omatse st ([ mdwe - [ name).
0 0 0
Then the following holds.

Lemma 5.11 ([I0]). Let n € MZ°(0,T), N €N, be of the form

N-1
Utjv(w) = Z fl]sv(w)l[tkf\’,t{g’ﬂ)(t)
k=0

with u(rd) — 0 and ¥ — n in MZ(0,T) as N — oo. Then we have the following conver-
gence in L% (Qr):

=

-1

k+1 k+1

T
&y~ BBy, — By) — [ ma B

B
Il

0

In the following, for notational simplicity, we write by B? := B® with a given orthogonal
basis (ey,...,e;) in RY. We denote

d
i=1

(B)i? == (B",B%), (B),:= ((B)")

Then ((B):)r>0 is an S(d) -valued process with stationary and independent increments. For
each A = (a;;)},_, € S(d), we have

r d . .
BI(B)o, A)] = E[ Y aiy(B)]
ij=1
E Zaij(B,fo— /0 BidBI — /0 B dB;)}

i j=1

Il
=

d

i j=1
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5.3 Ito’s formula

Now we provide It6’s formula for a “G-1t6 process” X = (X1,..., X,,)" of the following form:

t
X;:X5+/a;du+/ vid d( B 4 /5%3 t>0, v=1,...,n
0

where, for v =1,...,n, 4,7 =1,...,d, o, % and n*” are bounded processes in MZ(0,T)
and Xo = (X¢,..., X)) " € R"is a given vector. Here we adopt the Einstein convention, i.e.,
the repeated indices mean the summation.

Theorem 5.12 ([10]). Let ® € C*(R") with 0%.,.® satisfying polynomial growth condition

for p,v=1,...,n. Then for each t > s we have in L% ()

t ) ) t
B(X) ~ B(X.) = [ 0.0(X,)3 dB] + / 0, (X, ), du
. (5.7)

t
4 [ (2u@Xn + 52 0(X)8L5) ().

Sketch of the proof. We only prove the theorem in the case where 9,0 ®, 92,,.® € Cj, 1;,(R")
for uy,v =1,...,n, and X is of the form

Xp = XUt a¥(t—s)+ 0 (B)Y — (BYY) + B9(B] — B), t 25, v=1,....n

Here, forv=1,...,n,4,j =1,...,d, a”, f* and *¥ are bounded elements in L%(Q,) and
X,= (XL, ..., X™7 is a given random vector in L% (). The general case can be proved by
approximation arguments.

For each N € N, we set 6 = (t — 5)/N and take the partition 7], = {t}',1’, ..., Iy} =
{s,s+0,...,5s+ Né=1t}. Then

N-1

(X)) — ©(X,) = Z((D(Xt}jﬂ) - (I)(thN))
k=0
N-—1
v 5.8
= Y {one0x 0 - X5 (58)
k=0
45 (B (X)) (X~ XBIXG — X5 +a0) ),
where
= (O (X + 06Xy | — X)) = Do ®(X)) (X3 = Xp) (X | — X}
with ) € [0,1]. Observe that
E[lpd ] < B[ Xy, — Xix[°] < C(8° + %),

36



where ¢ is the Lipschitz constant of {02,,.®}" ,_, and C is a constant independent of k.
Thus

E|

N-1 N-1
Zp]kv‘ } SNZEU,O,]CVF] — 0as N — oo.
k=0 k=0

The remaining terms in the right hand side of (5.8)) are &Y + ¢V with

N—-1
& = > {0 O (X)) (0" (e = 1) + 0T (B)y = (B)) + 87 (Bly — Bly))
k=0

NV
k+1 k+1

1 Lo A , A
5P ®(X)88 (Bl — Biy)(Bly — Biy)}

k+1 k k+1
and
LN
N . 2 N N ij ij ij
Ct T 5 ; axuzvq)<XtéV){(aM(tk+l - tk ) + n'u](<B>thc\’+1 - <B>tf1€\7))
(O~ B — (B)R)
N N ij ij ij \\ gl ol !
(0t — ) + B — (BYA) B (Bl — Biw) .
Observe that, for each u € [t , ) ;),
) N-1 )
B[[000(X0) = 3 0 @(X ) ey ()] ]
k=0

= B[|0m ®(X.) — 0w ®(Xy)[’]
< PR[|IX, — X! < C(6 + %),

where ¢ is the Lipschitz constant of {9,»®}"_, and C' is a constant independent of k. Hence,

as N — oo,
N-1

D 0w BN ) gy () = D ®(X) in ME(O, T).
k=0
Similarly, we have

=2

D ®(X 3 )y v () = 02,50 (X)) in ME(0,T).

THTY
0

From Lemma and by the definitions of integration with respect to dt, dB; and d(B),
we see that

el
I

t t
lim &Y = / O ®(X,) 3" dBJ + / O ® (X)) du

N—o0

t
. 1 . .
+ / (aﬂwxu)nm + §8§MV(I>(Xu)ﬁ“16”J> d(B)7 in L4(Q).
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Furthermore, we can easily show that
lim ¢ — 0in LE().
N—o0

This shows that (5.7)) holds in our setting. O

5.4 (G-Martingales and the G-martingale representation theorem
We now give the notion of G-martingales.

