EXAMINATION OF INDEPENDENCE IN INDEPENDENT COMPONENT ANALYSIS
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The well-known factor analysis model (FA) for an m-dimensional observed vector x is defined as

x=As+e (1)
where A is an unknown constant matrix of factor loadings, s 1s an n-dimensional common factor with
V(s) = I,,. and € is a noise vector. If the components of s are nonnormally but independently distributed,
this model is said to be the noisy ICA or Independent FA(Attias, 1998). If one further assumes that
€ =0, (1) is said to be the noise-free ICA(Comon, 1994).

Since the ICA was proposed in the field of informatics around 1990, many procedures for estimation
problem have been developed, some of which are based on maximization of kurtosis or negentropy (e.g.,
Comon, 1994; Hyvarinen, 1997,1999). On the other hand, Mooijaart(1985) employed the generalized
least squares (GLS) approach to estimate parameters in the noisy ICA| that is,

LD a9 (6)
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where mg, mg are the vectorized second and third order moments and F(ms) = o2(0), and E(ms) =
o3(0). The parameter 8 consists of the model parameters including A.

It is very important to examine the independence of the latent variables s for the case where the
independence assumption does not obviously hold. This case often happens in social sciences. If the
independence assumption fails, the ICA is nothing but projection pursuit in multivariate analysis. The
residual Ty p could be used to test the independence assumption while Mooijaart (1985) mentioned noth-
ing about it. Murata (1999) used empirical characteristic functions to test the independence assumption.

The GLS approach by Mooijaart can be generalized. Let x1,...,xxy be a sample from the ICA
models, and let h(x) (and also h;(x)) be an integrable vector-valued function. We consider the following
objective function to perform ICA:

2
TAB = min

Ty = min ||k — Bs(h(x))]I*, (3)
where h is the empirical mean vector defined as % > h(x;) and Eg(-) denotes expectation under the as-
sumption that the components of s be independent of each other. Here hy is not quadratic. Alternatively
we can consider

Ty = min |[[ep, 5, — Cov(hy(x), ha(x))I%, (4)
where ¢y, p, is the empirical covariance matrix. To construct statistically optimum testing procedure,
we have to consider N x 77 or N x T and choose an appropriate weight matrix. Of course, 77 and T5
depend on the choice of h(x). One can consider a class of function h(x) and take the supremum of 73 or
T5 over the function class.

The procedure above can also be considered as an estimation method in ICA and they are related
to many existing estimation methods in ICA. Hyvérinen (1999) proposed choosing weight vectors which
locates empirical means as far as possible from the expectation under normality. Our approach locates
empirical means as close as possible to the expectation under independence assumption. Both are also
closely related.
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