On linear-quadratic stochastic control problems and
stochastic differential games
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Abstract
This note is based on the series of recent works by Sun-Yong [2, B] and Sun-Li-
Yong [1].
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Notation

e R™ ™: the space of all n X m real matrices; R® = R"*!: R = R!.
e S": the space of all symmetric n x n real matrices.

e [,: the identity matrix of size n.
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0,,xm: the zero matrix of size n x m.

M T: the transpose of a matrix M.

MT: the Moore-Penrose pseudoinverse of a matrix M.
tr(M): the trace of a matrix M.

(+,-) the inner product on a Euclidean space.

|M| := \/tr(MTM): the Frobenius norm of a matrix M.
R(M): the range of a matrix M.

A > B: A — B is a positive semi-definite symmetric matrix.

Let H be a Euclidean space (which could be R™ R™ ™ etc.).
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C([t,T); H): the space of H-valued, continuous functions on [t, T7.

LP(t,T;H): the space of H-valued, Lebesgue measurable functions that are pth (1 <
p < 00) power Lebesgue integrable on [t, T'.

L>(t,T;H): the space of H-valued, Lebesgue measurable functions that are essentially
bounded on [t, T.

L% (S H): the space of F-measurable, H-valued random variables & such that E [|§ ]2} <
0.

LA(Q; LY(t,T;H)): the space of F-progressively measurable, H-valued processes ¢ :
2
[t,T] x Q — H such that E[(ftT lo(s)] ds) ] < 0.

LA(t, T;H): the space of F-progressively measurable, H-valued processes ¢ : [t, T]x§ —
H such that EftT lo(s)|? ds < .

LA(Q; O([t, T); H)): the space of F-adapted, continuous, H-valued process ¢ : [t,T] X
) — H such that E [supse[t’T] |90(s)|2} < 00.

Linear-quadratic stochastic control problems

Let (€2, F,P) be a complete probability space. W (-) is a one dimensional Brownian motion
and F = {F;}i>0 is the P-augmentation of the filtration generated by W (-). Fix T € (0, 00).
For each (t,z) € [0,T) x R™, consider the following controlled linear SDE:

dX(s) = (A(s)X(s) + B(s)u(s) + b(s)) ds + (C(s)X (s) + D(s)u(s) + o(s)) dW (s),

s e [t,T],

X(t) ==,

(1.1)



where A(+), B(+),C(+), D(-) are matrix-valued deterministic functions (with suitable dimen-
sions), and b(-),o(-) are R"-valued progressively measurable processes. u(-) € U[t,T] :=
Li(t, T;R™) is called a control process. In order to measure the performance of the control
u(+), we introduce the following cost functional:

J(t, 25 u(-))

=E[(GX(T),X(T))+ 2(g, X(T))

L S (. G D o]

(1.2)

where X (-) is the solution of SDE (L.1)), Q(+), R(-), S(-) are matrix-valued deterministic func-
tions (with suitable dimensions), G € S", ¢q(-), p(+) are vector-valued progressively measurable
processes (with suitable dimensions), and g is an R"-valued Fp-measurable random variable.
We call (A,B,C,D,Q, R,S,G) the coefficients and (b, 0,q, p,g) the inhomogeneous terms.
We sometimes omit the symbol (s) of X (s),u(s), A(s), and so on, and just denote by X, u, A,
respectively, if it is clear from the context. We impose the following assumptions on the
coefficients and the inhomogeneous terms.

Assumption 1. The coefficients (A, B,C, D, Q, R, S, G) satisfy the following:

A(Y) € Ll(O,T; R™ ™) B(-) € LQ(O,T; Rm>m)]
C(-) € L0, T; R™™), D(-) € L>(0, T; R™™), (1.3)
Q() € L'(0,T;S"), R(-) € L=(0,T;S™), S(-) € L2(0, T;R™"), G € S".

Furthermore, the inhomogeneous terms (b, o, q, p, g) satisfy the following:

) € L (0, T; R™),

b(-) € LY'(0,T;R"), o (1.4)
) € Lz(0,T;R™), g € L3, (O R). '

), of:

q(-) € L2(0, T;R™), p(-

Under Assumption [I} for any (¢,z) € [0,T) x R and u(-) € U[t,T], SDE has

a unique strong solution X(-) = X(-;¢,z,u(-)) € LA(Q;C([t,T];R")) which is called the

state process corresponding to the initial pair (¢,x) and the control process u(-), and the

cost functional is well-defined. We are concerned with the minimization problem of

over u(-) € U[t, T] subject to (1.1)), which is called a stochastic linear-quadratic control

problem because of the linear structure of the controlled SDE and the quadratic structure of
the cost functional. More precisely, consider the following problem.

Problem (SLQ)

For each (t,z) € [0,7) x R™, find a control process u*(-) € U[t, T| satisfying

Jt,z;u*(r) = inf  J(t,x;u(v)) =: V(L z). (1.5)

u(-)EU[t,T)




Definition 1.1. For each (¢,z) € [0,7) x R", any u*(-) € U[t,T)] satisfying is called
an open-loop optimal control of Problem (SLQ) for the initial pair (¢,z), and the corre-
sponding state process X*(-) = X (¢, z,u*(+)) is called an open-loop optimal state process,
and (X*(-),u*(-)) is called an open-loop optimal pair. The map V (¢,z) is called the value
function of Problem (SLQ).

Definition 1.2. For each (¢,z) € [0,T) x R", we say that Problem (SLQ) is (uniquely) open-
loop solvable at (t, ) if there exists a (unique) open-loop optimal control of Problem (SLQ) for
(t,z). Also, Problem (SLQ) is said to be (uniquely) open-loop solvable at ¢ if Problem (SLQ)
is (uniquely) open-loop solvable at (t,z) for any = € R™; Problem (SLQ) is said to be
(uniquely) open-loop solvable if Problem (SLQ) is (uniquely) open-loop solvable at (¢, z) for
any (t,z) € [0,T) x R™

Next, for any given t € [0,T), take ©(-) € La(t,T;R™ ") =: Q[t,T] and v(-) € U[t, T].
For any x € R", let us consider the following SDE:

{d)( — (AX + B(OX +v) +b)ds + (CX + D(OX +v) + o) dW, s € [t,T),
X(t) =z,

or equivalently,

dX = ((A+ BO)X + Bv+b)ds+ ((C+ DO)X + Dv+ o) dW, s € [t, T,
X(t) =z,
which admits a unique solution X' () = X(+;¢,z,0(-),v(+)), depending on (O(-),v(-)). The
above is called a closed-loop system of the original state equation (1.1]) under the closed-loop
strategy (O(-),v(-)). With the above corresponding solution X'(-), the control process
u(-) = 0()X() +o(-) e U[t, T]

is called the outcome of the closed-loop strategy (O(:),v(-)) for the initial state x € R". We
point out that the closed-loop strategy (O(:),v(+)) is independent of the initial state x € R™,
while the outcome O(-)X(-) + v(-) still depends on x. Define

J(t,2;:0,0()) = J(t,2;0()X () + v(-)).

Definition 1.3. For each ¢t € [0,T), any (0*(-),v*(:)) € Q[t,T| x U[t, T is called closed-loop
optimal strategy of Problem (SLQ) on [t, T if

T(t,2;0°(), 0" () < T(t,2;0(),0(-), Yo € R™, ¥ (O(-),v(-)) € Q[t, T] x U[t,T]. (1.6)

Remark 1.4. We emphasize that a closed-loop optimal strategy (©*(-),v*(+)) is required to
be independent of the initial state x € R", while an open-loop optimal control u*(-) depends
on the initial pair (¢, ).

Definition 1.5. For each t € [0,T), we say that Problem (SLQ) is (uniquely) closed-loop
solvable on [t, T] if there exists a (unique) closed-loop optimal strategy of Problem (SLQ) on
[t, T]. Also, we say that Problem (SLQ) is (uniquely) closed-loop solvable if Problem (SLQ)
is (uniquely) closed-loop solvable on [t, T for any t € [0, T).

4



The following lemma provides equivalent statements of the definition of closed-loop opti-
mal strategies.

Lemma 1.6 ([2]). Let t € [0,T) be given. Then for each closed-loop strategy (©*(-),v*(-)) €
Qlt, T] x U[t, T], the following are equivalent:

(1) (©*(-),v*(+)) is a closed-loop optimal strategy of Problem (SLQ) on [t,T];
(ii) For any & € R" and any v(-) € U[t, T), it holds that
T (t,2;0°(),v"(-) < T (t,2;0°(-), v());
(i11) For any x € R™ and any u(-) € U[t,T], it holds that
S, 207 ()X"() + 07 () < J(t, w5 u(-)),
where X*(+) := X (-;t,2,0*(+),v*(+)).

Proof. (1)=(ii) follows by taking ©(-) = ©*(-) in (1.6)). Suppose (ii) holds. Take any x € R"
and any u(-) € U[t,T], and let X(-) := X(-;t,z,u(-)) be the corresponding state process.
Then

dX = ((A+BO")X + B(u—©*X) +b) ds
+((C+ DO")X + D(u—©*X) +0)dW, s € [t,T],
X(t) ==

Thus, if we let v(+) := u(-) — ©*() X(+), we have X(-) = X(-;t,2,0%(-),v(-)) and
S, 207 ()X () +07() = T, 2;0°(), v () < T (8, 2;0°(-),v() = J(t, x5 u(-))-

u()) € Qt, T] x
O()X() + () €

Thus, the statement (iii) holds. Lastly, suppose (iii) holds. Take any (O(-)
U[t,T] and any x € R", and let X(-) := X(-;t,2,0(:),v(:)). Let u(:) :=
U[t,T]. Then by (iii) we have

J(t,x;0°(),07() = J(t,2;0°()X"(-) + v (1)) < J(t, w5 u(-) = T (6, 2;0(:), 0(-)).

Thus, (©*(+),v*(+)) is a closed-loop optimal strategy of Problem (SLQ) on [¢,T]. This com-
pletes the proof. O

By the statement (iii), we immediately obtain the following corollary.

Corollary 1.7. Let t € [0,T) be given. If Problem (SLQ) admits a closed-loop optimal
strategy (©*(+),v*(+)) € Qlt, T] x U[t, T] on [t,T], then for any x € R", the outcome u*(-) :=
O*()X*(-)+v*(+) for the initial state x is an open-loop optimal control of Problem (SLQ) for
(t,x). Consequently, if Problem (SLQ) is closed-loop solvable on [t,T], then Problem (SLQ)
18 open-loop solvable at t.



In order to study Problem (SLQ), it is often convenient to consider the homogeneous
problem associated with Problem (SLQ), which corresponds to the minimization problem
with the inhomogeneous terms (b, 7, q, p, g) being vanish. That is, for each (¢,z) € [0,T) xR™,
we want to find a control process u*(-) € U[t,T] such that

Ttz u()) = E (GX(T),X(T)>+/tT<<g 5; )( f ),(f)ms]

is minimized subject to

dX = (AX + Bu) ds + (CX + Du) dW(s), s € [t,T],
X(t) = .

We denote this homogeneous problem by Problem (SLQ)? and its value function by V(¢ z).

2 Open-loop solvability of Problem (SLQ)

In this section, we consider Problem (SLQ) in the open-loop framework.

2.1 Characterization of open-loop optimal controls
The following proposition plays a key role.

Proposition 2.1 ([1]). Let (t,z) € [0,T) x R"™ be given. Then for any u(-),v(-) € U[t,T]
and 1 € R, the following holds:

J(t, @z u() + ()
= J(t, z;u()) + p2J°(t, 0;v(+))

+ QHE/t (B(s)"Y (s) + D(s)" Z(s) + S(s) X (s) + R(s)u(s) + p(s), v(s)) ds,  (2.1)

where X (-) = X (;t,x,u(+)) is the state process corresponding to (t,x) and the control process
u(-), and (Y(),Z()) € LA&(Q;C([t, T];R™)) x La(t,T;R™) is the adapted solution of the
following BSDE:

dY (s) = —(A(s) Y (s) + C(s) T Z(s) + Q()X(s) + S(s) "u(s) + q(s)) ds + Z(s) dW (s),
s e [t,T],
Y(T) = GX(T) + g.

Proof. The case of p1 = 0 is trivial. Assume that u # 0. Define X(-) = X (- ¢, x;u(+)),
XH() = X(t,z,u(-) + po(+)), and Xo(-) := i(X() — X*#(:)). Then Xo(-) solves the
following SDE:

dXo = (AXo+ Bv) ds + (CXo + Dv) dW, s € [t, T,



In particular, Xo(-) is independent of x € R, u(-) € U[t,T] and p € R\ {0}. Furthermore,
we have

St wiul) + pol-)) = J(t w5 u(-))

= pE [ {G2X(T) 4+ pXo(T)), Xo(T)) + 2(g, Xo(T))

L TR Co () C0 )

axm.xmy+ [((§ 5000 ))a

(GX(T) + g, Xo(T)) + /tT((QX + STu+q, Xo) + (SX + Ru+ p,v)) ds] .

+ 2uE

Observe that

(GXo(T), Xo(T)) +/tT<( g SRT )( Xo ) ( Xo >>ds] — JO(t,0;0(-)).

v v

E

On the other hand, applying Itd’s formula for s — (Y'(s), Xo(s)) on [t, T], we have

E[(GX(T) + g, Xo(T)) +/T(<QX+STu+q,XO> + (SX + Ru+ p,v)) ds

T
:IE/ {<_(ATY+0TZ+QX+5Tu+q),X0>+(Y,AX0+BU>+<Z,0XO+DU>
t
+<QX+STU+Q>X0>+<SX+Ru+p,v>}ds
T
:E/ (B'Y + D" Z + SX + Ru + p,v) ds.
t

Thus the equality (2.1]) holds. O

Consequently, the map U[t,T] > u(-) — J(t,z;u(-)) is Fréchet differentiable with the
Fréchet derivative given by

DJ(t, x5 u(-))(s) = 2{B(s) Y (s)+D(s)" Z(s)+S(s) X (s)+R(s)u(s)+p(s)}, s € [t,T], (2.2)
and can also be written as

J(tau() + () = Tt @sul) + g2 05 0()) + / (DIt 23 u())(s), v(s)) ds.

In particular, we have
J(t, w5 0() = It w5 u(-)) — E/t (DJ(t, w3 u())(s), v(s) —u(s)) ds = J(t,0;v(-) — u(")).
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Corollary 2.2 ([1]). Lett € [0,T) be given. Then the following are equivalent:

[

(i) The map u(-) — J(t,x;u(-)) is convez for any x € R";
(i) The map u(-) — J(t,xz;u(-)) is convez for some x € R";
(iii) The map u(-) — JO(t, z;u(-)) is convex for any v € R";
() The map u(-) — JO(t,z;u(-)) is conver for some x € R";

(v) For any u(-) € U[t,T], J°(t,0;u(-)) > 0.
Concerning with the convexity property, the following holds.