Definition 5.13. A process (M;):>o is called a G-supermartingale (resp., G-submartingale)
if for any t € [0,00), M; € L5(€Q;) and for any ¢ € [0, ], we have

E[M,|Q,] < M, (resp.y, > M,) in L5(9,).

(My)>o is called a G-martingale if it is both G-supermartingale and G-submartingale. If
both (M;)i>0 and (—M;)i>o are G-martingales, then M is called a symmetric G-martingale.

Remark 5.14. One essential difference from the classical situation is that here “M is a
G-martingale” does not imply that “—M is a G-martingale”.

Example 5.15. For any fixed X € L5(Q), it is clear that (E[X|Q])i>0 is a G-martingale.

Example 5.16. For any fixed a € R?, it is easy to check that (B?);>q and (—B2);>¢ are
G-martingale, and hence B? is a symmetric G-martingale.

Example 5.17. For each a € R?, the process ((B®), — 02, +t);>0 is a G-martingale since

~

E[(B%)s — 0part + (B, — (B),)|Q]
= (B%)s - aﬂf+E[<B ye = (B%)s[8%]
=

Ba) - O-aaTS

E[(B%)¢ — opart|] =

Similarly, the process (—(B?); + 02 __+t)i>0 is a G-martingale. However, the processes
(—((B*)y — 02, +1))i>0 and (—(—(B?); 4+ 02 +t))i>0 are G-submartingales. Similar reasoning
shows that ((B)? — 02 +t)>0 and (—(B2)? + 02, +t)i>0 are G-martingales.

Example 5.18. For each a € R? and p € MZ(0,T), the process (f(f ns dB2);>0 is a symmetric
G-martingale. In particular, the process ((B2)? — (B?););>0 is a symmetric G-martingale.

By using Proposition [4.12] we can easily show the following lemma.

Lemma 5.19. If M and N are G-martingales, then M + N is a G-supermartingale. If
furthermore N is a symmetric G-martingale, then M +aN is a G-martingale for each o € R.
If both M and N are symmetric G-martingales, then for each constants a, 5 € R, aM + SN
15 a symmetric G-martingale.

The following result gives a characterization of symmetric G-martingales. We use the
notation in Section [4.3l
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Proposition 5.20 ([3]). (M;)icjo.r] is a symmetric G-martingale if and only if My € Lg ()
for allt € [0,T) and M is a (P, (F)i=0)-martingale for each 6 € Ag .

Proof. We start with the “if” part. Assume that M; € L§() for all ¢t € [0,T] and M is a
(P, (Ft)e=0)-martingale for each 6 € Afp. Let 6 € AP, be fixed. For each 0 < s <t < T,
and @' € A(s,6), noting that P? = P? on F,, we have

M, = Epo [M;|F.] P’-as.,
which implies that

M, = esssup Epo [M;|F.] P’-as.
0’'c.A(s,0)

By Proposition it holds that M, = E[M,|Q,] P’-a.s. and that
E[|M, — E[M;|Q]|]] = 0.

Similarly, we can prove that —M, = E[—M,|Q,] in L5(Q,). Thus M is a symmetric G-
martingale.

Conversely, if M is a symmetric G-martingale, then M; € L§(€2;) for all ¢ € [0, T]. Since
M is a G-martingale, for each 0 < s <t < T, we have

0= E“E[Mt|Qs] - Ms” = sup EP9 [|E[Mt’Qs] - Ms|:| :

0 AQ 1
C._) oy .
Therefore, for each 0 € Agr, we have by Proposition ,

M, = E[M,;|Q,] = esssup Epo [My|F,] > Epo[ M| F,] P-as.
0'eA(s,0)

Similarly, since —M is a symmetric G-martingale, we have

—M, = E[-M,|Q,] = esssup Epo [— M| Fy] > Epo[—M,|F,| = —Eps[M;|F,] P’-a.s.
0'c.A(s,0)

Hence, we have M, = Epo[M;|F,] P’-a.s., and hence M is a (P?, (F;);>0)-martingale for each
0 ASr. O

In general, we have the following important property.

Proposition 5.21 ([10]). Let My € R, ¢ = (¢'){, € ME(0,T;R?) and n = (n7)¢,_, €
ML(0,T;S(d)) be given and let

t t t
0 0 0

Then M is a G-martingale. As before, we follow the Einstein convention: the above repeated
indices meaning the summation.
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Proof. Since [ ¢!, dB,, is a symmetric G-martingale, we only need to prove that

t t
3= [y aB)i - [ 260 du, te 0.7, (5.9
0 0

is a G-martingale. Tt suffices to consider the case of n € M5°(0,T;S(d)), i.e.,

N-1

nt(w) = Z gk(w)ﬂ[tkvtk-ﬂ)(t)’

k=0

with & € L& (Q4,;S(d)), k=0,1,...,N — 1. We have, for s € [ty_1,tn],

E[M,|Q4) = M, +E[(€n-1, (B)e — (B)s) = 2G(En—1)(t — 5)|2]
= MS + E[(A7 <B>t_5>]|A:§N—1 - 2CJ(&N—l)(t - S)
= M,.
We can repeat this procedure backwardly thus proving the result for s € [0, ty_1]. O

Remark 5.22. The above is a surprising result because the G-martingale M defined by (5.9))
is a continuous and non-increasing process.

Next, we provide a formal proof of the G-martingale representation theorem which shows
that a G-martingale can be decomposed into a sum of a symmetric G-martingale and a
non-increasing G-martingale.

Let us consider a generator G : S(d) — R satisfying the uniformly elliptic condition, i.e.,
there exists 8 > 0 such that, for each A, A € S(d) with A > A,

G(A) — G(A) > Btr[A — A.

For £ = (§)%, € ME(0,T;R?) and n = (n")},_, € MA(0,T;S(d)), we use the following
notation:

T d .7 T d T g
/0 (Gam) =3 / ¢ dB; / (1, d(B),) =Z / 0 d(B)Y.

Let us first consider a G-martingale (M);c(o,7] With terminal condition My = & = p(Br —
By) for0<t; <T.

Lemma 5.23 ([13]). Let £ = ¢(Br — By,), ¢ € Cyrip(R?). Then we have the following
representation:

]E[f]+/ <6t7dBt>+/ (N, d(B) ) —/ 2G(n,) du, t > 0.

t1 t1 t1

§
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Sketch of the proof. We know that the G-martingale E[S\Qt], t € [t1,T], is given by
E¢|]) = Elp(z + Br — By,)|Q] = ult, B — By,), t € [t1,T],
where the function u is the viscosity solution of the following PDE:
o+ G(D*u) =0, (t,z) € [0,T] x R, w(T,z) = ¢(x).
For any £ > 0, by the interior regularity of u (cf. Appendix C in [13]), we have
|ul|gr+ar2.24a (o 7—axrey < 00 for some a € (0,1).

Applying It6’s formula to u(t, By — By,), t € [t1,T — €|, since D,, is uniformly bounded, we
obtain
T—e

T—e
U,(T — &, BT—E — Btl) :u(th 0) + / 8tu(t, Bt — Btl) dt + / <Du(t, Bt — Bt1)7 dBt>
t t
1 T 1 1
+ 5/ (D*u(t, By — By,),d(B),)
t1

T—e

=E[¢] — / T_aG(DQu(t,Bt — By,))dt + / (Du(t, B — By,),dBy)

t1 t1

1 T—e
n 5/ (Dult, B; — By,),d(B),).
t1

Letting € | 0 (at least formally), we obtain the assertion with
1
By = Du(t, By — By,) and n, = §D2u(t, By — By,), t € [t;,T).
O

By applying the above method repeatedly we can treat a more general G-martingale M
with terminal condition

MT = (p(Bt17Bt2 — Btl, ey BtN — BtN,1>7

where ¢ € Cpri(p(R”N), 0 < t; <ty < --- <ty = T. In this case M has the following
representation:

M, = E[M7] + / t<ﬁs,st> -

with K, = [ 2G(n,) ds — [, (15, d(B)s) for t € [0,T].

We list the results of Song [16] of the G-martingale representation theorem which gen-
erahzes Lemma [5.23] Let HZ(0,7) be the family of simple processes of the form n,(w) =
SV §kll[tk te ) (t) where 0 =ty < ¢ < --- < ty = T is a partition of [0,7] and & €
Lip(Q,), k=0,1,...,N — 1. For each p > 1, we define the following norm on Hg(0,7T):

. T 5  \P/271/p 0
llazom = E[( [ Inar)” " ne (0.7,
0

and denote by H%(0,T) the completion of H(0,T) under this norm. For each ne H%(0,T;R?),
we can define the stochastic integral fOT(m, dBy) € LE,(Q7).
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Theorem 5.24 ([16]). For any given p > 1 and { € LY, (Qr) the G-martingale M; = E[S\Qt],
t € [0,T], has the following representation:

v =g+ 7 dB,) — Ke t e [0,T],

where Z € HL(0,T;R?Y) and K is a continuous and non-decreasing process with Ky = 0
such that the process (—Ky)icjor) is a G-martingale. Furthermore, the above decomposition
is unique and Z € H&(0,T;R?), Ky € L% (Qr) for any 1 < a < p.

In the case where € has no mean-uncertainty, i.e., E[¢] = —E[—¢], by the above represen-
tation we have

E[Kr] = E[§] + E[-¢] =0,
so Kr =0 in L5(Qr). Thus we obtain the following theorem.

Theorem 5.25 ([16]). For any gien p > 1 and & € L2 (Qp) with E[¢] = —E[—¢], there
exists Z € HL(0,T;RY) such that

§:E[£]+/O (Z,,dBy).

Furthermore, the above representation is unique and Z € H&(0,T;R?) for any 1 < a < p.