Corollary 2.3. Let t € [0,T) be given. If the map U[t,T] > u(-) — J°(t,0;u(-)) is conver,
then for any t' € [t,T) the map U[t',T] 3 u(-) — JO',0;u(-)) is convez.

Proof. For each u(-) € U[t', T, define the zero extension to [t,T] by
if t,t
u(s) ifsel[t)T].

Then v(-) € U[t,T], and X (s;t,0;v(-)) = X (s;t',0;u(-)) for any s € [t/,T] a.s. Thus we have
that JO(t,0;v(-)) = JO(#,0; u(-)). By Corollary [2.2] we have

0 < J%(t,0;0()) = J°(F, 05 u()),
and this proves the assertion. O

From Proposition 2.1 we obtain a characterization of open-loop optimal controls of Prob-
lem (SLQ).

Theorem 2.4 ([1, 2]). Let (t,z) € [0,T) x R™ be given. Let u*(-) € U[t,T] and X*(-) :=
X (-3 t,z,u*(+)) be the corresponding state process. Then u*(-) is an open-loop optimal control

of Problem (SLQ) for (t,x) if and only if the following hold:
(i) (The convexity condition ):
JO(t,0;u(-)) >0, Yu(-) € U[t,T); (2.3)

(i) (The stationarity condition):
B(s)"Y*(s)+D(s)" Z*(5)+S(s) X*(s)+ R(s)u*(s)+p(s) =0 a.e. s € [t,T] a.s., (2.4)

where (Y*(), Z*(-)) € L&(; C([t, T); R™)) x Li(t, T;R™) is the adapted solution of the
BSDE
dY*(s) = —(A(s)"Y*(s) + C(s)TZ*(s) + Q(s)X*(s) + S(s) "u*(s) + q(s)) ds
+Z*(s)dW (s), s € [t,T],
Y*(T) = GX*(T) + g.



Proof. u*(+) is an open-loop optimal control of Problem (SLQ) for (¢, z) if and only if
Stz () + po() — J(t @z u(-) 2 0
for any v(-) € U[t,T] and any p € R. By Proposition we get the desired equivalence. [

From the above result, we see that if Problem (SLQ) admits an open-loop optimal
control u*(-) € U[t,T] at (t,z), then the unique adapted solution (X*(-),Y*(-),Z*(-)) €
LA(Q; O([t, T); R™)) x LE(; C([t, T); R™)) x La(t, T; R™) of the following (decoupled) forward-
backward stochastic differential equation (FBSDE, for short)

(dX*(s) = (A(5)X*(s) + B(s)u’(s) + b(s)) ds
+H(C(s)X*(s) + D(s)u*(s) + a(s)) dW(s), s € [t,T],
dY*(s) = —(A(s) 'Y"(s) + C(s)" Z*(s) + Q()X*(s) + S(s) "u*(s) + q(s)) ds  (2.5)
+Z%(s)dW (s), s € [t,T],
X*(t) ==z, Y(T)=GX*(T) +g,

\

satisfies the stationarity condition (2.4). The system ([2.5)—(2.4) is called the optimality
system. A 4-tuple of processes

e L2(Q: C(t, T R™) x L2(Q; O([t, T): R™)) x L2(t, T;R™) x U[t, T] =: H[t,T]

is called a solution of the optimality system ([2.5)—(2.4)).

Note that, in the optimality system, the decoupled FBSDE (2.5)) is coupled via the sta-
tionarity condition (2.4). Indeed, if R(-) > AI,, a.e. for some A > 0, then is equivalent
tou* = —RYB'Y*+D"Z*+SX* +p) a.e. a.s., and by inserting this to (2.5) we obtain a
coupled FBSDE with the adapted solution (X*(-),Y™*(-), Z*(+)).

The following result is concerned with the uniqueness of open-loop optimal controls.
Corollary 2.5 ([, 2]). Let (t,x) € [0,T) x R™ be given.

(i) Suppose that Problem (SLQ) admits a unique open-loop optimal control u*(-) € U[t,T]
at (t,x). Then the unique adapted solution (X*(-),Y*(-), Z*()) of the decoupled FB-
SDE (2.5)), together with u*(-), is the unique solution to the optimality system ([2.5])—

E9).

(i) If the convexity condition (2.3) holds and the optimality system (2.5)—(2.4]) admits a
unique solution (X*(-),Y*(-), Z*(-),u*(-)) € H[t,T], then u*(-) is the unique open-loop
optimal control of Problem (SLQ) for (t,z).

Proof. (i): Suppose u*(-) € U[t, T] is the unique open-loop optimal control of Problem (SLQ)
for (¢,z). By the “only if” part of Theorem the solution of the decoupled FBSDE ([2.5)
satisfies the stationarity condition (2.4, and hence the 4-tuple (X*(-),Y*(:), Z*(:),u*(+)) is
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a solution of the optimality system f. Now, if there is another different solution
(X(),Y (), Z(-),a(-)) € H[t,T] of the optimality system (2.5)(2.4), then it is necessary
that a(-) # w*(-); otherwise (X(-),Y(:),Z(-)) = (X*(:),Y*(-), Z*(-)) by the uniqueness of
the adapted solution of the decoupled FBSDE (2.5). On the other hand, by the “if” part
of Theorem [2.4] 4(-) has to be an open-loop optimal control of Problem (SLQ) for (¢,z), a
contradiction.

(ii): By the “if” part of Theorem [2.4, u*(-) is an open-loop optimal control of Prob-
lem (SLQ) for (¢,z). If there is another open-loop optimal control @(-) € U[t, T| of Prob-
lem (SLQ) for (¢, z), then by the “only if” part of Theorem the unique adapted solution
(X(-),Y (), Z(-)) of the decoupled FBSDE with u*(-) replaced by 4(-), together with
a(-), is a solution of the optimality system (2.5)—(2.4). This is a contradiction. O]

2.2 Open-loop solvability of Problem (SLQ), uniform convexity of
the cost functional, and the standard condition

In this subsection, we provide a sufficient condition for the unique open-loop solvability of
Problem (SLQ). Firstly, we investigate the uniform convexity of the cost functional.

Definition 2.6. Let H be a Hilbert space, and let f : H — R be a Fréchet differentiable
functional. For each A\ > 0, we say that f is A-uniformly convex if it holds that

f@) = fly) = (Df (@), —y)u > Nz —yllyy, Yo,y € H,

where (-,-)g and || - ||z denote the inner product and the norm on H, respectively. We say
that f is uniformly convex if f is A-uniformly convex for some A\ > 0.

From Proposition [2.1 we obtain the following corollary.
Corollary 2.7 ([1]). Let t € [0,T) and X\ > 0 be given. Then the following are equivalent:
(i) The map u(-) — J(t,x;u(-)) is A-uniformly convex for any x € R";

(i) The map u

= JO(t, z;u(+)) is A-uniformly convex for any x € R";
)

)
)= J(t, z;u(v)) is A-uniformly convex for some x € R";
)
)

() The map u(-) — JO(t, z;u(-)) is A\-uniformly convex for some v € R";

(.
(.
(iii) The map u(-
(.

(v) For any u(-) € U[t,T], J°(t,0;u(-)) > AE ftT lu(s)|* ds.
In the same way as Corollary we can also show the following.

Corollary 2.8 ([1]). Let t € [0,T) and A > 0 be given. If the map U[t,T] > u(-)
JO(t,0;u(+)) is A-uniformly convex, then for any t' € [t,T) the map U[t',T] > u()
JO(t',0;u(+)) is A-uniformly conver.

—
—

We shall prove that if the cost functional is uniformly convex, then Problem (SLQ) is
uniquely open-loop solvable. To do so, we firstly prove the following lemma.

10



Lemma 2.9. Let t € [0,T) be given. Let X(t;-) € LA(Q; C([t, T]; R"™™)) be the solution to
the following matriz-valued SDE:

(2.6)

dX(t;s) = A(s)X(t;s)ds + C(s)X(t; s) dW (s), s € [t,T],
X(t;t) = I,.

We set X(t; s) := I, for s € [0,t). Let (Y(t;-), Z(t;-)) € LA(Q; C([0,T]; R™ ™)) x LZ(0,T; R™ ™)
be the adapted solution to the following matriz-valued BSDE:

dY(t;s) = —(A(s)TY(t;5) + C(s) "Z(t; 5) + Q(s)X(t; 5)) ds + Z(t; s) AW (s), s € [0,T],
Y(t;T) = GX(t;T).

(2.7)
Then, for any x € R", we have that
T
JOt,2;0) = ( E|X(t; T)"GX(t; T) +/ X(t;8)TQ(s)X(t;8) ds | x,x ), (2.8)
t
and
DJO(t,2;0)(s) = 2{B(s) 'Y (t; s) + D(s) "Z(t; s) + S(s)X(t; 8) }z, a.e. s € [t,T] a.s. (2.9)
Consequently, for some constants a,b > 0, we have that
inf JO(t,z;0) > —alz|* and sup E \DJ t,2;0)(s)|*ds < blz|*, Yz € R".  (2.10)

t€[0,7] tejo, 7] Jt

Proof. Let x € R™ be fixed, and let (X0(-), Yy (-), Zy"(+)) be the unique adapted solution
to the decoupled FBSDE

dX("(s) = A(s) X0 (s) ds + C(s) X" (s) AW (s), s € [t, T,
dY " (s) = (A )TY " (s)+ (S)TZS’:E(S)—FQ(S)XS’I(S)) ds + Z5*(s) dW (s), s € [t, T],
Xp"(t) =z, Y3 (T) = GX5™(T).
(2.11)
Then, by the definition of J°(¢,z;0) and (2.2)), we have

ﬁ@a®=E<&%WUX?@»+Z<M$ﬁ%ﬂXﬁ®Ms,

and
DJO(t,2;0) = 2{B(s) Yy (s) + D(s)Z5*(s) + S(s)X5*(s) }, ae. s € [t,T] as.

On the other hand, by the uniqueness of the adapted solution of FBSDE ([2.11]), we have

{XW@szﬁwxY@@wzﬁ?@%vsehﬂ, o

Z(t;s)x = Zy%(s), ae. s € [t,T],
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Thus (2.9) holds. Furthermore, we have

JO(t,2;0) =E

(GX(t; T)x, X(t; T)x) —i—/t (Q(s)X(t; s)x, X(t; s)x) ds]

_ <E
Thus (2.8) holds. The estimates (2.10) follows from the continuity of the map [0,7] >

Ees (X(6), V(5 ), Z(E ) € L2( C(0, T R™™) x L2(9; C([0, TJ; R™™)) x L2(0, T; R70).
This completes the proof. n

X(t;T) GX(t;T) + /tT X(t; ) TQ(s)X(t; 5) ds] x,x>.

Proposition 2.10 ([1]). Suppose that the map u(-) — J°(0,0;u(-)) is uniformly conver.
Then Problem (SLQ) is uniquely open-loop solvable. Furthermore, there exists a constant
a € R such that

VOt,z) > alz?, V(t,z) €[0,T) x R™. (2.12)

Proof. Let A > 0 be given, and assume that the map u(-) — J°(0,0;u(-)) is A-uniformly
convex. Then by Corollary 2.8 for any ¢t € [0,7), the map u(-) = JO(,0;u(-)) is also
A-uniformly convex, and hence by Corollary [2.7] we have

T
JO(t,0;u(-)) > )\]E/ lu(s)|* ds, Yu(-) € U[t,T].
¢

From this and Proposition for any (t,z) € [0,7) x R™, we have

T

t

0 2 1 ’ 2
J(t:tO)+J(tOu()——E |u |ds—2)\ |DJ(t,x;0)(s)|" ds

T
Z§E/|M$Wk+ﬂmmb—%E/|Dﬂnmm@F@. (2.13)
t

This implies that the map U[t,T] > u(-) — J(t, z;u(-)) is bounded from below and coercive.
Thus, there exists a sequence {u,(+) tnen C U[t, T such that sup,.yE ft [u,(s)|* ds < oo and
lim,, o0 J(t, z;u,(+)) = V(t,x). Observe that the bounded sequence {u,(-)}nen has a weakly
convergent subsequence {u,, (-)}xen since U[t, T'] is a Hilbert space. Denote the weak limit by
u*(+) € U[t,T]. Since the map U[t,T] > u(-) — J(t,z;u(-)) is weakly lower-semicontinuous
because it is strongly continuous and convex, we have

J(t,xyu*(r) < li]&g}f J(t, z;un,(-) = V(t, ).

This implies that u*(-) is an open-loop optimal control of Problem (SLQ) for (t,z). The
uniqueness follows from the strict convexity of u(-) — J(¢, z;u(-)). Moreover, (2.13]) implies
that, for any (¢,x) € [0,T) x R™,

V%hﬂ>ﬁ@x®——ﬂ/‘mﬁtxmmﬁﬁ
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By (2.10) we get the estimate (2.12) for some o € R depending on A > 0. This completes
the proof. n

Next, we provide a simple sufficient condition for the uniform convexity of the cost func-
tional. Let us introduce the following condition:

Standard Condition. There exists a constant 6 > 0 such that
G >0, R(")>0l,, Q(-)—S()"R()7'S(-) >0 a.e. (2.14)

We shall show that if the standard condition ([2.14]) holds, the cost functional is uniformly
convex. To do so, we need the following technical lemma.

Lemma 2.11 ([1]). Let t € [0,T) be given. Then for any ©(-) € L*(t, T; R™*™), there exists
a constant v > 0 such that

T T
E/|m@—@@m@mm%gzyE/|M@P@,wm)emaﬂ, (2.15)
t t
where XW(-) is the solution of the following homogeneous linear SDE:

(2.16)

dX W — (AX(“) + Bu) ds + (OX(“) + Du) dw, s € [t,T],
XW(t)=0.

Proof. Observe that the mapping U[t, T] 3 u(-) = X®(.) € L2(Q; C([t, T]; R™)) is a bounded
linear operator. For each O(-) € L?(t,T; R™*™), define a bounded linear operator £ on U|t, T
by

(Lu)(-) = u(-) = OC)X(), u(-) € UL, T).

Then L is bijective, and its inverse £7! is given by
(L7u)() = ul) + XM(), () € Ult, T],
where X(.) is the solution of the SDE

{d?((“) = ((A+ BO)X™ + Bu) ds + ((C + DO)X™ + Du) dW, s € [t, T,
XW(t) =0.