5.5 Girsanov’s formula for (G-Brownian motions

We establish Girsanov’s formula for G-Brownian motion. We use the notation in Section (4.3l
Furthermore, for £ = (£9)4, € MZ(0,T;R?), we use the following notation:

/ (endBy) = i / "ean;

and
/DT(d<B>tft) = (i /OT ¢ d(B>ij)j:17 /OT<£t,d<B>t§t> = ZJI/OT giel d(B)Y,

In this subsection, we assume that the generator G : S(d) — R satisfies the uniformly elliptic
condition, i.e., there exists § > 0 such that, for each A, A € S(d) with A > A,

G(A) — G(A) > ptr[A — A].
Note that the above is equivalent to that there exists og > 0 such that

' > o00ly, Vy €O, (5.10)
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where ® C R%? is the bounded and closed set such that

G(A) = %Sup tr[Ayy '] for A € S(d).

€O

Let h € MZ(0,T;R?). We define, for each t € [0, 7],

t 1 t

Dy = exp( / (hs,dB,) — - / (he.d(B): b))
0 2 0
t

Bt = Bt —/ (d<B>s hs)7
0

and we set
EII/)(QT) = {90<Bt17 SR 7Btn) | n e N7 by, ... tn € [OvT]’ e vaLip(Rdxn)}'

We can easily show that Lip(€7) is a subspace of Li(Q7). )
Assume that D is a symmetric G-martingale on (Q, L}, (Q7), E). Define

E[X] := E[XDs] for X € Lip(Q7). (5.11)
Then E forms a sublinear expectation on (Q,ﬂﬁ)(QT)) Let L5(Qr) be the completion of
Lip(Q7) under the norm E[|-|], and extend E to the unique sublinear expectation on L% (Qy).

Remark 5.26. For a fixed 6 € AP, set
Q°(A) := Epo[14Dy] for A € B(Qyp).

Then by Theorem we have

E[X] = sup Eg[X], VX € Lip(Qy).

0 A8

Thus, L5(Q7) can be seen as the completion of Lip(Q7) under the norm supge e Egol| - []-

Lemma 5.27 ([5]). Assume that holds. Suppose that the process D is a symmetric
G-martingale on (Q, L5 (Qr),E). Then for each t € [0,T], B, € (LL(Qr))%. Therefore B is
a stochastic process on (Q,Zé(QT),IE). Furthermore, for each 6 € A(?T, the process B is a
Q’-martingale.

Proof. Fixi=1,...,d and take an arbitrary 6 € A(?T. By definition, the i-th coordinate B?
of the canonical process B is a P-martingale. Note that the process D is also a P?-martingale
by Proposition [5.20| and satisfies the following relation:

= i [td(D,B)Y
B, = Bj —/ <’D—>S’ vVt € [0,T], P’-a.s. and Q%a.s.
0 S
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Therefore, by (classical) Girsanov’s formula, B is a local martingale under Q? and
(BY = (B ¥t €[0,T], Pl-as. and Q%-as.

By definition, (B is identical in law with [, (6,6])%ds. We thus deduce that, by the
boundedness of O, there exists a constant C' > 0 depending only on © such that

(B’>$e < CT Q°-as.

In particular, we see that B’ is a Q’-martingale. Moreover, by the time-change formula due
to Dambis-Dubins-Schwarz, there exists a standard Brownian motion 3 under Q? such that

Bi=p" 6, Yt€0,T)], Q"as.
(B')
Thus, for any p > 1, we have

sup EQQUBiVJ] < sup EQe[ sup ]Bf\p} < 00. (5.12)
0CAS 1 0€AS 0<t<CT

Now define the sequence {,(B!)}nen C I:E)(QT) through ¢, (x) := (x An)V (—n) for x € R.

By (5.12)), we have

sup Ego[| B — ¢u(B})|] < sup Eg||B; ]]1{|Bl|>n}] — 0 as n — oo.

0CAS 1 0CAS 1
Thus, the sequence {¢,(B;)},en approximates B} under the norm E[| - |], ans hence B; €
L&(Qr). This completes the proof. O

Girsanov’s formula for G-Brownian motion is stated as follows.

Theorem 5.28 ([5]). Assume that (5.10) holds and D is a symmetric G-martingale on
(Q, LE(Qr), E). Then the process (Bt)te[o 71 %5 a symmetric G-Brownian motion on the sub-

linear expectation space (0, L& (Qr), E) with the same generator G : S(d) — R.

Proof. 1t suffices to show that for all n € N, ¢y,...,t, € [0,T], and o € Cp 1, (R™),

Elp(B.,,...., B, )] =E[e(B,,...,B,)

For simplicity, we write ¢( 3) and ¢(B) for ©(By,,...,B,) and ¢(By,, ..., B;,), respectively.
First we show that E[p(B)] < E[p(B)]. It is enough to show that
Epo[p(B)] < E[p(B)], for all ©-valued simple processes 6 on [0, T). (5.13)

Let 6 be given in the form

Or = 6:(W) = nolitg,1)(¢) + (W) Lty () + -+ 4 D1 (W) L,y 1,1 (2), £ € (0,77,
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where 0 =ty < t; < --- < t,, =T is a partition of [0,T], 7y € O, and n(w) = n(we, t < 1)),
w € €, is a ©-valued measurable functional on 2 for [ = 1,...,m — 1. We now define the
sequence of random variables {r;}7*;" and the simple process 6 = (¢');c(0.7] as follows:

.

M = o, 0 =1y, to <t <ty
= m <Wt — o) T ds, t < t1>, 0 =, t, <t<ty,

T =t (We = Jy @) TR ds, ¢ < tr)s BLim s bt < £ <y,
\

where h{") == hy( [, ¢, dW,). Then, for all 0 < ¢ < T,

0 = Ht(W - /0'(9;)%9’) ds).

Set

t
W = Wt—/ @) Th) ds, t € [0,T],
0

/ T / / 1 T / / / /
DY = exp / ()T h, W) — 5 / e [((6) TR (6)TR)T] ds),
P(A) := Ep[1,D{)), Ae FWV.

Since, by the (classical) Girsanov formula, W’ is a Brownian motion under P’, we have
Ewlo(B)] = B[ ( [ 0.0 aw?)]
0
— Ep|o( / 6, dW, — / 0.(0,)h" ds) DY |
0 0
=F /goB—/sths D
poro(B = | @B)hs)) D |
<Bo(B - [ @B).h))Dr] = Ele(B)],
0

which shows (5.13). ) 3
Next we show that E[p(B)] < E[p(B)]. Take an arbitrary § € Af;. By Lemma [5.27, B
is a Q%-martingale. Girsanov’s formula also implies that

(B)? = (B)Y', vt €[0,T], P'-as. and Q’-a.s.

Hence Qe o B L e PO ., where PO, . is the family of martingale measures P on (Q, B(Q2))
such that t € {7y |y €O} ae. t €[0,T], P-as. Then by Proposition |4.21, we have

Eqlp(B)] = Egoop1[0(B)] < s Eplp(B)] = E[¢(B)].

mart
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Therefore we get

and complete the proof. O

Concerning with the condition that D is a symmetric G-martingale on (€2, LlG(QT),E),
the following gives a Novikov’s type sufficient condition.

Proposition 5.29 ([5]). Assume that there exists € > 0 such that

. 1 T
E[exp(§(1+e)/0 (hs,d(B>Shs>] < 0.
Then the process D is a symmetric G-martingale on (Q, LL(Qr),E).

5.6 Stochastic differential equations

We consider stochastic differential equations (SDEs, for short) driven by G-Brownian motion.
The conditions and proofs of existence and uniqueness of an SDE is similar to the classical

situation. B
We denote by M[(0,T;R"™), p > 1, the completion of Mg’O(O,T; R™) under the norm

(ST B[ |mi|7] dt) P, Note that M5(0,T;R") C M5(0, T;R™).
Now we consider the following SDE driven by a d-dimensional GG-Brownian motion:

t

t t
thxﬁ/ b(s, X,) d5+/ hij(s,Xs)d<B)ij+/ oi(s, X)dB), t€ [0,T],  (5.14)
0 0 0

where the initial condition X, € R" is a given constant, b, h;;, 0; are given functions satisfying
b(-,x), hij(-,2),05(-,x) € MA(0,T;R™) for each x € R™ and the Lipschitz condition, i.e.,
lo(t,z) —p(t,2")| < K|z —2'|, for each t € [0,T], z,2" € R, ¢ = b, hyj, 0;. The solution is a
process X € MZ(0,T;R") satisfying the SDE (5.14)).

Theorem 5.30 ([10]). There erists a unique solution X € MZ(0,T;R") of the SDE ([5.14).

Sketch of the proof. For each Y € MZ(0,T;R"), define
t t - t )
A(Y) = X, +/ b(s, Y3) ds +/ hiy(s, Ya) d(BYY +/ oi(s,Y,) dBI, t € [0,T].
0 0 0

Then we can easily show that A.(Y)eMZ(0, T; R™). Furthermore, for any Y, Y'€ M2 (0, T; R"),
the following estimate holds:

BAY) - AP <© [ Y.~ VP ds, te 0]
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where the constant C' > 0 depends only on the Lipschitz constant K. We multiply both sides
of the above inequality by e~2¢* and integrate them on [0, T], thus deriving

/OTEUAt( ) — A(Y)?] ‘2Ctdt<0/ / [|Y; — Y]] dsat

= // e 2t AR[|Y, — Y] ds
1/ e 2CR[|Y, - Y] ds.
2

Note that the following two norms are equivalent in the space M2 (0, T; R"):

(/OT]EUY%!?} dt>1/2 N </0TIAEUYt’2}€20t dt)l/g.

We obtain that A : MZ(0, T;R") — MZ(0,T;R") is a contraction mapping under the equiv-
alent norm. This completes the proof. m

We now consider a particular but important case of a linear SDE. For simplicity, assume
that d =n = 1. Consider the following linear SDE:

t t t
Xt:X0+/ (bSXS+bS)ds+/ (hSXS+h5)d<B)S+/ (0sXs+0,)dBs, t €10,T], (5.15)
0 0 0

where X, € R is a given constant, b, i, o are given bounded processes in MZ(0,7') and b,h,&
are given processes in MZ(0,T). Then the linear SDE ([5.15]) has a unique solution which can
be explicitly written as

t t t
X, = Ft—1<XO +/ b ds+/ (hs — 0505)'s d(B)4 +/ o1 st>, t €[0,7],
0 0 0

I, = exp(—/otbsds—/0t<hs—%ag> d(B}S—/OtUSdBS>, t € [0,7].