By the inverse mapping theorem, £7! is a bounded linear operator on U[t,T| with the
operator norm ||£7!|| being positive. Thus, for any u(-) € U[t, T},

T T T
E / u(s)[2ds = E / (£ Lu)(s)P ds < £ PE / (Lu)(s)|? ds
t t . t
— cE / fu(s) — O(s) X (s) ds.
t
By setting v := [|[£7!]|72, we obtain (2.15)). O
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Proposition 2.12 ([1]). Assume that the standard condition (2.14) holds. Then the map
u(-) = J°(0,0;u(-)) is uniformly convez.

Proof. For any u(-) € U[0,T], let X™(-) be the solution of SDE (2.16) with ¢ = 0. Then by
Lemma [2.11] (taking ©(-) = —R(-)71S(+)), we have

<Gx<“>(T>,X<“>(T)>+/T<(C@S2 SRT ) X;u) ),(X:) >>ds]
T T (u) (w)
(8 %)) ()

T
E/ {<(Q_STR_1S)X(U)7X(U)>+<R(U+R_1SX(U)),U—{—R_1SX(“)>}ds
t

J°0,0;u(-)) =E

v

> 5E/t lu(s) + R(s)71S(s)X ™ (s)|? ds
> 57E/t lu(s)|* ds, Yu(-) € U[0,T),

for some v > 0. This completes the proof. n

3 Closed-loop solvability of Problem (SLQ)

In the previous section, we showed that open-loop optimal controls of Problem (SLQ) are
characterized by using FBSDEs with constraints. In this section, we investigate closed-loop
optimal strategies of Problem (SLQ) by using Riccati equations.

3.1 Characterization of closed-loop optimal strategies

Firstly, let us prove the following proposition which provides a useful representation of the
cost functional.

Proposition 3.1 ([1,2]). Lett € [0,T) and u*(-) € U[t,T] be given. Let P(-) € C([t,T];S")
be the solution to the following Lyapunov equation:

{P+PA+ATP+CTPC+Q:O, a.e. s € [t,T], (3.1)

P(T) = G.

Furthermore, let (n(-),¢(+)) € LA( C([t, T];R™)) x Li(t, T;R") be the adapted solution to
the following BSDE:

dn=—(ATn+CT¢+ (PB+CTPD+ STu* + CTPo + Pb+ q) ds + ¢ dW,
s €[t T, (3.2)
n(T) =g.
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Then for any x € R™ and u(-) € U[t,T], it holds that

=E|(P(t)z,z) + 2(n(t), z)

-l—/t {(PU, o) +2(n,b) +2(¢,0) — ((R+ D' PD)u*,u*)

+{(R+D"PD)(u—u*),u—u*)+2((B"P+D"PC+ S)X,u—u*)

+2(BTn+ D'+ D" Po+ p+ (R+ D' PD)u’,u) } ds

: (3-3)

where X (+) = X (+;t,z,u(+)) is the state process corresponding to (t,x) and u(-).
Proof. By applying Itd’s formula to s — (P(s)X (s), X(s)) + 2(n(s), X(s)), we have
E[{GX(T), X(T)) + 2(g, X(T))] — E[(P(t)z, ) + 2{n(t), )]
= E/T{<PX,X> +2(PX,AX + Bu+b) + (P(CX 4+ Du+0),CX + Du+ o)
- 20ATn+CT¢C+ (PB+C"PD+S"u*+C"Po+ Pb+q,X)
+2(n, AX + Bu+b) +2(C,CX + Du+ o) } ds
= E/T{<(P +PA+ATP+CTPC)X,X)+2{((B"P+ D"PC)X,u) + (D" PDu,u)
t —2((PB+C"PD+ ST +¢,X)+2(B'n+D'(+ D" Po,u)
+ (Po,0) + 2(1,8) +2(C, 0) } ds.
Thus, we obtain

J(t> Z; u())

=K

(GX(T), X(T)) +2(g9, X(T))
—l—/t {(QX,X) +2(SX,u) + (Ru,u) + 2(q, X) + 2<p,u)} ds]

=E|(P(t),z,z) + 2(n(t), x)

T
+ / {((P +PA+ AP+ CTPC+Q)X,X)+2((B"P+D'"PC+ 5)X,u)
t

+{((R+D"PD)u,u) —2{(PB+C"PD+ S")u*, X)

+2(B'n+D'¢+ D" Po+p,u) + (Po,a) + 2(n,b) + 2(C, a>} ds] :
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Since P(-) satisfies Lyapunov equation (3.1]), we get (3.3]). O]

By using the above result, we can prove the following proposition which plays a key role
in the study of closed-loop optimal strategies of Problem (SLQ).

Proposition 3.2 ([I, 2]). Let t € [0,T) be given. Then u*(-) € U[t,T] is an open-loop
optimal control of Problem (SLQ) for (t,x) for any x € R™ if and only if the following hold:

(i) The solution P(-) € C([t,T];S"™) to Lyapunov equation (3.1) satisfies the following
conditions:

R+D'PD >0 a.e. s€[t,T],
B'"P+D'PC+S=0a.c scltT]

(ii) The adapted solution (n(-),((:)) € La(; C([t, T];R™)) x L&(t,T;R™) to BSDE (3.2)
satisfies the following condition:

B'n4+D'¢(+D"Po+p+(R+D"PDu* =0 ae. s<[t,T] as. (3.6)
In this case, the value function admits the following representation:

V(t,x) =E|(P(t)z,z) + 2(n(t), )

+/t {(PO', o)+ 2(n,b) + 2(¢,0) — (R + DTPD)u*,u*>} ds] ,
Vo eR"

Proof. Suppose that u*(-) € U[t,T] is an open-loop optimal control of Problem (SLQ) for
(t,z) for any x € R". Then by Theorem for any x € R", the unique adapted solution
of the decoupled FBSDE satisfies the stationarity condition (2.4)). Noting that u*(-) is
independent of = € R", by subtracting the adapted solutions of (2.5 corresponding to the
initial conditions = and 0, the later from the former, we see that for any x € R", the adapted
solution (X5°(-), 5" (), Z5*(-)) to the decoupled FBSDE

X" = AXE" ds + OXy" dW, s € [t,T),
dYy" = —(ATYy" + O Zy" + QXg") ds + Zy" dW, s € [t.1],
Xet(t) =z, YPU(T) = GX§™(T),
satisfies
BYy* + D' Z5" + SX;" =0 ae. s € [t,T] as.

On the other hand, as in the proof of Lemma , the solution X(¢; ) to the matrix-valued
SDE (2.6) and the adapted solution (Y(¢;-),Z(¢;-)) to the matrix-valued BSDE (2.7)) satisfy

X(t;s)r = X§7(s), Y(t;s)z =Y (s), Vs € [t, T
{ (t;8)x o (s), Y(t; )z 0" (s), Vs € [t,T], a.s., Vo e R".

Z(t;s)x = Zy%(s), ae. s € [t,T],
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Thus, the following holds:
B(s)"Y(t;5) + D(s) "Z(t; s) + Q(s)X(t;5) = 0 ae. s € [t, T] a.s.
Applying It6’s formula to s — P(s)X(t; s) on [t,T], we have

d(P(s)X(t; s)) = P(s)X(t; s) ds + P(s) dX(t; s)
= —(A(s) " P(s)X(t; s) + C(s) " P(s)C(s)X(t; s) + Q(s)X(t; 5)) ds
+ P(s)C(s)X(t; 8) dW (s), s € [t,T],

together with P(T)X(¢t;7) = GX(t;T). By the uniqueness of the adapted solution of
BSDE (2.7)), we see that

Y(t;s) = P(s)X(t;s) Vs € [t,T], and Z(t;s) = P(s)C(s)X(¢;5) a.e. s € [t,T] a.s.
Thus, the following holds:
(B(s)"P(s) + D(s) " P(s)C(s) + Q(s))X(t;s) = 0 ace. s € [t,T] as.

Since X(t; s) is invertible for any s € [¢t,T] a.s., we obtain the equality (3.5]). Next, take any
r € R™ and let (X*(-),Y™*(-), Z*(:)) be the adapted solution to the decoupled FBSDE ({2.5]).
Define (n(-),¢(+)) € LE(: C([t, T|; R™)) x L&(t, T;R™) by

ni=Y*— PX*,
(:=27"— P(CX* + Du* + o).

Then n(T) = g, and

dn=dY* — PX*ds — PdX*
—(ATY* +CTZ* + QX"+ STu* + ¢+ PX* + P(AX* + Bu* +b)) ds
+(Z2* = P(CX* + Du* 4 0)) dW
=—(ATn+CT(+ CTP(Du* + o)+ STu* + P(Bu* +b) 4+ q) ds + (dW
—(A"+CT¢+(PB+C"PD+ STu* 4+ C"Po+ Pb+q) ds + ( dW.

Thus, (n(+),((+)) is the adapted solution to BSDE ({3.2)). By the stationarity condition ([2.4]),
together with (3.5), we have

0=B'Y*+D'Z*+SX* + Ru* +p
— B (n+PX*)+ D" (C+ P(CX* + Du* +0)) + SX* + Ru* +p
=B'n+D'(+D'"Po+p+(R+D'PD)u*+ (B'"P+D'PC+5)X
=B'n+D'¢(+D"Po+p+ (R+D'PD)u*

which is (3.6)).
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Conversely, if the solution P(-) to Lyapunov equation ({3.1)) satisfies (3.5]), and the adapted

solution (n(-),¢(+)) to BSDE (3.2) satisfies (3.6)), then by Proposition [3.1] we see that, for any
r € R™ and any u(-) € U[t, T,

J(t, z;u()) = B (P(t)z, z) + 2(n(t), z)
+/tT{<PU,U>+2<777b>+2<C,J> —((R+ D" PDY )
Consequently,

Ttz u()) — J(E 20t ()) = ]E/t ((R+ DTPD)(u—u"),u—u*) ds.
It follows that
J(t, z;u (1) < J(t,z;u() Vu() e U[t,T], Vo € R",

if and only if
R+D"PD>0ae. sctT]

This proves the sufficiency, as well as the necessity of (3.4)). m

We now characterize closed-loop optimal strategies of Problem (SLQ).

Theorem 3.3 ([1, 2]). Let t € [0,T) be given. Then (©*(-),v*(:)) € Q[t,T] x U[t,T] is a
closed-loop optimal strategy of Problem (SLQ) on [t,T] if and only if the following hold:

(i) The solution P(-) € C([t,T];S™) to the Lyapunov equation

P+PA+ATP+CTPC+Q+ (09T (R+ D'PD)O*
+(PB+CTPD+8ST)0*+ (0 (B'TP+DTPC+8)=0, ae se|tT],

P(T) =G,
(3.7)
satisfies the following conditions:
R+D'"PD >0 ae. scltT], (3.8)
B'"P+D'PC+ S+ (R+D'"PD)®* =0 a.e. sc[tT); (3.9)

(ii) The adapted solution (n(-),((:)) € LA(Q; C([t, T];R™)) x L(t, T;R™) to the BSDE
dn=—(ATn+CT¢C+ (PB+CT"PD+ ST)v*+ CTPo+ Pb+ q) ds + (dW,

s € [t,T],
n(T) =g,
(3.10)
satisfies the following condition:
B'n+D'"¢(+D"Po+p+(R+D"PD)v* =0 ae. s<tT] as. (3.11)
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In this case, the value function admits the following representation:

V(t,x) =E|(P(t)x,x) + 2(n(t), z)

+ /tT{<P0> o) +2(n,b) +2(¢,0) — ((R+ D' PD)v*, v*>} ds] ,
VzeR"
Proof. For each ©*(-) € Q[t, T}, the cost functional J (¢, z;©*(-),v(-)) can also be written as
J(t,z;0%(-),v(-))

=E{GX(T), X(T)) + 2(g, X(T))

O ARTCG- IS [ R RE:RS REI(ES HONE-I) 1 X8

(GX(T), X(T)) + 2(g, X(T))

LS} ]

with X'(-) being the solution of the SDE

=E

dX = (AX + Bv+b)ds + (CX + Dv +6)dW, s € [t,T),
(3.12)
X(t) =z,
where we set . ) )
A=A+ BO*, B , C:=C+DO* D:=D,
Q=Q+570 + ( ) S+ (6)T RO*, (3.13)
R:=R, S:=S+ R0O* G :=G,
and .
SRR ) (3.14)
G:=q+(O%)'p, p:=p, =g

Note that (by setting ©*(s) := 0 for any s € [0,t)) the coefficients (A, B,C,D,Q, R, S,G)
and the inhomogeneous terms (b, 7, q, , §) satisfy the same conditions as in . . By
the equivalent definition (ii) in Lemma of the closed-loop optimality for Problem (SLQ),
(©*(+),v*(+)) € Q[t, T] x U[t,T] is a closed—loop optimal strategy of Problem (SLQ) on [t, T
if and only if for any € R, v*(-) is an open-loop optimal control for (¢, z) of the problem:

Minimize J (¢, z; ©*(-),v(-)) over v(-) € U[t,T],
subject to (3.12)). By Proposition [3.2] this is equivalent to the following:
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(i)” The solution P(-) € C([t,T];S") to the Lyapunov equation

P+ P(A+ BO*)+ (A+ BO*)TP + (C + DO*)TP(C + DO*)
+Q + STO* + (0")TS + (0*)TRO* =0, ae. s € [t,T],

satisfies the following conditions:

R+D'PD>0ae. scltT],
B'P+D'P(C+ DO*) + S+ RO*=0ae. s €[t,T);

(ii)" The adapted solution (5(-),¢()) € L3(%; C(t, T R")) x Li(t, T;R") to the BSDE
dn = _{(A+B@*)T77 + (C+D@*)TC + (PB+(C+D@*)TPD+(S+R@*)T)v*

+(C+DO")T PotPb+q+(0%) p}ds + CdW, s € [t,T),

n(T) =y,
(3.15)

satisfies the following condition:

B'p+D'¢C+D"Po+p+ (R+D"PDw* =0ae. s€[t,T] as.

By a simple calculation we see that (i)’ and (i) are equivalent. Furthermore, noting that
BSDE ({3.15)) can also be written as

dp=—{A"n+C(+(PB+C"PD+S")v*+C"Po+ Pb+q
+(©")T(B'"n+ D¢+ D"Po+p+ (R+D"PD)v*)}ds + CdW, s € [¢,T],
n(T) =g,
we see that (ii)” and (ii) are equivalent. This completes the proof. O
An equivalent statement of Theorem is as follows.