In particular, if b, h, 0 are constants and b,h,5 are zero, then X is a geometric GG-Brownian
motion.

where

Definition 5.31. We say that (X;):>o is a geometric G-Brownian motion if
X; = exp(at + B(B); + vBy),

where «, 8,7 are constants.
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6 Applications to mathematical finance

In this section, we apply the theory of G-expectations to mathematical finance. In finan-
cial markets with volatility uncertainty, we assume that their risks are caused by uncertain
volatilities and their assets are effectively allocated in the risk-free asset and a risky stock,
whose price process is supposed to follow a geometric G-Brownian motion rather than a
classical geometric Brownian motion. Owing to the fact that the volatility uncertainty leads
to additional source of risk, the classical definition of arbitrage will no longer be adequate.
For this reason, a new arbitrage definition is presented, and we confirm that the considered
financial market does not admit any arbitrage opportunity in the modified sense. Utilizing
the notion of no-arbitrage, we determine the interval of no-arbitrage prices of given contin-
gent claims. The bounds of this interval are the upper and lower arbitrage prices vy, and
Ulow, Which are obtained as the expected value of the claim’s discounted payoff with respect
to the G-expectation E. Generally speaking, because E is a sublinear expectation, we have
Uup 7 Vlow. This verifies the market’s incompleteness. No arbitrage will be generated when
the price is in the interval (Vioy, vup) for a European contingent claim.

6.1 The market model with volatility-uncertainty

In the following, for simplicity, we consider the one-dimensional case and fix an interval [0, 7]
with ¢ > 0. This interval describes the volatility uncertainty. ¢ and @ denote a lower and
upper bound for volatility, respectively. Let the generator G be of the form:

G(a) =

(ca® —c’a”) for a € R.

In this case, the set © C R appearing in Section (4.3 becomes © = [g,7]. For each 0 € Af,

we denote by P? the law of the process ( fot O dWs)te[o,T], where W is a one dimensional
(classical) Brownian motion under a probability measure P on 2. Then the family {P”},c 40

is tight, and we denote its closure (under the topology of weak convergence) by #°. The G-
framework enables the analysis of stochastic processes for all priors of &2©. In the following,
we use the capacity-related terminology in terms of this set. By Theorem , L&(Qr)
coincides with the set of all measurable functions X : 23 — R which has a q.c. version and
satisfies lim,, o SUppcpo Ep [|X|Il{|X|>n}] = 0. Furthermore, we have

E[X] = sup Ep[X], VX € L5(Qr).

Peyp®

We emphasize that the prior set P© is mutually singular.

We consider the following financial market .# which includes a risk-free asset and a single
risky asset. Two assets are traded continuously over [0, 7]. Assume that the interest rate is
a constant r > 0. So the price R; of the risk-free asset at time ¢ can be defined as

Ry:=¢" te[0,T).
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Assume that the risky asset is a stock with price S; at time ¢, which is given by the following
equation:

dS; =rS;dt + S;dBy, t € [0,T],

{ t = Tropdl + 5y dby [0, T (6.1)

S():.CL’Q>O,

where (By);>o is the canonical process on €2 which is a G-Brownian motion under E. The
solution of SDE (6.1]) is a geometric G-Brownian motion:

1
Sy = exp(rt—l— B, — §<B)t), t € 10,77

Remark 6.1. Compared with the classical stock price process, (6.1) does not contain any
volatility parameter o. This is due to the characteristics of the G-Brownian motion B.
Apparently, if 0 =@ = o, then we will be in the classical Black—Scholes model.

We consider an investor who can invest in the market .#Z and consume at intermediate
times. Let a; and (; be the numbers of shares of the bond R and the stock S at time
t € [0,T], which are determined based on the information available at time ¢ € [0,7]. Then
the wealth at time ¢ is

Xt = ay Ry + ¢S

We impose the so-called self-financing condition; if the investor’s cumulated consumption
process (defined below) is C' = (Cy)icpo,1, then the wealth process X = (X;)icpo,r satisfies,
at least formally,

Xy = Ry + BiS;

t t
= CY()RO + 5050 —+ / OéudRu + / ﬁu dSu — Ct, Vt € [0, T], qg.s.
0 0

The meaning of the above relation is that, starting with an initial capital m = agRg + £0S0,

all changes in wealth are due to capital gains (appreciation of stocks and interest from the

bond), minus the amount consumed. If we set m, = 3,S;, then we have oy = (X; — m,)R; ',

and the above relation becomes the following:

{dXt = (X, —m) e 4 m 2 —dC,, t e [0,T), 62)
Xo=m.

A portfolio process m = (’ﬂ't)te[oﬂ“] represents the dollar amount which is invested in the risky
asset S on [0,T], and we assume that 7 € H}(0,T); for the definition of H}(0,T), see the
end of Section . A cumulated consumption process C' = (Cy)icpo,r) is a non-decreasing
and right-continuous process with Cy = 0 and C; € L(€2,), for all ¢ € [0,T]. We denote by
xmmC = (X" ’W’C)te[o,T] the solution of SDE and call it the wealth process corresponding
to the initial capital m € R and portfolio/consumption pair (7,C). Denoting the discount
process by
v =Rt =eT t€[0,T],

49



the discounted wealth process (v, X;" ’“’C)te[oyT] is given by

t

t
'.)/tXtTn’mC =m +/ YsTs dBS — / Vs d037 t e [O’T]
0 0
Note that the stochastic integral fOT vsTs d By is well-defined and in L}, (Qr) since v is bounded
and m € H5(0,T).