Theorem 3.4 ([1, 2]). Let t € [0,T) be given. Then Problem (SLQ) is closed-loop solvable
on [t,T] if and only if the following hold:

(i) The Riccati equation

P+PA+ATP+CTPC+Q
—~(PB+C"PD+ ST R+D"PD)(B'"P+D'"PC+S)=0, a.e scltT],
P(T) =G.
(3.16)
admits a solution P(-) € C([t,T];S™) such that
R+ D'"PD >0 a.e. sctT], (3.17)
R(B'"P+D"PC+S)CR(R+D'PD) a.e s€[t,T], (3.18)
(R+D"PD)(B"P+ DTPC +S) € L*(t, T; R™™); (3.19)
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(1i) The adapted solution (n(-),((+)) € Li(Q; C([t, T);R")) x La(t, T;R™) to the BSDE

(dy = ~{(AT = (PB+CTPD +ST)(R+ D" PD)IB" )y
+(CT = (PB+CTPD+ST)(R+ DT PD)IDT)¢
+(CT = (PB+CTPD +ST)(R+ DTPD)'DT)Po

3.20
—(PB+CTPD+ST)(R+DTPD)Tp+Pb+q} ds (3:20)
+CdW, s € [t, T,
(n(T) =g.
satisfies the following conditions:
B'n+D'¢C+D"Po+peR(R+D"PD) ae. scltT] as., (3.21)
(R+D'PD)(B'n+ D¢+ D" Po + p) € La(t, T;R™). (3.22)

In this case, any closed-loop optimal strategy (©*(-),v*(-)) € Q[t,T] x U[t,T] of Prob-
lem (SLQ) on [t,T] admits the representation

©*=—(R+D'PD)(B"P+D'"PC+5)

+ (I, — (R+D"PD)/(R+ D"PD))IL, (3.23)
v* = —(R+D"PD)(B'n+ D'¢+ D" Po +p)
+ (I, — (R+D'"PD)!(R+ D" PD))v, (3.24)

for some T1(-) € L2(t, T;R™") and v(-) € L&(t,T;R™), and the value function admits the
following representation:

V(t,z) =E | (P(t)x,z) + 2(n(t), x)

+ /tT{<Pa, o) +2(n,b) +2(¢, 0)

—{((R+D"PD)(B"y+D"(+D"Po+p),B'n+D"(+D"Po+ p>} ds] ,
VzeR" (3.25)

Proof. Note that the condition is equivalent to (3.18)—(3.19), and ©*(:) admits the
representation for some TI(-) € L?(¢, T; R™*™). In this case, we have

(0" (R+D"PD)®* = (PB+C'PD+S")(R+D'"PD)(B'P+ D"PC +9),
and

(PB+C"PD+S"Ne*= (0" (B'"P+D"PC + )

= —(PB+C"PD+S")(R+D"PD)(B"P+D"PC + S).
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By inserting the above to (3.7)), we obtain Riccati equation (3.16]). Similarly, the condition
(3.11)) is equivalent to (3.21)—(3.22)), and v*(-) admits the representation (3.24]) for some

v(-) € L&(t, T;R™). In this case, we have that
(PB+C"PD+S"Ww*=—~(PB+C"PD+S")(R+D'PD)(B"np+ D"'¢+ D" Po+p)
+(PB+C'PD+5")(I,,— (R+D'PD)/(R+ D'PD))v
= (PB+C'"PD+S")YR+D"PD)(B"n+D"¢+ D" Po+p).

Thus, (3.10) becomes BSDE (3.20)). Similarly, we have

((R+ D"PD)v*,v*)
=((R+D"PD)"(B"n+D"¢(+D"Po+p),B'n+D'(+D"Po+p),

proving (13.25)). This completes the proof. ]

In the case of the homogeneous problem, the adapted solution (7(-),{(-)) to BSDE (3.15))

is (n(+),¢(+)) = (0,0), and hence satisfies the conditions (3.21))—(3.22)) automatically. Thus
the closed-loop solvability of Problem (SLQ)° is completely characterized by Riccati equation

(3.16).

Corollary 3.5 ([1]). Lett € [0,T) be given. Then Problem (SLQ)° is closed-loop solvable on
[t,T] if and only if Riccati equation (3.16) admits a solution P(-) € C([t,T];S™) satisfying
(13.17)—(3.19). In this case, the value function admits the following representation:

VOt,x) = (P(t)x,z), Yo € R"

Corollary 3.6 ([I]). Let t € [0,T) be given. If Problem (SLQ) is closed-loop solvable on
[t,T], then Problem (SLQ)° is closed-loop solvable on [t,T].

Theorem [3.4] shows that the closed-loop solvability of Problem (SLQ) is characterized by
the existence of a solution to Riccati equation ([3.16) with certain regularity. Now let us
introduce the following definition.

Definition 3.7. Let P(-) € C([t,T];S") be a solution to Riccati equation (3.16)) on [t,T].
(i) We say that the solution P(-) is regular if (3.17)—(3.19) hold.

(ii) We say that the solution P(-) is strongly regular if there exists a constant A > 0 such
that
R+ D'PD >\, ae. s€[t,T).

Riccati equation ({3.16)) is said to be (strongly) regularly solvable on [t,T] when a (strongly)
regular solution exists.

Clearly, if P(-) is strongly regular, then it is regular. The following result shows that the
regular solution to Riccati equation (3.16|) is unique.
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Corollary 3.8 ([I]). Riccati equation (3.16) admits at most one regular solution P(-) €
C([t, T);8").

Proof. Suppose P(-) is a regular solution of Riccati equation (3.16|) on [t, T']. Consider Prob-
lem (SLQ)°. By Corollary [3.5| we have

VOt,z) = (P(t)x,x), Vo € R"

Now, if P(-) € C([t, T];S") is another regular solution of Riccati equation ([3.16)) on [t, T, for
the same reason, we have

VOt,z) = (P(t)z,x), Vo € R"
Hence, P(t) = P(t). By considering Problem (SLQ)° on [s,T], t < s < T, we obtain
P(s) = P(s), Vs € [t,T].
This proves our claim. O
The following is concerned with the unique closed-loop solvability of Problem (SLQ).

Corollary 3.9 ([I]). Lett € [0,T) be given. If Riccati equation (3.16)) is strongly regularly
solvable on [t,T], then Problem (SLQ) is uniquely closed-loop solvable on [t,T], and the
closed-loop optimal strategy (©*(-),v*(+)) is given by

©*=—(R+D"'PD)Y(B"P+D'PC +9),
v*=—(R+D"PD)(B'n+ D¢+ D"Po +p),
where (n(+),¢()) € LA(; C([t, T); R™)) x L&(t, T; R™) is the adapted solution to BSDE ({3.15)).

Proof. If P(-) € C([t,T];S™) is the strongly regular solution to Riccati equation (3.16) on
[t,T], then the adapted solution (n(-),((-)) of BSDE (3.15)) satisfies the conditions (3.21])—
(3.22) automatically. By applying Theorem , we get the desired result. O]

3.2 Solvability of the Riccati equation

To summarize the results we have proved until now, we obtain the following diagram:
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| Standard condition |

| Prop. [2.12
u(-) — JO(0,0;u(-)) RE strongly trivig] RE
uniformly convex regularly solvable regularly solvable

| Prop. [2.10 | Cor. 3.9

(SLQ) uniquely (SLQ) uniquely { Cor. |35
open-loop solvable closed-loop solvable
| trivial | trivial
0
(SLQ) Cgr. L7 (SLQ) Cor. B0 (SLQ)

open-loop solvable closed-loop solvable closed-loop solvable

where the standard condition is given by (2.14)), and “RE” stands for Riccati equation ([3.16]).
Our next goal is to show the following equivalence:

u(-) — J°(0,0;u(-)) RE strongly
uniformly convex regularly solvable

In order to prove this equivalence, we need the following lemma.

Lemma 3.10 ([1]). Let A > 0 be fived. Assume that the map u(-) — J°(0,0;u(- )) is A-
uniformly convex. Then for any O(-) € L*(0,T;R™ "), the solution P(-) € C([0,T];S") to
the Lyapunov equation

P+ P(A+BO)+ (A+BO)"P+CTPC

+Q+STO+0TS+0TRO =0, a.e se0,T], (3.26)
P(T) =G,
satisfies
R+ D"PD > M, a.c. s €[0,T], (3.27)
and
P>al, Vs e[0,T], (3.28)

where a = a(\) € R is the constant appearing in (2.12]).

Proof. Let ©(-) € L*(0,T;R™*™), and let P(-) be the solution to (3.26). For any v(-) €
U0, 7], let Xo(-) € LA(Q; C([0,T];R™)) be the solution of the SDE

{dXO — ((A+ BO)Xy + Bv) ds + ((C + DO)X, + Dv) dW, s € [0,T),
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By applying Proposition to the coefficients (A, B,C, D, Q, R,S,G) and the inhomoge-
neous terms (b, 0, q, p, g) replaced by

A:=A+BO, B:=B, C:=C+DO, D:=D,
Q:=Q+5"0+07S+0"Ro, (3.29)
R:=R, S:=S+ RO, G:=0G,

and 3
b:=0,0:=0,¢:=0, p:=0, §g:=0, (3.30)
respectively, together with the Ad-uniform convexity of u(-) — J°(0,0;u(-)), we obtain

)\IE/O 0(s)Xo(s) +v(s)[Pds < J°(0,0;0(-) X () + v(-))

=E /OT{2<(BTP + DTP(C + DO) + S+ RO) Xy, v)
+{(R+ D" PD)v, v>} ds.
Hence, for any v(-) € U0, T], the following holds:
E /OT{2<(BTP +DTPC+ S+ (R+ D'PD — \I,,)0)X,, v)
+{(R+DTPD = AL)v,v) } ds

T
> /\]E/ 10(s)Xo(s)|* ds > 0. (3.31)
0
Now, fix v € R™, and take v(s) = uolj44n)(s) with 0 <t <t+h <T. Then

{dEXO(s) = ((A(s) + B(5)O(s))EXy(s) + B(s)uglysyn)(s)) ds, s € 0,17,
EX,(0) = 0.

By the variation of constants formula, we have

EXy(s) = - SA(t+h) 1 s€0.0)
d(s) J; O(r) ' B(r)updr, se€|t,T],

where ®(+) is the solution of the following matrix-valued ODE:

d=(A+0), ae sc0,T],
®(0) = I,,.

Consequently, (3.31]) becomes
t+h s
/ {2<(BTP +D"PC+ S+ (R+D"PD — \,,)0)®(s) / ®(r) "' B(r)uo dr,uo)
t t
+{(R+DTPD = A )uo, uo) } ds

> 0.
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Dividing both sides of the above by h and letting h | 0, we obtain
((R4+D"PD — A,,)up,ug) > 0 ae. s € [0,T], Vug € R™.

The inequality follows.
To prove (3.28)), for any (¢, z) € [0,T) xR™, let X(-) € L&(; C([t, T];R™)) be the solution
of the SDE
dX = (A+ BO)X ds+ (C+ DO)X dW, s € [t,T),

X(t) = x.

By Propositions and (with the coefficients (3.29) and the inhomogeneous terms
(13.30))), we have
alz|? < VO(t,x) < Jt,2;0()X () = (P(t)z, x).

The inequality therefore follows. m
Theorem 3.11 ([1]). The following are equivalent:

(i) The map u(-) — J°(0,0;u(-)) is uniformly convex;

(i) Riccati equation is strongly regularly solvable on [0,T].

Proof. (i)=>(ii): Let A > 0 be given, and assume the map u(-) — J°(0,0;u(-)) is Ad-uniformly
convex. Let Py(-) € C([0,T];S™) be the solution of the Lyapunov equation

Py+ Py A+ ATPy+CTPC+Q =0, ae. s€[0,T],
Py(T) = G.
Applying Lemma with ©(-) = 0, we obtain that

R+ D"PyD > M\, ae. s €[0,T] and Py > al, Vs € [0,7].

Next, inductively, for s = 0,1,2, ..., we set

;= —(R+D'PR) (B'P,+ D'PC+5),
and

A=A+ BO,;, C;:=C+DO;, Q;:=Q+S5'0;+6/S+06/]Ro,,
and let P,1(-) € C(]0,T];S™) be the solution of the Lyapunov equation

Pi+1 + Py Ai + Al Py + G PG+ Qi =0, ae. s € 0,71,
Pi+1(T) =G.

By Lemma [3.10, we see that

R+ D'"PD > M, ae. s€[0,T] and P, > al, Vs €[0,T], Vi € N.
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We now claim that {P;(+) }ieny converges in C([0,77];S™). To show this, let
Aj:=PFP;— P, i €N
Then for each i € N, we have
—A;=PA_, + A LB+ CT PiCici + Qi1 — P Ay — AiTPz‘H - OiTqurlCi - Qi

= DA+ AT A+ CTAC + Pi(Aiy — A) + (A4 — A) TR,
+ CT 1Pl — CiTOi+1Ci + Qi1 — Q.
By setting A; := ©,_1 — ©;, we have the following:
Ai1 — Ay = BA;, Cimy — C; = DA,

Qi-1 — Qi = AT RA; + ATRO; + O] RA; + STA; + A] S.
Thus, we obtain
— (A + DA + AT A+ CTAG)
= PBA; + A B"P;+ A D"P.DA; + C P,DA; + A/ DT P,C;
+ A RA; + A RO; + O] RA;+ STA; + A/ S
= A/ (R+ D"P.D)A;
+(PB+C'PD+O/R+S")Aj+ A (B'P,+ D'PC; + RO, + 5)
= A/ (R+ D"PD)A,, (3.32)
where the last equality follows from the following:
B'"P,+D"PC;+RO;+S=B"P,+D'PC+S+(R+D'"P,D)6,; =0.

The equation ([3.32)), together with A;(T") = 0, implies A;(s) > 0 for any s € [0, 7] and i € N.
Also, we obtain

Pi(s) > Pi(s) > Piy1(s) > al,, Vs €[0,T], Vi e N.

Therefore, the sequence {P;()};en is uniformly bounded. Consequently, there exists a con-
stant K > 0 such that

), 1R, R (6)] < K,

648 < K(1B(s) + [C(5)] + 1S(3)). .

44(5)] < JA(s) + KIBG) (1B(s) + [0(s) + |8y, “ 0T (389)
Ci(s)] < [C(s)| + K (IB(s) + 10(5)| + 1S(5)).

where R; :== R+ D' P,D. Observe that
Ay =R;'D'A; DR (B'P,+ D'PC+S) — R, (B"Ai1 + DTA,_,C),
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and hence
A RiAi| < (10| + |64]) [Ri| || < K(|B| + |C] + |S|)2|Ai—1| a.e. s €[0,T].  (3.34)
On the other hand, equation ({3.32)), together with A;(7") = 0, implies that

T
Ai(t) = / (DA + AT A, + C MG+ A RiA;) ds, Vi € [0,T).
t

Making use of estimates (3.33))—(3.34) and still noting that |B(-)|, |C(-)|,|S(-)| € L*(0,T;R),
we get

A S/t () (|A(5)] + [Ari(s)]) ds, ¥t € [0,T], Vi €N,

where ¢(+) is a nonnegative integrable function independent of {A;(-)}ien. By Gronwall’s
inequality,

T
|A;(1)] < c/ o(s)|Ai—1(s)|ds, Vt € [0,T], Vi e N,
¢

where ¢ := fOT @(s)ds. Set a := maxcp,r) |A1(t)|. By induction we deduce that

1A (1)] < aﬁ, Vte[0,T], VieN,

which implies the uniform convergence of {P;(-) }ien. We denote by P(-) € C([0,7T];S™) the
limit of {P;() };ien. Then we have

R+ D'PD = lim(R+ D'PD) > \,, a.e. s €[0,T],

1—00
and as 7 — 00,
©; -+ —(R+D'PD)(B'"P+ D'PC+S)=:0 in L*(0,T;R™"),
A; — A+ BO in L0, T; R™™),
C; — C + DO in L*(0,T;R™"),
Qi—»Q+5'©+0'S+0ORO in L'(0,T;S").

Therefore, P(-) satisfies the following equation:

P+ P(A+BO)+ (A+BO)"P+(C+ DO)'P(C + DO)
+Q+S"O+0TS+0OR6, ae. se|0,T], (3.35)

which is equivalent to the Riccati equation on [0,7.

(ii)=(i): Let P(-) € C([0,T];S™) be the strongly regular solution to Riccati equation
(3.16) on [0,T]. Then there exists a constant A > 0 such that R + DTPD > \I,, a.e.
s € [0,T]. Set

©:=—(R+D"PD)"(B"P+ D"PC +S) € L*(0, T;R™"),

28



Then P(-) solves the Lyapunov equation (3.35). For any u(-) € U[0,T], let X®W(.) €
LA(Q; C([0,T];R™)) be the solution of the SDE

dX™ = (AX™ + Bu) ds + (CX™ + Du) dW, s € [0,T],
X®@(0) = 0.

Set v(+) := u(-) + O(-)X®(.). Then the above SDE can be written as

{ :(A+B@ ) 4 Bv)ds + ((C + DO)X™ + Dv) dW, s € [0, T],
X0(0) =

Thus, by Proposition (with the coefficients (3.29)) and the inhomogeneous terms (3.30))),

we have

T
:E/ {<(R+DTPD)U,U>—|—2<(BTP+DTP(C’—|—D@)+S+R@)X(U)7U>dS
0
(

> \E /T lu — X2 ds.
0
Making use of Lemma [2.11}, we obtain that
P0.0:000) 2 X [ uts)ds, () €Ul 7],
0
for some v > 0 which is independent of u(-). Thus the map u(-) — J°(0,0;u(-)) is uniformly

convex. This completes the proof. O]

Remark 3.12. From the first part of the proof of Theorem [3.11, we see that for a given
A > 0, if the map u(-) — J°(0,0;u(-)) is A-uniformly convex, then the strongly regular
solution to Riccati equation (3.16|) satisfies

R+ D'PD > M, ae. s €[0,T]
with the same constant \.

Combining Proposition [2.10] Corollary and Theorem [3.11], we obtain the following
corollary.

Corollary 3.13 ([1]). Assume that the map u(-) — J°(0,0;u(-)) is uniformly convex. Then
Problem (SLQ) is uniquely open-loop solvable at any [0, T) x R™ with the open-loop optimal
control u*(-) € U[t, T| being of a state feedback form:

u*=—(R+D'PD)Y(B"P+D"PC + S)X*
—(R+D"PD)Y " (B"n+D"¢+D"Po + p),
where X*(+) = X (+;t,x;u*(+)) is the optimal state process, P(+) is the unique strongly reqular
solution to Riccati equation (3.16)), and (n(-),((+)) is the adapted solution of BSDE ({3.15)).
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Remark 3.14. Under the assumption of Corollary when the inhomogeneous terms
(b,0,q,p,g) vanish, the adapted solution of is (n(-),¢(-)) = (0,0). Thus for Prob-
lem (SLQ)°, the unique optimal control u*(-) € U[t,T] at initial pair (¢,z) € [0,T) x R™ is
given by
u*=—(R+D"PD)"YB"P+D'PC + 9)X*
with the optimal state process X*(-) = X (-;¢,x,u*(-)) and the unique strongly regular so-
lution P(-) of Riccati equation ([3.16). Moreover, the value function of Problem (SLQ) is
given by
VOt,z) = (P(t)z,x), V(t,z) € [0,T) x R,

4 Linear-quadratic stochastic differential games

Consider the following controlled linear SDE:
dX (s) = (A(s)X(s) + Bi(s)ui(s) + Ba(s)ua(s) + b(s)) ds
+(C(s)X(s) + Di(s)ur(s) + Da(s)us(s) + a(s)) dW(s), s € [t, T,
X(t) ==,
(4.1)
where for i = 1,2, u;(-) € U;[t, T] =: L&(t, T; R™) is a control process taken by Playeri. The
cost functional for Player ¢ is defined by

Ttz un () ua() =E (G"X(T), X(T)) + 2{¢", X(T))

v (7 Q) Sis)T ST [ X\ [ X(s)
n / {< Sis) Ris(s) Ri(s) | | w(s) | [ wms) >
t Sis) Riv(s) Ri(s) ) \ us(s) )\ uals)
q'(s) X(s)
—|—2< pi(s) || wls) >}d$]. (4.2)
oi(s) |\ uas)

The coefficients and the inhomogeneous terms satisfy the following assumptions.
Assumption 2. For i = 1,2, the coefficients (A, B;, C, D;, Q", R%,, Riy, Ry, RS, St S%, GY)
satisfy the following conditions:

(A(-) € LY0, T; R™™), B(-) € L*(0,T; R™™),

C(-) € L*(0,T;R™™), D;(-) € L>=(0, T; R ™),

Q'(-) € L'(0,T;8"),

Ry () € L=(0,T;8™), Riy(-) = Ry, (1) " € L0, T;R™>™2), Rb, () L>(0,T;S™),
\S{'(-) € L*(0, T;R™>™) Si(-) € L*(0,T;R™*") G' € S".

Furthermore, the inhomogeneous terms (b, o, ¢*, pi, p, g°) satisfy the following:

b(-) € L0, T;R"), o(-) € L2(0,T;R"),
¢'(-) € Ly (0, T;R™), pi(-) € LE(0,T;R™), ph(-) € L3(0,T;R™2), ¢' € L% (% R").
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Under Assumption [2| for any (¢,z) € [0,7) x R™ and (u(+),us2()) € Usr[t, T] x Us[t, T],
SDE has a unique strong solution X (-) = X (-;t,z,ui(+),us(+)) € LE( C([t, T]; R™))
which is called the state process corresponding to the initial pair (¢,z) and the control
processes (uy(-),uz(+)). Thus, for ¢ = 1,2, the cost functional is well-defined. We are
concerned with the following two-person stochastic differential game.

Problem (SDG)

For any initial pair (t,z) € [0,T) x R™ and i = 1,2, Player i wants to find a control
process u}(-) € U;[t, T| such that the cost functional J*(¢,x;uy(-); uz(+)) is minimized.

If m; = 0 or mg = 0, then Problem (SDG) reduces to Problem (SLQ). Thus we see that
Problem (SLQ) is formally a special case of Problem (SDG).

Notice that, for i = 1,2, the cost functional J*(¢, z;u;(+); us(+)) of Player i depends upon
the control u;(-) (j # i) used by the other player indirectly through the values of the state
X(-) over time, but also directly as u;(-) appears explicitly in the expression of the cost
functional. In order to clearly define the notion of optimality, we shall use the concept of a
Nash equilibrium.

Definition 4.1. For each (t,2) € [0,T) x R™, a pair (uf(-), u3(-)) € Ur[t, T] x Us[t, T is called
an open-loop Nash equilibrium of Problem (SDG) for the initial pair (¢, z) if

Tt wui()ius(r) < Ttz u (s uz(), Yu() € Uht, T,
and

Tt 20y ()i up () < JA(E 2 ui()iua(), Yus() € Ualt, T,

Let t € [0,T) be given. For i = 1,2, let us denote Q;[t,T] := L*(t,T;R™*"). Let
(O1(+),v1(+); ©2(+),v2(+)) € O[t, T] x Us[t, T] x Qa[t,T] X Us[t,T]. In a similar fashion to
Problem (SLQ), we can consider, for each z € R, the following SDE:

dX = (AX + Bl(@b)( + Ul) + BQ(@QX + UQ) + b) ds
—|—(CX + D1(91X —l—’Ul) + DQ(@QX —|—U2) —|—O’) dI/V, s € [t,T],
X(t) =z,

or equivalently,

dX = ((A + B1©1 + By©o)X + Byv; + Bovg + b) ds
+((C + D1©1 + D302) X + Dyvy + Dovy + o) dW, s € [t, T,
X(t) =z,

which admits a unique solution X () = X(-;t,2,01(:),v1(:),02(:),v2(-)). We shall call
(0:(+),vi(+)) a closed-loop strategy of Player i, and the above equation a closed-loop system of
the original state equation (4.1]) under closed-loop strategies (01(-),v1(+)) and (O2(-), va(-)) of
Player 1 and 2. With the above corresponding solution X(-), the control pair (ui(+),us(+)) €
Ui[t, T] x Us[t, T| defined by

ur (1) = O1()X() +vi(+), ua(+) == Oa(-)X() + v2(-)
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is called the outcome of the closed-loop strategy pair (O1(-),v1(+); ©a(-),v2(+)) for the initial

state © € R". Define, for i =1, 2,
T'(t,2;0:1(:),v1(-);Oa(-), v2(:)) == J'(t, 2301 ()X () + v1(-); O2 ()X () + va(-)).

Definition 4.2. For each t € [0,T), a 4-tuple (OF(-), v;(+); ©3(-), v5(+)) € Qu[t, T xUy[t, T] x

Qo[t, T| x Us[t, T) is called a closed-loop Nash equilibrium of Problem (SDG) on [t, T if, for

any x € R",

TH(t,2307(), 01 () 03(),v3(-)) < T (8, 23 ©1(-), v1(+); ©5(-), v3(1)),
v(gl(')avl(')) € Ql[t’T] X Ul[th]7

and

T (t,2:01(-),v1(-); ©3(-), v3(-)) < T*(t, 25 07(-), 05 (-); O2(-), v2(1)),
V(@Q('),’UQ(')) € Qg[t,T] X UQ[t,T].

The following result provides some equivalent definitions of closed-loop Nash equilibria,
whose proof is similar to the case of Problem (SLQ); see Lemma [L.6]

Lemma 4.3 ([3]). Let t € [0,T") be given. Then for each closed-loop strategy pair

(©7(),07(-); ©5(-), v5(+)) € Qult, T] X Us[t, T] x Qalt, T] X Us[t, T1,

the following are equivalent:
(i) (©7(-),vi(+);05(-),v3(+)) is a closed-loop Nash equilibrium of Problem (SDG) on [t,T);
(ii) For any x € R™, it holds that

Tt 2;01(),v1(-); 03(),v3(-)) < T (t, 2 O7(), 1 (-); ©3(-),v3(-)), Yui(:) € Uh[t, T,

and

Tt 2;07(), v1(1); 03(),v3(1)) < TH(t, 25 07(), v (); ©3(), v2(:)), V() € Uelt, T];
(111) For any x € R", it holds that

JHE 2 07() X" () + 07 () ©3() X" () +v3()) < JH(t w3 un (); ©5() () +v3(1)),
Vul() € L{l[t,T],

and
THt, 2 07( )X () + 07 (); ©5() X () + v3 () < Tt 307 () Xa(-) + v1 ()5 ua(-)),
VUQ() c UQ[t,T],

where X*(+), X1(+) and Xs(+) are defined by

X*() = X (3t 2;01(), 01 (), ©3(-), v3 (")),
Xl() = X(7t7‘r707u1()7®;()’U;())v
XQ() = X(';tax;@T(')avf(')aovux'))
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Remark 4.4. Note that, in the statement (iii) above, if we denote by (uj(-),u3(-)) the
outcome of the closed-loop Nash equilibrium (©7(-), vi(-); ©3(-), v3(:)) for x € R", i.e.,

ui (1) == O07()X*() + v/ (), i=1,2,
then we have
Tt s ui();uz() < THE 2w (); ©3() X () +03(-), Yua (o) € Uh[t, T1,

and

THt wui();us() < JH(E 2 01() () + 07 ()i ua(t)), Yua() € Us[t, T).
However, since X (-) depends on u;(-), one might not have
us () = O5() X1 () +v3().

Likewise, one might not have uf(-) = O7(-)X2(-) + v{(-) either. Therefore, we see that,
in general, the outcome of a closed-loop Nash equilibrium is not necessarily an open-loop
Nash equilibrium for the initial pair (¢,z). This fact is comparable with the corresponding
result (see Corollary [1.7)) of Problem (SLQ). Hence, Problem (SDG) and Problem (SLQ) are
essentially different in a sense, and we can only say that Problem (SLQ) is a formal special
case of Problem (SDG).

4.1 Characterization of open-loop Nash equilibria

To begin our study of open-loop Nash equilibria, we observe that the open-loop controls
selected by the players are free to choose from U;[t, T]. This makes it possible to treat the
two-person differential game as two related optimal control problems. To elaborate on the
idea, let (¢,x) € [0,T) x R™ and (uf(-),us(:)) € Uh[t,T] xUs[t, T] be given. Then (uj(-),us(-))
is an open-loop Nash equilibrium of Problem (SDG) if and only if the following hold:

(1) wj(-) is an open-loop optimal control of the problem:
Minimize JY(t, z;ui(-)) == J(t, 25 ui(-); ub(-)) over uy(+) € Uy[t, T
subject to X () = X;(-) being the solution of the SDE

{Xm = (AX, + Byuy + Bou 4 b) ds + (CXy + Dyuy + Do + o) dW, s € [t, T},
X1 (t) = x;

(2) us(-) is an open-loop optimal control of the problem:
Minimize J2(t, z; uy()) := J2(t, 2;ul(-); ua(-)) over uy(-) € Us[t, T
subject to X () = Xs(-) being the solution of the SDE

{dX2 = (AXy + Byus + Byuj 4 b) ds + (CXy + Dyug + Dyl + o) dW, s € [t,T),
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The cost functionals can be written as follows:
Tt ()

— E|(G"X,(T), X1(T)) + 2(g", X1(T))

S ) )(‘ffj)(ffj)>+2<(qp§+<iﬁlu?>’(ff>>}d8]

T
+E[{U%@m9+%£w9ﬁk

and
J2(t, 5 us(+))

=E [(G"Xa(T), Xo(T)) + 2{g*, Xo(T))

RUC ARG - FINGINT

T
+E/{Uﬁﬁm9+%ﬁwﬁhw
t

In a similar way to Problem (SLQ), we consider the homogeneous cost functionals defined
by, for i = 1,2,

Tt @ () = E

. +/tT<( (g; (%;ZT >< Z(Z ), ( f: >>ds] (4.3)

subject to

Note that J%(¢,x;u;(+)) is independent of the choice of the control process selected by the
other player. The above observation, together with Theorem [2.4] leads to the following result.