Definition 6.2. A pair of portfolio and consumption processes (7, C') is called admissible for
an initial capital m € R if 7 € H.(0,T), C'is a non-decreasing and right-continuous process
with Cp =0, Cy € LE(Q), t € 0,T], and

XY > gk, Vi e [0,T],qs.,

for some constant k > 0, where X™™C is given by the wealth equation (6.2). We denote by
o/ (m) the set of all admissible portfolio/consumption process pairs for m € R.

Remark 6.3. The above definition of admissible strategies is consistent with the classical
setting. The requirement of X" ™C > _k is imposed in order to prevent pathologies like
doubling strategies; such strategies achieve arbitrarily large levels of wealth at ¢ = T, but
require the wealth to be unbounded from below on [0, 7.

6.2 Arbitrage and contingent claims

We introduce the notion of arbitrage opportunities. Loosely speaking, an arbitrage oppor-
tunity is a portfolio process which generates a positive profit without risk. In our setting,
since the prior set € is a family of probability measures on (€2, B(Q2)) whose elements are
mutually singular, we have to modify the classical notion of arbitrage.

Definition 6.4. We say that there is an arbitrage opportunity in . if there exists an initial
capital m < 0 and an admissible pair (7, C) € o (m) such that

X7 >0 .,
P{X7"™% > 0} > 0 for at least one P € 2.
The following proposition shows that the market .#Z has no arbitrage opportunities.

Proposition 6.5 ([2]). In the financial market .4 , there does not exist any arbitrage oppor-
tunity.

Proof. Suppose that there exists m < 0 and a pair (7, C') € &7 (m) such that X;”’”’O >0 q.s.
Then we have E[yp X' ’W’C} > 0. By the definition of the wealth process, we have

T T
0< E[’}/TXYT?’W’C] =K |:m + / VsTs st - OT] <E [m + / VsTs st] =m < 07
0 0

and hence E[WTX?’W’C] = 0. This, together with VTX;”’”’C > 0 q.s., implies that X}n’”’c =0
q.s. Therefore, (m,m,C) cannot constitute an arbitrage. This completes the proof. O
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In the financial market .#, we consider a European contingent claim V' and assume that
its payoff V7 at maturity time 7' is a bounded random variable in L (7). The price of
the claim at time 0 is denoted by Vj € R. The main purpose in this section is to find out
what Vj should be in ./; in other words, how much an agent should charge for selling such
a contractual obligation, and how much another agent could afford to pay for it. For the
sake of finding a reasonable price Vj for V| we need to utilize the concept of arbitrage in
the extended financial market (., V') which consists of the original market .# and the pair
Vo, V).

Definition 6.6. We say that there is an arbitrage opportunity in the extended market
(A, V) if there exist an initial capital m € R, an admissible pair (7,C) € &7/(m), and a
constant a € {—1, 1}, such that

m+aVy <0

at time 0, and
X7 4 aVp >0 qs.,
P{X"™ 4 aVp > 0} > 0 for at least one P € 27°

at time 7.

Remark 6.7. The values a = +1 indicate short or long positions in the claim V. This
definition of arbitrage is standard in the literature. For the same reason as before, we again
require ¢.s. dominance for the wealth at time 7" and again with positive probability for only
one possible scenario.

In the following, we show that there exist no-arbitrage prices Vj for a claim V; under
these prices, there are no arbitrage opportunities in the extended market (.#, V). Roughly
stated, since there is one kind of situation where stocks will be traded, the uncertainty of
probability measures induced by the G-framework results in market’s incompleteness. We
will see that the no-arbitrage prices are characterized by an interval, rather than a unique
constant as in the classical Black-Scholes model.

In order to characterize the no-arbitrage prices of the contingent claim V', the following
two prices play a crucial role.

Definition 6.8. Given a European contingent claim V', the upper arbitrage price is defined
by
Vyp i= Inf %,

where the upper hedging class % is given by
U :={meR|3I(x, C)ed(m)st. X7 > Vi qs.}.
Similarly, the lower arbitrage price is defined by
Viow := L,
where the lower hedging class £ is given by
L ={meR|3(x,C) e & (—m) st. X;™™° > -V qs.}.
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Remark 6.9. The upper hedging price v,, represents the least price the seller can accept
without risk, and the lower hedging price v, the greatest price the buyer can afford to pay
without risk.

Since Vp is bounded, both % and £ are non-empty sets. Furthermore, by the definition,
we can easily show that both £ and % are (connected) interval.

Lemma 6.10 ([2]). For any m; € £, 0 < m| < my implies m € L. Similarly, for any
Mo € U, mb > my implies mhy € U .

For any constant o € [0, 7], we define the Black—Scholes price of a European contingent
claim V as follows:
Ug = Epa [’YTVT]

Lemma 6.11 ([2]). For any o € [g,7], we have Vigy < uf < vyp.