Theorem 4.5 ([3]). Suppose that Assumption |9 holds. Let (t,z) € [0,T) x R"™ be given.
Let (ui(-),u3(+)) € Ur[t, T] x Us[t, T] and X*(-) := X (¢, z,ui(-),us(:)) be the corresponding
state process. Then (uf(-),us(+)) is an open-loop optimal control of Problem (SDG) for (t,x)
if and only if for 1 = 1,2, the following hold:

(i) The following convexity condition holds:

JOH(t, 05ui(0) >0, Vu(-) € Ui, T); (4.4)
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(ii) The following stationarity condition holds:
B'Y*+ D/ Zr + SIX* + Riu; + Riguy + pi = 0 a.e. s € [t,T] a.s.,

where (Y;*(+), Z:(+)) € LA(Q; C([t, T]; R™)) x Li(t, T;R") is the adapted solution of the
BSDE

dYy = —(ATY+CT Z:+Q X" 4(S)) Tui+(S%) Tus+q') ds + Z7 dW, s € [¢,T),
YA(T) = GIX*(T) + g'.
(4.5)

From the above result, we see that if Problem (SDG) admits an open-loop Nash equilib-
rium (uf(:),us(+)) € Ur[t, T] x Us[t, T] at (t,x), then the unique adapted solution

(X, Y7 () Y5 (), 21 (), Z5()
€ LA C(It, T R) x (L3(Q; (1, T R™))® x (L3t T;R™))?

of the following decoupled FBSDE:

dX* = (AX* 4 Biu} 4 Bauj 4 b) + (CX* + Dyuj + Dyus + o) dW, s € [t, T,

dY;y = —(ATY; + CTZ; + QX" + (S1) i + (S5)Tus + ¢') ds + Z; dW, s € [t, T,
i=1,2,

X*(t)=a, Y(T)=GX*T)+ g4, i=1,2,

(4.6)
satisfies the stationarity conditions:

B'Y +DZF + SIX* 4+ Riui + Rouy +pi=0ae sc[t,T) as., i=1,2. (4.7)

We now rewrite the system (4.6)—(4.7) in more compact forms. We let m = m; + my and
denote

(

B - (31732)7 D = (D17D2)7

. - . - . R; Ry, R
R} = (R Ri), Ry = (Ryy i), B = ()= (0 o0 ):

. | Ry T\ Ry Ry (48)
= () r=() =)

\
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forv=1,2, and

AZ(Oin Om)’B: oim Ongm)’

c=( o, )= M)

o=, g ) m= (o, W) (9
SZ(O:; ngn>’ <ofln ngn )
~(5)e=(5) 0= (5)

where 0,; € R¥*! denotes the zero matrices with appropriate dimensions. Note that the
matrices @@, R, and G are symmetric. If we define

Ly Oy e
I, = ( 2 > e Rk L =n m, and J := S’Ziz 8:?::2 e R¥mxm
Oy xmy I,
then
- () s (2 -3 3 o0 (6)
and

Opscmy B2 nxmy Do
ran = ()= (5 5 ) rsn=(3)

With the above notation and with

Zi

v ( : ) € R@: O TER), 2° = ( Z

}/'2*
we can express the system (|4.6)—(4.7) more compactly as

dX* = (AX* + Bu* +b) ds + (CX* + Du* + 0) dW, s € [t,T],
dY* = —(ATY* +CTZ* + QL X* + STL,u* + q) ds + Z*dW, s € [t,T), (4.10)
X*(t) =z, Y*(T)=GIL,X*(T) +g,

) € LA(t, T;R*™),

and
J'(B'Y*+D'Z" + SI,X* + RI,u" + p) =0 ae. s € [t,T] as. (4.11)
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4.2 Characterization of closed-loop Nash equilibria

In this subsection we characterize closed-loop Nash equilibria of Problem (SDG). We use the
notation (4.8)—(4.9).

Theorem 4.6 ([3]). Suppose that Assumption[q holds. Lett € [0,T) be given. Let
(©7(),v7(-); ©5(-), v5(-)) € Qut, TT X Uh[t, T x Qult, T] X Us[t, T}

o=(e ) =(if)
Then (O7(+),vi(+); ©5(-),v5(+)) is a closed-loop Nash equilibrium of Problem (SDG) on [t,T]
iof and only if the following hold fori=1,2:
(i) The solution P;(-) € C([t,T];S"™) to the Lyapunov equation
P+ PA+ATP, +CTPC + Q'+ (0*) (R + DT P,D)©*
+(PB+CTPD+(5)")e*+ (0°)(B'P,+ D"PC + 5" =0,

and denote

a.e. s € [t,T], (4.12)
P(T) = G
satisfies the following conditions:
Ri.+D,PD; >0 a.e. scltT),
B/ P,+ D/ P,C+ S} + (R, + D/ PD)®* =0 a.e. s € [t,T]; (4.13)

(ii) The adapted solution (n;(-),¢(+)) € La(; C([t, T);R™)) x Li(t, T;R™) to the BSDE
dn; = —{A"n; +CT¢G+ (©) (B™n; + D'¢; + D" Pio + p' + (R' + D" P,D)v*)
+(PB+CTPD+ (S)")v*+ CTPo+ Pb+q¢'} ds + ¢ dW,
s € [t,T],
nl(T) = gi’
(4.14)
satisfies the following condition:

B/ni+ D/ ¢+ D Po+ pi + (R: + D] PLD)v* =0 a.e. s € [t,T] a.s.
Proof. By Lemma [.3] (©75(-),v}(-); ©5(-),v3(+)) is a closed-loop Nash equilibrium of Prob-
lem (SDG) on [¢,T] if and only if the following hold:
(1) For any x € R", vi(-) is an open-loop optimal control of the problem:
Minimize J'(t, 2; 03 (-), v1(-); ©5(-),v3(+)) over vy () € Us[t, TY,
subject to X(-) = X;(-) being the solution of the SDE
dX, = ((A+ BO*)X, + Byv; + Bovy +b) ds

+((C + DO Xy + Dyvy + Dyvy + o) dW, s € [t, T,
Xi(t) = x;
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(2) For any x € R™, v3(-) is an open-loop optimal control of the problem:
Minimize J2(t, z; 03 (-), v}(-); ©3(), va(+)) over vy(-) € Us[t, TY,
subject to X(-) = Xy(+) being the solution of the SDE
dXy = ((A+ BO*)X, + Byvy + Bivj +b) ds

+((C 4+ DO") Xy + Davs + Dyvi + ) dW, s € [t,T],

Observe that
T, 25 07(:), v1(-); ©5(), v3(-))

— E[(G' X (T), X,(T)) + 2(g", 4, (T)

T Q" (ST (Sy)7 X X
+/ {< Si Ry R, O1X1+v |, | O+ v >
t 521 R51 R%Q 03X + v 31X + v
ql X
+2<(p% ) , ( O3X + 1y )>}ds
03 O3] + v3

(G x(T), X,(T)) + 2(g", X,(T))

T )1 QLT ~1
UGS GO ) ((5)- (3 )} e

where we set

Q1 = Ql + (51)T@* + (@*)Tsl + (@*)Tng*’

R':= R{,, S':= 5]+ R{©*, G' =G,

q' ="+ (9) p" + (9 + B0") Tws, pl = py + Riges, 1=,

(1) = B[] {{Rhyv3,03) + 2(ph,v3) } ds.
By Proposition 3.2 we see that the assertion (1) is equivalent to the following:
(1-i) The solution Pi(:) € C([t,T];S™) to the Lyapunov equation

=K

P, + P, (A + BO*) + (A+ BO*)TP, + (C 4+ DO*)" P,(C + DO*)
+Q' + (SHTe* + (0%) TS + (0*)TR'O* =0, ae. s € [t,T],
P1 (T) = Gl,
satisfies the following conditions:
Ril +D1TP1D1 Z 0ae. s€ [t,T],
B[P, + D] P,(C + DO*)+ Si + Ri©* =0 ae. s € [t,T];
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(1-ii) The adapted solution (n;(+), (1(+)) € LA(Q; C([t, T);R™)) x L&(t,T;R™) to the BSDE

(dn = —{(A+ BO") Ty + (C + DO*)T¢,
+(PiB, + (C + DO*)TPD; + (S} + R16*)T)u;
+(C 4 DO*)T P{(Dov} + ) + Py(Bavk + b)
+q' + (©%)Tp' + (S5 + R3O") T3 } ds + ¢ dW, s € [t,T],

satisfies the following condition:

B{m + D{ (i + D{ P/(Dyvy + o) + pi + Riyvs + (R}, + D{ PLD1)v; =0
a.e. s € [t,T] a.s.

Similarly, we see that the assertion (2) is equivalent to the following:
(2-1) The solution Py(-) € C([t,T];S™) to the Lyapunov equation
Py 4 Py(A+ BO*) + (A + BO*)T P, + (C + DO*)T P, (C + DO*)

+Q%+ (S?)TO* + (09 78?2 + (0")TR?20* =0, a.e. s € [t,T],
PQ(T) - GQ,

satisfies the following conditions:
R2, 4+ Dy P,Dy > 0 ae. s € [t,T),
By Py + Dy Po(C + DO*) + S3 + R30* =0 a.e. s € [t,T;
(2-ii) The adapted solution (ny(+), (o(+)) € LE(Q; C([t, T); R™)) x La(t, T;R™) to the BSDE

(dny = —{(A+ BO") Ty + (C + DO TG
+(P2By + (C + DO*) T P,Dy + (S5 + R30%)")v3
+(C + DO*)" Py(Dyv} + o) + Po(Byvi +b)
+¢2 + (0%)Tp* + (Si+ R1O*) Tvi } ds + G dW, s € [t,T),

satisfies the following condition:

By o+ Dy (o + Dy Py (Do} + 0) + p + R3,0f + (R, + Dy PaDo)vy =0
a.e. s € [t,T] a.s.

Observe that (1-i) (resp. (2-1)) are equivalent to (i) with ¢ = 1 (resp. i = 2), and (1-ii) (resp.
(2-ii)) are equivalent to (ii) with ¢ = 1 (resp. ¢ = 2). This completes the proof. O

39



We now rewrite the Lyapunov equations (4.12)) and the conditions (4.13) (i = 1,2) in a
more compact form. (4.12)) can be written as

O On><n T Pl Onxn nxn an
+ ( 0n><n C ) ( Onxn P2 >( Onxn > * ( Onxn >
+ ( 0 Opxn )T( R! +DTP1D O )( 0" mm )
Omxn @* 0m><m DTP2 Omxn
PIB + CTPID + (Sl)T n><m m><n
+( i+ ) (o &)
Onxm P2B + O P2D + S m><n
+( O Omxn )T( BTP +D'PC + ! O )
Opsn OF Oruxn B"P,+D"P,C + 5?

Consequently, one sees that the following holds:

P+PA+A"P+C"PC+Q+(®)"(R+D'"PD)®O*
+(PB+C"PD+S")©*+ (©)"(BTP+D'PC+ S) =0,

a.e. s € [t,T], (4.15)

where

P:(OP1 Onxn)’@*:(o@* Omm)'

*
nxn P2 mxn @

Clearly, Lyapunov equation (4.15) is symmetric. On the other hand, (4.13) can be written
as

<BIP1+D1TP10+511> (R%+D1TP1D )@*
B;P2+D;PQC+SQQ R§+D;P2D

< Bir 0m1><n ) ( Pl 0n><n > ( [n >
Om2><n B; 0n><n P2 [n
Omgxn D;— On><n P2 Onxn C [n

_|_ < ]ml 0m1><m2 0m1><m1 Om1><m2 )( Sl Oan )
Omgxml Om2><m2 Omgxml I’ITLQ Om><n 52

+ ( Iml 0m1><m2 0m1><m1 0m1><m2 >< Rl Om><n >< Im )
O’mng1 0m2><m2 0m2><m1 Img OmX’n R2 Im

4 ( Dir Omlxn )( Pl Onxn )( D 0n><m )
Oman D; Oan P2 OnXm D

=J (B'"P+D"PC+8)I,+J (R+D"PD)I,0"

0
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4.3 Closed-loop representation of open-loop Nash equilibria

We have investigated two types of equilibria, that is, open-loop Nash equilibria and closed-
loop Nash equilibria. In this subsection, we look at relations between them. We introduce a
concept of closed-loop representations of open-loop Nash equilibria defined as follows.

Definition 4.7. For each t € [0,T), We say that open-loop Nash equilibria of Problem (SDG)
at ¢ admit a closed-loop representation, if there exists a 4-tuple (O1(-), i1(+); (), 02()) €
[, T) X Up[t, T] x Qs[t, T] X Us[t,T] such that for any initial state x € R™, the pair
(t1(+), z2(+)) of control processes defined by

i(-) = 0, ()X () + () € UL, T), i = 1,2, (4.16)
is an open-loop Nash equilibrium of Problem (SDG) for (¢,z), where X (-)e L2(Q; C([t, T); R™))

is the solution of the following closed-loop system:

d‘)e - ((A + Blél + BQ@Q)-XA‘ + BllA)l + Bg@z + b) ds
+((O + Dlél + Dgég).)e + Dlﬁl + DQ@Q + O') dVV, S € [t, T], (417)

A

X(t) = .

Inspired by the decoupling technique of coupled FBSDEs, we give a characterization of
the closed-loop representation of open-loop Nash equilibria. We use the notation (4.8])(4.9).

Theorem 4.8 ([3]). Suppose that Assumption[q holds. Lett € [0,T) be given. Let

~ ~

(@1(')7@1(');@2(')762(')) € Ql[th] X ul[t’T} X QQ[taT] X u2[th]

- O1\ . [
o= (g, ) 7= ()
@2 ! V2
Then open-loop Nash equilibria of Problem (SDG) at t admit the closed-loop representation
(4.16)) if and only if the following hold:

(i) The following convexity condition holds for i = 1,2:

and denote

JUHt,0;u(-) >0, Yu(-) € Uilt, T);
(11) The solution II(-) € C([t, T];R*"*™) to the ODE

I+HA+ AT+ CIC +QIL,+ (IB+C™UD+STI,)0 =0, s€[tT],
II(T) = GI,,
(4.18)
satisfies

J(RI,+D'IID)® +J" (B'H+ D'IIC + SI,) =0 a.e. s € [t,T],  (4.19)
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and the adapted solution (n(-),¢(+)) € LA(Q; C([t, T]; R?*™)) x La(¢, T; R*") to the BSDE
dn=—-{A"n+C¢+(MIB+C'MID+ S"I,)o+ C'Ilo + IIb + q} ds
+CdW, s € [t,T],

n(T) =g,
(4.20)

satisfies

J'(RI,+D'NID)i+J" (B'n+D'¢+D'Ilo+p) =0 ae s €[t,T] as (4.21)

Proof. Let I1(-) and (n(-), ¢(+)) be the solutions to (4.18]) and (4.20)), respectively. Let x € R"

n

be given. Let X'(-) be the solution of SDE (4.17)), and define @;(-) by (4.16) for i = 1,2. Note
that X(-) = X (-;¢,s,11(+), U2(+)). Denote

= ()= (omis)=0ts
and set R o
Y =MIX +n, Z =TI(C + DO)X + I1Di + Io + ¢.
Then Y (T) = GI,X(T) + g, and
dY =TIX ds + I1dX + dn
= {IIX + TI((A + BO)X + Bi + b)
~ (AT +C'¢+(MIB+C'NID+ S'1,)i+ C'o +IIb + q) } ds
+{II((C + DO)X + Db + o) + ¢} AW
=—{(ATO+C'IIC+QI,+(C'IID+S"1,)0)X + A'n+C'¢
+(C'IID+8'1,)0+ C'Io + q} ds + Z dW
= —{AT(IIX + 1) + CT(II(C + DO)X + I1Di + o + ¢)
+QI, +S"I,(0X +0) +q}ds + ZdW
= (A'Y +C"Z+QLX + S"I,u+q)ds+ ZdW.
This shows that (X(-), Y(-), Z(-)) is the adapted solution of FBSDE with u*(-) replaced

by 4(-). According to Theorem the pair (a1(+), U2(+)) is an open-loop Nash equilibrium
of Problem (SDG) at (¢,2) if and only if (i) holds and

0=J (B'"Y + D"Z + SI,X + RI,i+ p)
= J{B"(IIX +n) + D" (II(C + D&)X + I1Dv + Ilo + ¢)
+ SI,X + RI,(0X +4) + p}
=J'{B'II+ D'NC + SI, + (RI, + D'TID)0O} X
+J'{B'n+D'¢(+D'Io + p+ (RI, + D'IID)0}.
Since the initial state z € R™ is arbitrary and (6(-), 9(-)) is independent of z, the above leads

to (£.19) and ([L21). 0
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Let us rewrite (4.18)—(4.21)) componentwise as follows. Denote
I m G
m= () m=( ) ¢=(g)
m, )2 " 12 ¢ G
where for i = 1,2, II;(+) takes values in R"*" and 7;(-) and (;(-) take values in R"™. Then

I + ILA+ AT + CTILC + Q' + (ILB + CTILD + (S9)T)0 = 0, ae.

s e [t,T], i=1,2,
IL(T) = G,
4.22)
Ri+DIILD \ o  ( B +D/ILC+ 5} _
( R5 + D1, D )@+ ( BJ 1, + D] T1,C + S2 ) =0ae seltT], (4.23)

+C o+ ILb+¢'} ds + ¢ dW, s e [t,T], i=1,2, (4.24)

ni(T) =g,
( Rl +D/IL,D ) N ( Bim +D{ ¢+ Do+ py
R:+ D;TI,D B3y + Dy G + D3 50 + pj
Noting the relation (4.23), one sees the equations for II;(-) and IIy(+) are coupled and none
of them are symmetric. Consequently, II;(-) and Ily(-) are not symmetric in general, whereas
the Lyapunov equations (4.12)) for P;(-) and P,(-) are symmetric. From these results, we see

that the closed-loop representation of open-loop Nash equilibria is different from the outcome
of closed-loop Nash equilibria; see Example [4.17]

) =0ae se[t,T]as.  (4.25)

4.4 Zero-sum games

In this subsection we consider linear-quadratic two-person zero-sum stochastic differential
games in which one player’s gain is other’s loss. In this case, the sum of the payoffs/costs of
the players is always zero, i.e.,

THE wun () ua () + T2t () ua() = 0, Y (wa (), ua(-)) € Uh[t, T) X Uslt, T,

for any (¢t,x) € [0,7) x R™. Thus, we may assume, without loss of generality, that the
weighting matrices in J!' and .J? have opposite signs, i.e.,

{Ql +Q*=0, R+ R34 =0, S} +52=0, G' + G2 =0, (4.36)

¢+ =0,pl+p2=0,g"+¢*=0, j k=12
To simplify the notation, we shall denote J(t, x;u1();us(+)) = J*(¢t, z;uq(+); ua(-)) and

Q:le Rjk:le‘kv Sj:S;aG:leq:qla pj:p;ag:gla jyk:1727
_( B R (S (M
R=(pn mn ) 5=(s ) r=(00)
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Then the cost functional J(t, z;uy(-); ua(+)) can be written as

Stz un () ua(r) = ENGX(T), X(T)) + 2(g, X(T))

LG SOCD =)
()

and X (-) = X(-;t, 2, u1(+), ua(+)) is the solution of the SDE

where

dX = (AX + Bu+b)ds+ (CX + Du+o)dW, s € [t,T],
X(t) ==z

With the above notation, J(t,z;u;(-);uz(-)) can be seen as the cost for Player 1 as well as
the payoff for Player 2, corresponding to the control pair (u(-),us(-)). Therefore, Player 1
wishes to minimize J(t,x;ui(-);ua(-)) by selecting a control process uy(-) € U[t,T], while
Player 2 wishes to mazimize J(t,z;u(-); u2(+)) by selecting a control process us(-) € Us[t, T'].

For each closed-loop strategy pair (©1(-), v1(-); Oa(-),v2(+)) € Oult, T xUs[t, T x Qat, T x
Us[t, T, define

Tt 2;:01(),01(-); O2(-), v2(+)) = J(t, 2 01(-) X () + 01 (-); O2(-) X () + 0a2(1)),
where X (-) = X(-;t,2,01(),v1(:),O2(-),v2(+)) is the solution of the closed-loop system

{d?( = ((A+ BO)X + Bu+b)ds + ((C + DO)X + Dv +0) dW, s € [t,T],
X(t) ==,

with the notation o
o= (2) 0= (1)

Lastly, define the homogeneous cost functional by

exa.xays (3550

where X (-) is the solution of the homogeneous SDE

JOt, w3 ur () ug(+) = E

dX = (AX + Bu) ds + (CX + Du) dW, s € [t, T,
X(t) = =.

In zero-sum games, Nash equilibria are called saddle points. In terms of the single cost
functional J (¢, z;u1(-); uz(+)), the notion of open-loop and closed-loop Nash saddle points can
be represented as follows.
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Definition 4.9. Let (4.26) hold.

(i) Let (¢t,z) € [0,T) x R™ be given. A pair (uj(-),us(:)) € U[t,T] x Us[t, T is called an
open-loop saddle point of Problem (SDG) for the initial pair (¢, z) if

Stz ui(4);ua() < J(E w5 ui();us(4) < J(E 25 ua () ua(-))
for any (ui(-),us(+)) € Uy[t, T| x Us[t, T.

(i) Let t € [0,T) be given. A 4-tuple (O3(-),vi(-);05(-),v5()) € Qi[t, T] x Uy[t, T] %
Qolt, T x Us[t, T is called a closed-loop saddle point of Problem (SDG) on [t, T if for
any x € R", the following holds:

J(t,2;01(),v1(-); ©2(:), v2(+)) < T (¢, 2;01(-), v1(); O3(-), v3(+))
< Tt 2;01(-),v1(+); 05(+), v5(+))
for any (©1(-), v1(+); O2(-), va(+)) € Qu[t, T] X U [t,T] x Qao[t, T] X Upt, T1.

In the case of zero-sum games, Theorems [£.5| and [£.6] can be reformulated in the following
simple ways.

Theorem 4.10 ([2]). Suppose that Assumption |9 and (4.26) hold. Let (t,z) € [0,T) x R"
be given. Let (t,z) € [0,T) x R™ be given. Let (ui(-),us(:)) € Us[t, T| x Us[t, T] and X*(-) :=
X (ot z,ui(+),us(+)) be the corresponding state process. Denote

u*
Uy

Then (ui(-),us(+)) is an open-loop optimal control of Problem (SDG) for (t,x) if and only if
the following hold:

(i) The following convexity-concavity condition holds:

JO(t,0;u1(-);0) >0, Yui () € Uy, T,
JO(t,0;0;us(+)) <0, Vuo() € Upt, T);

(ii) The following stationarity condition holds:
B'Y*+D'Z*+SX*+ Ru*+p=0ac s€t,T) as,
where (Y*(+), Z*(+)) € LA(Q; C([t, T]; R™)) x Li(t, T;R") is the adapted solution of the
BSDE

dY* = —(ATY*+CTZ* + QX"+ STu* 4+ q) ds + Z*dW, s € [t,T],
Y*(T)=GX*(T)+g.

Proof. The result follows obviously from the fact that in the case of (4.26]), the adapted
solutions (Y;*(+), Z:(+)); i = 1,2, to BSDE (4.5 are mutual additive inverse. O
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Theorem 4.11 ([2]). Suppose that Assumption|[q and [4.26) hold. Let t € [0,T) be given.
Let (©1(-),v5(+); ©3(:),v3(+)) € Q1[t, T| x Uy [t, T] x Qa[t, T| x Us[t, T] and denote

o= (§) = (1)

2

Then (©5(+),vi(+); ©3(-),v3(+)) is a closed-loop saddle point of Problem (SDG) on [t,T] if and
only if the following hold:

(i) The solution P(-) € C([t,T];S™) to the Lyapunov equation
P+PA+ATP+CTPC+Q+(©°)T(R+ D'PD)O*
+(PB+CTPD+ST)0*+ (0" (B"P+D"PC+S) =0,
a.e. s €t T,
P(T) =G,
satisfies the following conditions:

Ry + D[ PD; >0, Ry, +D, PDy <0, a.e. s€[t,T],
B'P+D'"PC+ S+ (R+D"PD)O* =0 a.e. sc|tT];

(ii) The adapted solution (n(-),((+)) € Li(Q; C([t, T);R™)) x La(t, T;R™) to the BSDE

dp=—{A"n+C(+(PB+C"PD+ S")v*+C"Po+ Pb+ q} ds + ¢ dW,
s € [t,T],
n(T) =g,

satisfies the following condition:

B'n+D'¢(+D"Po+p+(R+D"PD)w* =0 ae sc[tT] as.

Proof. In the case of , the solutions P;(+); ¢ = 1,2, to the Lyapunov equations (4.12))
are mutual additive inverse, i.e., Pi(s) = —Ps(s) for any s € [¢t,T]. It is clear then that
the conditions (i) in Theorems and are equivalent. Similarly, the adapted solutions
(m:(+), Gi(+)); i = 1,2, to the BSDEs are mutual additive inverse. Thus, denoting

n() =m() =—m(), () :=al)=-G()
the BSDE leads to
dn=—{ATn+C"¢+(©)" (B'"n+ D¢+ D"Po+p+ (R+ D"PD)v*)
+(PB+CTPD+ S8")v* + CTPo + Pb+q} ds + ¢ dW,

vl (4.27)

n(T)=g.
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Then the condition (ii) in Theorem [4.6]is equivalent to

B'n+D'(+D"Po+p+(R+D"PD)v*=0ac. sctT]as.

By inserting the above condition into (4.27]), we see that the conditions (ii) in Theorems
and are equivalent.

An equivalent statement of Theorem is as follows.

Theorem 3.4l

]

The proof is similar to that of

Theorem 4.12 ([2]). Suppose that Assumption|q and [4.26) hold. Let t € [0,T) be given.
Then Problem (SDG) admits a closed-loop saddle point on [t,T] if and only if the following

hold:

(i) The Riccati equation

P+PA+ATP+CTPC+Q
—(PB+CTPD+ST)(R+D"PD)(BTP+ D "PC+S)=0, ae. seltT)

P(T)

admits a solution P(-) € C([t,T];S™) such that

R+ D[ PD; >0, Ry, +D, PDy <0, a.e. s€[t,T],
R(B"P+ D'PC+S) C R(R+ D"PD) a.e. s € [t,T],
(R+D'"PD)(B"P+ D"PC + S) € L*(t, T; R™");

(4.28)

(4.29)
(4.30)
(4.31)

(1i) The adapted solution (n(-),((+)) € Li(Q; C([t, T);R™)) x La(t, T;R™) to the BSDE

(dy = —{ (AT —(PB+C"PD+ST)(R+DTPD)BT )y

+(CT = (PB+CT"PD+ST)(R+D"PD)ID")(¢

+(CT = (PB+C"PD+S")(R+D'PD)ID")Po

~(PB+CTPD+ST)(R+DPD)ip+ Pb+q}ds
+CdW, s € [t,T],

(n(T) =y,

satisfies the following conditions:

B'n+D'¢+D"Po+peR(R+D'PD) ae. s€lt,T) as.,
(R+D'PDY(B'n+ D¢+ D" Po + p) € La(t, T;R™).
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In this case, any closed-loop saddle point (©%(-),vi(-);©5(:),v3(-)) € O1[t,T] x Uy[t, T] %
Qolt, T x Us[t, T of Problem (SDG) on [t,T] admits the representation

o= ( o ) = —~(R+D"PD){(BTP+ DT PC + )
2
+ (I, — (R+D"PD)'(R+ D" PD))I, (4.35)

v = ( . ) — (R+D"PD)(BTy+ D¢+ D" Po+p)
2
+ (I, — (R+D'"PD)(R+ D"PD))v, (4.36)
for some T1(-) € L*(t, T; R™ ") and v(-) € Li(t, T;R™).
Next, let us investigate closed-loop representations of open-loop saddle points of zero-sum
games. We shall see that any closed-loop representation of open-loop saddle points coincides
with the outcome of a closed-loop saddle point, as long as both exist.