Proof. Let m € %/ . From the definition of %, we know that there exists a pair (7, C') € &/ (m)
such that X;fm’c > Vr q.s. Thus, we have that

u§ = Epe[yrVi] < sup Ep[yrVi] = ElyrVy)
Pex®

T T
< E[’VTX;},mc] =E [m + / YuTru ABy — / Yu dCU}
0 0

Hence, u§ < m for any m € %, which implies that uf < vyp.
Analogously, let m € Z. By definition of ., there exists a pair (m,C) € o/(—m) such
that X;m’ﬁ’c > —Vr q.s. Thus, we have that

—ul = Epe[—yrVr] < sup Ep[—yrVr| = E[—VTVT]

Hence, v > m for any m € £, which implies that uf > vigy. O]

The following lemma characterizes the upper and lower arbitrage prices vy, and Vigy,
respectively, in terms of the G-expectation of the discounted payoff.

Lemma 6.12 ([2]). We have
Vyp = IE[VTVT] and Vipw = —IAE[—VTVT].

Furthermore, there exist (7%, C'P) € & (vyp) and (7%, C'V) € o (—vi4y) such that

1 1
OW,C ow

1 X = By Vi | Q4] and 4, X 00" = E[—vVi|] ¢.s., Vit € [0,T].
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Proof. We only show the case of the upper arbitrage price. The case of the lower arbitrage
price is similarly proved. First of all, for any m € %, there exists a pair (7, C') € o/ (m) such
that X;f“”’c > Vr q.s. Thus

T T
E[’YTVT] S E[VTX’IT?J’C] =E [m + / VuTy dBu - / Yu dou} S m,
0 0

and hence IAE[WTVT] < vup. Next we prove the opposite inequality. By the G-martingale
representation theorem (see Theorem [5.24)), the G-martingale M, := E[y;Vi|Q], ¢ € [0,T],
has the following representation:

t
M, = Eyr V] +/ Z,dB, — K, t € 0,7,
0

where Z € H5(0,T) and K is a continuous and non-decreasing process with Ko, = 0 such
that the process (—Ky)icor) is a G-martingale. If we set m := E[y,V;] and 7" := vz,
COF = fot v LdK,, t € [0,T], then the wealth process X™™ "™ satisfies

t t
Y X0 = / Yo dB, — / Yo dC™ = M,, q.s., Vit € [0,T].
0 0

Since Vp is bounded, we see that X™™ " ¢™ is bounded from below q.s., and hence we see
that (7', C") € o/ (m) and X7 °" = Vi q.s. This implies that E[yy V7] = m > vy
Thus, we get E[yrVr] = m = vy O

Remark 6.13. From the above lemma, if the payoff V7 has mean-uncertainty, i.e., E[VT] >
—E[-V7], or equivalently, E[yr V7] > —E[—7y7 V7], then we see that (view, vup) # @ and

E[/T%dC’tup] > 0 and E[/T%d(ﬁow] > 0.
0 0

Thus, we cannot replicate V by a self-financing portfolio in the q.s. sense.

The following theorem characterizes the no-arbitrage interval of a European contingent
claim V.

Theorem 6.14 ([2]). Assume that the payoff Vi has mean-uncertainty, i.e., B[Vy]>—E[-V7].
Then there are no arbitrage opportunities in the extended market (A, V) if and only if
Vb S (Ulowa Uup)-

Proof. We firstly show the “if” part. Suppose that Vi € (viow, Vyp), and assume that there
exists an arbitrage opportunity in (.#,V’). By definition of arbitrage, there exists m € R,
(m,C) € &/(m) and a constant a € {—1,1} such that

m+aVy <0 and X;M’C +aVr >0 qg.s.

If a = —1, then we have m < Vj and m € %, which contradicts to the assumption Vj <
vy = iInf %. Also, if a = 1, then we have —m > V{, and —m € £, which contradicts to
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the assumption Vy > v, = sup.Z. Consequently, there are no arbitrage opportunities in
(A, V).

Next, we show the “only if” part. Suppose that Vj > vy, and let m € [vyp, Vo]. By
Lemma, there exists a pair (7", C°%) € o7 (vy,) such that X2 " = Vi q.s. Observe
that (7", 0) € &/(m), m — V5 <0, and

up70

up up
Xm0y > X2 CY v = 0 s

Since E[Vy] > —E[-Vi], we see that IEIUOT 7 dCy?] > 0. This implies that there exists a

probability measure P € 92€ such that Ep| fOT Y dC;"] > 0. For such a P, we have that

T
EplyrX7™"°] = Ep [m +/ Yy’ dBt]
0

T T
> Ep [vup+ / ™ dB, — / - dcglp}
0 0

= Ep[yr X3 ™" = EplyrVr),

hence P{X7"™"° — Vi > 0} > 0. Therefore, (m,7",0) and a = —1 form an arbitrage
opportunity in (.#,V). Similarly, when Vj < w14y, we can show that (m, 7V, 0) with m €

[— V10w, — Vo] and a = 1 form an arbitrage opportunity in (.#, V). This completes the proof.
]
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