Firstly, in the case of (4.26)), the solutions II;(-); i = 1,2 of the ODEs (4.22)) are mutual
additive inverse, and by denoting II(-) = II;(-) = —IIy(), we have

M+TA+ AT+ CTIC+Q + (IB+CTID + ST)0 =0, ae. s € [t,T],
IN(T) = G.
On the other hand, (4.25) can be written as

( Ry + D{1ID ) ( B/ + D/TIC + S,

which is equivalent to

(R+D'IID)O+ B+ D'IIC +S =0ae. sel[tT].
Furthermore, the latter is equivalent to the following:

R(B'II+ D'IC + S) C R(R+ D'IID) ae. s € [t,T], (4.37)

(R+D'IID) (BTl + D'IIC + S) € L*(t, T; R™™), (4.38)
and in this case O is given by

O=—(R+D'ID)(B'II+ D'IIC + 5)
+ (I, — (R+ D'IID)"(R+ D'IID))T (4.39)

for some T'(-) € L%(t,T;R™ ™). By inserting (4.39) into the ODE for II(-), we see that the
latter becomes the Riccati equation

I+ IIA+ ATIL + CTIIC 4 Q
—(IIB+ CTIID + ST)(R+ DTIID) (BTl 4+ DTIIC + ) = 0, ae. s € [t,T],
IN(T) = G.
(4.40)
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Note that Riccati equation (4.40]) is symmetric.
Similarly, the adapted solutions (n;(-),((+)); ¢ = 1,2, to the BSDE (4.24) are mutual
additive inverse, and by denoting (n(+),{(+)) = (m (), G (+)) = (=n2(+), —C2(+)), we have

dp=—{ATn+C¢(+ (IB+CTIID + S")d
+C o +1Ib+ q} ds + ¢ dW, s € [t, T,
n(T) =g.
On the other hand, (4.25) can be written by

< Ry + D{1ID ) ( Bin+ D{¢+ D]1lo + p

_RQ_D;HD v+ _B;n_DJC_D;HO__p2>:anSG[t,T],

which is equivalent to
(R+D'IID)o+B'n+D'¢(+D'llo + p=10a.e. s € [t,T] as.
The latter is equivalent to the following:

B'n+D'¢+D'llo+peR(R+ D'IID) ae. s € [t,T] as., (4.41)
(R+D'IID)(B'n+ D¢+ D'llo + p) € Li(t, T;R™), (4.42)

and in this case 0 is given by

o=—(R+D'IID)(B"n+ D'¢+ D'lo + p)

+ (I, — (R+ D'IID) (R + D'IID))~ (4.43)
for some y(-) € L&(¢t,T;R™). By inserting (4.43)) into the BSDE for (n(-),{(-)), we see that
the latter becomes
(dy = —{ (AT — (1B + CTTID + ST)(R+ DTIID) BTy,

+(CT —([IB+ C™ID + ST)(R+ D'IID)IDT)¢

+(CT—([IB+ C'ID + ST)(R+ D'IID)'D") Po

~(IIB + CTID + ST)(R+ DID) p + Tl + ¢} ds
+CdW, s € [t, 17,

(4.44)

((T) = g.
We summarize these observations in the following theorem.

Theorem 4.13 ([3]). Suppose that Assumption |[d and [E.26) hold. Let t € [0,T) be given.
The open-loop saddle points of Problem (SDG) att admit a closed-loop representation if and
only if the following hold:

(i) The convexity-concavity condition (i) of Theorem holds;
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(i) Riccati equation (4.40) admits a solution I1(-)eC([t, T];S™) such that (4.37)—(4.38) hold,
and the adapted solution (1(-),C(-)) € L3(S C([t, TI; R")) x LA(t, T; R") of BSDE

satisfies ({4.41])~(4.42).

In this case, (©1(-)X(-) +01(-), O2(-) X (-) +02(-)) is a closed-loop representation of open-loop
saddle points if and only if

6= ( g; ) — (R+D'ID)!(B'II + DTIIC + 5)
+ (I, — (R+ D'IID)"(R + D'IID))T,
b= ( Ui ) — (R+D'ID)(B™y+ D¢ + D'llo + p)
+ (I, — (R+ D'IID)"(R + D'IID))~,
for some T'(-) € C([t, T;R™") and ~(-) € L&(t, T;R™).

Comparing Theorem with Theorem [4.13], one may wonder the closed-loop representa-
tion of open-loop saddle points coincides with the outcome of closed-loop saddle point when
both exist. The answer to this question is affirmative, as shown by the following theorem.

Theorem 4.14 ([3]). Suppose that Assumption|q and [4.26) hold. Let t € [0,T) be given.
Assume that both closed-loop representations of open-loop saddle points and closed-loop saddle
points exist on [t,T]. Then the following hold:

(i) Any closed-loop representation of open-loop saddle points must be the outcome of a
closed-loop saddle point.

(ii) Conversely, for each closed-loop saddle point, the corresponding outcome must be a
closed-loop representation of open-loop saddle points.

Proof. The second assertion easily follows from Theorems and [£.13] In order to prove
the first assertion, it is sufﬁcient to show that the solution II(-) to Riccati equation (4.40))
with constraints f 8) coincides with the solution P(-) to Riccati equation (4.28) with
constraints - Let (nm, ¢1) be the adapted solution to BSDE , and define

6 — (81 )= ~(R+D'ID) (BT 4+ D'IC + ),
2

b= ( gl ) .= —(R+D'IUD) (B ny + D ¢y + Do + p).
2

Let t' € [t,T) be given. By the same arguments as in the proof of Corollary 2.3 we can show
that the convexity-concavity condition holds for ¢'. Then by Theorem we see that

ii(-) == 0:()X () + &i) €Ut T], i =1,2,
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is a closed-loop representation of open-loop saddle points at t’, where X (+) is the solution to
the SDE

{ = ((A+ BO)X + B +b) ds + ((C + DO)X + Do + o) dW, s € [t',T),
Xt =z,

with arbitrary € R™. Furthermore, one can easily verify that I1(-) satisfies

1+ TI(A+ BO) + (A+©)TII + (C + DO)TII(C + DO)
+Q+607S+5TO+O0TRO =0, aec. se [t T

and that (nn(+), (n(+)) satisfies

i = —{(A+ BO) i + (C + DO) ¢y + (IIB + (C + DO)TIID + (S + RO)T )
+(C+DO) Mo +1Ib + ¢+ O p}ds + CudW, s € [t',T),
m(T) = g.

Furthermore, we have

B+ D'II(C + DO) + S+ RO =0 ae. s € [t,T),
(R+D'ID)o+B'n+D'¢+D'Mlo+p=0ae. sc[tT]as.

Thus, applying Proposition to the appropriate coefficients, we have

J(t,x;ap(+); us(+))

A

(GX(T), X(T)) + 2(g, X(T))

R T ko Do o]

(I(#")z, z) + 2(nn(t'), =)

=K

=K

T
+ / {{T16,0) + 200,b) +2(Cu,0) + (R + D'TID)0, o)
+ 2<BT77H + D¢+ Do + p, 17>} ds] . (4.45)

Similarly, for each closed-loop saddle point (©75(-), v (+); ©5(:),v5(-)) on [t', T], denoting the
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outcome at z € R" by (ui(-),us(-)), we have

Stz ui();us() = E| (P, z) + 2(ne(t), z)

+ /;{(Po, o)+ 2(np,b) + 2(Cp,0) + <(R+ DTPD)U*,U*>

+2(BTnp+ D" ¢p+ D" Po+p, v*>} ds|,  (4.46)

where (np(-),(p(+)) is the adapted solution to BSDE (4.32)). Since both (u4(+),ds(+)) and
(ui(+),us(-)) are open-loop saddle points of Problem (SDG) for (¢,z) (the latter follows from
the assertion (ii)), we have

J(t, @501 (+); ()

which shows that
S ;a0 () 2(-) = J (& 25 ur () ua())-
Since z € R" is arbitrary, we conclude from (4.45)) and (4.46|) that I1(¢') = P(t'). O

4.5 Examples

In the case of Problem (SLQ), Corollary shows that the existence of a closed-loop opti-
mal strategy implies the existence of an open-loop optimal control. Concerning (zero-sum)
stochastic differential games, the situation completely changes. We present the following
example, which shows that the existence of a closed-loop saddle point does not imply the
existence of an open-loop saddle point.

Example 4.15 ([2]). Let m; = my = n = 1. For each (¢,x) € [0,1) X R, consider a zero-sum
stochastic differential game with the one-dimensional controlled SDE

{dX(s) = (u1(s) — ua(s)) ds + (wi(s) — ua(s)) dW(s), s € [t,1],
X(t) ==,

and the performance functional

Stz ();ua(r) = E

1
X(1)*+ / (u1(s)? — ua(s)?) ds] :
t
The corresponding Riccati equation (4.28]) reads
: ( 1+P =P >T< P

P—(P,—P) ) =0, a.e. s €[t 1],
-P —-1+4+P —P

P(T) = 1.
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We can check that P(s) = 1 is the unique solution. Since R + DTPD = ( 21 _01 ) is
nonsingular, the range inclusion condition (4.30)) automatically holds. Also,
Ry, + D/ PD; =2>0, Ry, + D) PDy =0,

(R+DTPDY(BTP+DTPC + 8) = ( _21 _01 )_1( _11 ) - < } ) e L2(t,T; RV,

Hence, by Theorem [4.12) the game admits a unique saddle point (07(-), vi(:); ©3(-),v3(+))
given by the following:

(82 )= —(R+ D PD}BP+D PC+S) = (), (Z; )=(0)

On the other hand, for the initial state £ = 0 and the control pair (u(-),us(-)) = (0, —1),
the corresponding state process is given by

X(s)=s—t+W(s)—W(t), s€[t1].
Hence,
9 1
JO(t,0;0,—1) =E| (1 —t+W(1) — W(t)) +/ (—1)ds] =(1—-1)*>0.
t
Thus, the convexity-concavity condition (i) in Theorem fails. So the open-loop saddle

point does not exist.

The following example shows that the existence of an open-loop saddle point does not
necessarily imply the existence of a closed-loop saddle point.

Example 4.16 ([2]). Let m; = my = 1 and n = 2. For each (t,x) € [0,T) x R" with
x = (x1,72)", consider a zero-sum stochastic differential game with the two-dimensional

controlled SDE
()< (010 Yo

s) us(s)
Xl(t T
(XQ(t) ) - ( - )
with the performance functional
J(t, 2w () ue() = E[XI(T>2 - Xz(T)2]'

For any \; > ;1 =1,2, define

_L
T—t°

u(s) = —/\ixiﬂ[t,ﬂi](s), selt,T)], i=1,2.

)
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Then, for any control pair (u;(-), us(+)), we have
J(t, 2 () ua() < J (w5 up ();up () = 0 < I (8w () w3 ().

Thus, (u}'(-),u52(+)) is an open-loop saddle point for (¢, z).
In the current case,

A=C=D=Q=R=S=0 B=1, G:(é _01)

and all the inhomogeneous terms vanish. Hence, the Riccati equation (4.28|) reads

P(s) =0, ae. s € [t,T),
P(T) =G,

whose solution is P(s) = G # 0. Then the range inclusion condition (4.30) cannot be true.
By Theorem |4.12], we see that there is no closed-loop saddle point for this game.

In the case of zero-sum stochastic differential games, Theorem shows that the closed-
loop representation of open-loop saddle points must be the outcome of a closed-loop saddle
point, as long as both of them exist. The following example shows that this is not the case
in general for non-zero-sum stochastic differential games.

Example 4.17 ([3]). Let m;y = my = n = 1. For each (t,z) € [0,7) x R, consider a
(non-zero-sum) stochastic differential game with the controlled SDE

{dX(s) = (w1(s) + ua(s)) ds + X (s) dW(s), s € [t, T,
X(t) ==,

and the cost functionals

Tt () ua() = E | X(T)? + / u(s)? ds|

J2(t, 2 ur () ug(+)) = E X(T)Q—I—/t uy(s)? ds | .

For this case, we have
(A=0, Bi=By=1,C=1, D, = Dy =0,

leQQZO,Rlz(é 8)’]%2:(8 (1))’51:52:<8)’G1:G2:1’

0
q1=q2=0,p1=p2=( );gl:gQZO.
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Clearly, the convexity condition (i) in Theorem holds for ¢ = 1,2. In this example,

(4.22))—(4.23) can be written as follows:

FM$+EQH{M$@ﬂQ+@@»:Qaﬁsehﬂ,

I,(T) =1,

{Hg(s) +1Is(s) + Ila(s) (@1(3) +05(s)) =0, ae. s € [t,T],
II,(T) =1,

and

It is easy to see that
ITi(s) = Ta(s) = —O1(s) = —Oz(s) =
are solutions to the above system. Note that in this case

m(s) =m(s) = Ci(s) = Ga(s) = 01(s) = Va(s) =0

satisfy the system (4.24)—(4.25)). Thus, by Theorem [4.8| the open-loop Nash equilibria of this
Problem (SDG) on [t,T] admit a closed-loop representation given by

€T_S

s X (), s e [LT]. (4.47)

ur(s) = ug(s) = —

Next, we verify that the game admits a closed-loop Nash equilibrium of form (©73(-),0;03(+),0).
In light of Theorem [4.6] we need to solve the following system for P;(-) and Py(-):

Pi(s) + Py(s) + ©%(s)% + 2P;(s) (©1(s) + ©3(s)) =0, ae. s € [t,T],
§ P(T) =1,
(Pi(s) +O1(s) =0, ae. s e [t,T],
Py(s) + Py(s) + O3(s)* + 2Py (s) (©1(s) + ©3(s)) =0, ae. s € [t,T],
P2<T) =1,
| P(s) +©3(s) =0, ae. s € [t,T].

Pi(s) = Py(s)? + 2P,(s)Py(s) — Py(s), a.e. s € [t,T],
P(T) =1,
Py(s) = Pa(s)? + 2Py(s)Py(s) — Py(s), a.e. s € [t,T],
Py(T) =1
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Now it is easily seen that

eT—s
Pi(s) = Po(s) = g, s € [t T1.
Hence,
T—-s
k * 6
O1(s) = ©3(s) = —Fi(s) = 3 g 5 € [t,T). (4.48)

Comparing (4.47) with (4.48]), we see that the closed-loop representation of open-loop Nash

equilibria is different from the outcome of closed-loop Nash equilibria.

References

[1] J. Sun, X. Li, and J. Yong. Open-loop and closed-loop solvabilities for stochastic linear
quadratic optimal control problems. SIAM Control Optim., 54(5):2274-2308, 2016.

[2] J. Sun and J. Yong. Linear quadratic stochastic differential games: Open-loop and closed-
loop saddle points. SIAM Control Optim., 52(6):4082-4121, 2014.

[3] J. Sun and J. Yong. Linear-quadratic stochastic two-person nonzero-sum differential
games: Open-loop and closed-loop nash equilibria. Stoch. Proc. Appl., 129:381-418, 2019.

o6



	Linear-quadratic stochastic control problems
	Open-loop solvability of Problem (SLQ)
	Characterization of open-loop optimal controls
	Open-loop solvability of Problem (SLQ), uniform convexity of the cost functional, and the standard condition

	Closed-loop solvability of Problem (SLQ)
	Characterization of closed-loop optimal strategies
	Solvability of the Riccati equation

	Linear-quadratic stochastic differential games
	Characterization of open-loop Nash equilibria
	Characterization of closed-loop Nash equilibria
	Closed-loop representation of open-loop Nash equilibria
	Zero-sum games
	Examples


